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Preface 


This book is written at the level of the senior engineering student and is intended to be 
used as a text for the first course in control systems. It presents a comprehensive treat- 
ment of the analysis and design of continuous-time control systems. It is assumed that 
the reader has had courses on introductory differential equations, introductory vector- 
matrix analysis, introductory circuit analysis, and mechanics. 

In this third edition, MATLAB® is integrated into the text. All computational prob- 
lems are solved with MATLAB. Also, design aspects have been strengthened, and new 
topics, examples and problems are added. 

The text is organized into 13 chapters and an appendix. The outline of the book is as 
follows: Chapter 1 presents introductory materials on control systems. Chapter 2 gives 
the Laplace transforms of commonly encountered time functions and basic Laplace 
transform theorems. (If the students have an adequate background on the Laplace 
transform, this chapter may be skipped.) Chapter 3 treats mathematical modeling of dy- 
namic systems and develops transfer-function models and state-space models. Chapter 
4 gives transient-response analysis of first- and second-order systems. This chapter in- 
cludes a computational analysis of transient response by use of MATLAB. Chapter 5 
presents basic control actions in industrial automatic controllers and discusses pneu- 
matic, hydraulic, and electronic controllers. This chapter also discusses the response of 
higher-order systems and Routh’s stability criterion. 

Chapter 6 treats the root-locus analysis. The MATLAB approach to plotting root 
loci is presented in this chapter. Chapter 7 presents the design of lead, lag and lag—lead 
compensators by the root-locus method. Chapter 8 deals with the frequency-response 
analysis of control systems. Bode diagrams, polar plots, the Nyquist stability criterion, 


and closed-loop frequency response are discussed, including the MATLAB approach 
to obtain frequency-response plots. Chapter 9 covers the design and compensation tech- 
niques using frequency-response methods. Specifically, the Bode diagram approach to 
the design of lead, lag, and lag—lead compensators is discussed in detail in this chapter. 
Chapter 10 deals with the basic and modified PID controls. This chapter gives discus- 
sions of two-degrees-of-freedom controls and design considerations for robust control. 

Chapter 11 presents a basic analysis of control systems in state space. Concepts of 
controllability and observability are given here. The transformation of system models 
(from transfer-function model to state-space model, and vice versa) by the use of MAT- 
LAB is included in this chapter. Chapter 12 treats the design of control systems in state 
space. This chapter begins with pole-placement design problems, followed by the design 
of state observers. A design of a type 1 servo system based on the pole-placement ap- 
proach is presented, including a computational solution with MATLAB. Chapter 13 be- 
gins with Liapunov stability analysis, followed by design of a model-reference control 
system, where the conditions fur Liapunov stability are formulated first and then the 
system is designed within these limitations. Then quadratic optimal control problems 
are treated. Here the Liapunov stability equation is used to lead into quadratic optimal 
control theory. A MATLAB solution to the quadratic optimal control problem is also 
presented. 

No prior knowledge of MATLAB is assumed in this book. If the reader is not yet 
familiar with MATLAB, it is suggested that he or she read the appendix first and then 
study MATLAB as presented in the text. 

Throughout the book the basic concepts involved are emphasized and highly math- 
ematical arguments are carefully avoided in the presentation of the materials. Mathe- 
matical proofs are provided when they contribute to the understanding of the subjects 
presented. All the material has been organized toward a gradual development of con- 
trol theory. 

Examples are presented at strategic points throughout the book so that the reader 
will have a better understanding of the subject matter discussed. In addition, a number 
of solved problems (A-problems) are provided at the end of each chapter. These prob- 
lems constitute an integral part of the text. It is suggested that the reader study all of 
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these problems carey tO OvULlain a Ucepel unacrstanaing VL the wypien UMLLUDOUU. Lt 
addition, many unsolved problems (B-problems) are provided for use as homework or 
quiz problems. An instructor using this text can obtain a complete solutions manual (for 
B-problems) from the publisher. 

Most of the materials presented in this book have been class tested in senior and 
first-year graduate-level courses on control systems at the University of Minnesota. 

If this book is used as a text for a four-hour quarter course (with 40 lecture hours) 
or a three-hour semester course (with 42 lecture hours). most of the materials in the first 
10 chapters may be covered. (The first 10 chapters cover all basic materials of control 
systems normally required in a first course on control systems.) If this book is used as a 
text for a four-hour semester course (with 52 lecture hours), a good part of the book 
may be covered with flexibility in omitting certain subjects. For a two-quarter course se- 
quence (with 60 or more lecture hours), the entire boak may be covered. This hook can 
also serve as a self-study book for practicing engineers who wish to study basic materi- 
als of control theory. 
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I would like to express my sincere appreciation to Professor Suhada Jayasuriya of 
Texas A & M University, who reviewed the final manuscript and made many construc- 
tive comments. Appreciation is also due to Linda Ratts Engelman for her enthusiasm 
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1-1 INTRODUCTION 


Automatic control has played a vital role in the advance of engineering and science. In 
addition to its extreme importance in space-vehicle systems, missile-guidance systems. 
robotic systems, and the like, automatic control has become an important and integral 
part of modern manufacturing and industrial processes. For example, automatic control 
is essential in the numerical control of machine tools in the manufacturing industries, in 
the design of autopilot systems in the aerospace industries, and in the design of cars and 
trucks in the automobile industries. It is also essential in such industrial operations as 
controlling pressure, temperature, humidity, viscosity, and flow in the process industries. 

Since advances in the theory and practice of automatic control provide the means 
for attaining optimal performance of dynamic systems, improving productivity, reliev- 
ing the drudgery of many routine repetitive manual operations, and more, most engi- 
neers and scientists must now have a good understanding of this field. 


Historical review. The first significant work in automatic control was James Watt's 
centrifugal governor for the speed control of a steam engine in the eighteenth century. 
Other significant works in the early stages of development of control theory were due 
to Minorsky, Hazen, and Nyquist, among many others. In 1922, Minorsky worked on 
automatic controllers for steering ships and showed how stability could be determined 
from the differential equations describing the system. In 1932, Nyquist developed a 
relatively simple procedure for determining the stability of closed-loop systems on 
the basis of open-loop response to steady-state sinusoidal inputs. In 1934, Hazen, who 


introduced the term servomechanisms for position control systems, discussed the design 
of relay servomechanisms capable of closely following a changing input. 

During the decade of the 1940s, frequency-response methods made it possible for 
engineers to design linear closed-loop control systems that satisfied performance re- 
quirements. From the end of the 1940s to early 1950s, the root-locus method due to 
Evans was fully developed. 

The frequency-response and root-locus methods, which are the core of classical con- 
trol theory, lead to systems that are stable and satisfy a set of more or less arbitrary per- 
formance requirements. Such systems are, in general, acceptable but not optimal in any 
meaningful sense. Since the late 1950s, the emphasis in control design problems has 
been shifted from the design of one of many systems that work to the design of one op- 
timal system in some meaningful sense. 

As modern plants with many inputs and outputs become more and more complex, 
the description of a modern control system requires a large number of equations. Clas- 
sical control theery, which deals only with single-input—single-output systems, becomes 
powerless for multiple-input—multiple-output systems. Since about 1960, because the 
availability of digital computers made possible time-domain analysis of complex sys- 
tems, modern control theory, based on time-domain analysis and synthesis using state 
variables, has been developed to cope with the increased complexity of modern plants 
and the stringent requirements on accuracy, weight, and cost in military, space, and in- 
dustrial applications. 

During the years from 1960 to 1980, optimal control of both deterministic and sto- 
chastic systems, as well as adaptive and learning control of complex systems, were fully 
investigated. From 1980 to the present, developments in modern control theory cen- 
tered around robust control, H« control, and associated topics. 

Now that digital computers have become cheaper and more compact, they are used 
as integral parts of control systems. Recent applications of modern control theory 
include such nonengineering systems as biological, biomedical, economic, and socio- 
economic systems. 


Definitions. Before we can discuss control systems, some basic terminologies 
must be defined. 


Controlled Variable and Manipulated Variable. The controlled variable is the 
quantity or condition that is measured and controlled. The manipulated variable is the 
quantity or condition that is varied by the controller so as to affect the value of the con- 
trolled variable. Normally, the controlled variable is the output of the system. Control 
means measuring the value of the controlled variable of the system and applying the 
manipulated variable to the system to correct or limit deviation of the measured value 
from a desired value. 

In studying control engineering, we need to define additional terms that are neces- 
sary to describe control systems. 


Plants. A plant may he a piece of equipment, perhaps just a set of machine parts 
functioning together, the purpose of which is to perform a particular operation. In this 
book, we shall call any physical object to be controlled (such as a mechanical device, a 
heating furnace, a chemical reactor, or a spacecraft) a plant. 
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Processes. The Merriam-Webster Dictionary defines a process to be a natural, pro- 
gressively continuing operation or development marked by a series of gradual changes 
that succeed one another in a relatively fixed way and lead toward a particular result or 
end; or an artifical or voluntary, progressively continuing operation that consists of a se- 
ries of controlled actions or movements systematically directed toward a particular re- 
sult or end. In this book we shall call any operation to be controlled a process. Examples 
are chemical, economic, and biological processes. 


Systems. A system is a combination of components that act together and perform 
a certain objective. A system is not limited to physical ones. The concept of the system 
can be applied to abstract, dynamic phenomena such as those encountered in econom- 
ics. The word system should, therefore, be interpreted to imply physical, biological, eco- 
nomic, and the like, systems. 


Disturbances. A disturbance is a signal that tends to adversely affect the value of 
the output of a system. If a disturbance is generated within the system, it is called inter- 
nal, while an external disturbance is generated outside the system and is an input. 


Feedback Control. Feedback control refers to an operation that, in the presence 
of disturbances, tends to reduce the difference between the output of a system and some 
reference input and that does so on the basis of this difference. Here only unpredictable 
disturbances are so specified, since predictable or known disturbances can always be 
compensated for within the system. 


1-2 EXAMPLES OF CONTROL SYSTEMS 


Figure 1-1 
Speed control system. 


In this section we shall present several examples of control systems. 


Speed control system. The basic principle of a Watt’s speed governor for an en- 
gine is illustrated in the schematic diagram of Figure 1-1. The amount of fuel admitted 
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to the engine is adjusted according to the difference between the desired and the actual 
engine speeds. 

The sequence of actions may be stated as follows: The speed governor is adjusted 
such that, at the desired speed, no pressured oil will flow into either side of the power 
cylinder. If the actual speed drops below the desired value due to disturbance, then the 
decrease in the centrifugal force of the speed governor causes the control valve to move 
downward, supplying more fuel, and the speed of the engine increases until the desired 
value is reached. On the other hand, if the speed of the engine increases above the de- 
sired value, then the increase in the centrifugal force of the governor causes the control 
valve to move upward. This decreases the supply of fuel, and the speed of the engine de- 
creases until the desired value is reached. 

In this speed control system, the plant (controlled system) is the engine and the con- 
trolled variable is the speed of the engine. The difference between the desired speed and 
the actual speed is the error signal. The control signal (the amount of fuel) to be applied 
to the plant (engine) is the actuating signal. The external input to disturb the controlled 
variable is the disturbance. An unexpected change in the load is a disturbance. 


Robot control system. Industrial robots are frequently used in industry to im- 
prove productivity. The robot can handle monotonous jobs as well as complex jobs 
without errors in operation. The robot can work in an environment intolerable to 
human operators. For example, it can work in extreme temperatures (both high and 
low) or in a high- or low-pressure environment or under water or in space. There are 
special robots for fire fighting, underwater exploration, and space exploration, among 
many others. 

The industriai robot must handie mechanicai parts that have particuiar shapes and 
weights. Hence, it must have at least an arm, a wrist, and a hand. It must have sufficient 
power to perform the task and the capability for at least limited mobility. In fact, some 
robots of today are able to move freely by themselves in a limited space in a factory. 

The industrial robot must have some sensory devices. In low-level robots, micro- 
switches are installed in the arms as sensory devices. The robot first touches an object 
and then, through the microswitches, confirms the existence of the object in space and 
proceeds in the next step to grasp it. 

In a high-level robot, an optical means (such as a television system) is used to scan 
the background of the object. It recognizes the pattern and determines the presence and 
orientation of the object.A computer is necessary to process signals in the pattern-recog- 
nition process (see Figure 1-2). In some applications, the computerized robot recognizes 
the presence and orientation of each mechanical part by a pattern-recognition process 
that consists of reading the code numbers attached to it. Then the robot picks up the 
part and moves it to an appropriate place for assembling, and there it assembles several 
parts into a component. A well-programmed digital computer acts as a controller. 


Temperature control system. Figure 1-3 shows a schematic diagram of tempera- 
ture control of an electric furnace. The temperature in the electric furnace is measured 
by a thermometer, which is an analog device. The analog temperature is converted to a 
digital temperature by an A/D converter. The digital temperature is fed to a controller 
through an interface. This digital temperature is compared with the programmed input 
temperature, and if there is any discrepancy (error), the controller sends out a signal to 
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Figure 1-2 

Robot using a 
pattern-recognition 
process. 
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camera ae 


Controller 


Output device 


the heater, through an interface, amplifier, and relay, to bring the furnace temperature 
to a desired value. 


Temperature control of the passenger compartment of acar. Figure 1-4shows 
a functional diagram of temperature control of the passenger compartment of a car. The 
desired temperature, converted to a voltage, is the input to the controller. The actual tem- 
perature of the passenger compartment is converted to a voltage through a sensor and is 
fed back to the controller for comparison with the input. The ambient temperature and 
radiation heat transfer from the sun, which are not constant while the car is driven, act as 
disturbances. This system employs both feedback control and feedforward control. 
(Feedforward control gives corrective action before the disturbances affect the output.) 

The temperature of the passenger car compartment differs considerably depending 
on the place where it is measured. Instead of using multiple sensors for temperature 
measurement and averaging the measured values, it is economical to install a small 
suction blower at the place where passengers normally sense the temperature. The tem- 
perature of the air from the suction blower is an indication of the passenger compart- 
ment temperature and is considered the output of the system. 


Thermometer 


Programmed 


input 


Figure 1-3 
Temperature control system. 
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Figure 1-4 
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The controller receives the input signal, output signal, and signals from sensors 
from disturbance sources. The controller sends out an optimal control signal to the air 
conditioner or heater to control the amount of cooling air or warm air so that the pas- 
senger compartment temperature is about the desired temperature. 


Business systems. A business system may consist of many groups. Each task as- 
signed to a group will represent a dynamic element of the system. Feedback methods of 
reporting the accomplishments of each group must be established in such a system for 
proper operation. The cross-coupling between functional groups must be made a mini- 
mum in order to reduce undesirable delay times in the system. The smaller this cross- 
coupling, the smoother the flow of work signals and materials will be. 

A business system is a closed-loop system. A good design will reduce the manage- 
rial control required. Note that disturbances in this system are the lack of personnel or 
materials, interruption of communication, human errors, and the like. 

The establishment of a well-founded estimating system based on statistics is manda- 
tory to proper management. (Note that it is a well-known fact that the performance of 
such a system can be improved by the use of lead time, or anticipation.) 

To apply control theory to improve the performance of such a system, we must rep- 
resent the dynamic characteristic of the component groups of the system by a relatively 
simple set of equations. 

Although it is certainly a difficult problem to derive mathematical representations 
of the component groups, the application of optimization techniques to business sys- 
tems significantly improves the performance of the business system. 


1-3 CLOSED-LOOP CONTROL VERSUS OPEN-LOOP CONTROL 
Feedback control systems. A system that maintains a prescribed relation- 


ship between the output and the reference input by comparing them and using the 
difference as a means of control is called a feedback control system. An example would 
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be a room-temperature control system. By measuring the actual room tempera- 
ture and comparing it with the reference temperature (desired temperature), the 
thermostat turns the heating or cooling equipment on or off in such a way as to en- 
sure that the room temperature remains at a comfortable level regardless of outside 
conditions. 

Feedback control systems are not limited to engineering but can be found in vari- 
ous nonengineering fields as well. The human body, for instance, is a highly advanced 
feedback control system. Both body temperature and blood pressure are kept constant 
by means of physiological feedback. In fact, feedback performs a vital function: It makes 
the human body relatively insensitive to external disturbances, thus enabling it to func- 
tion properly in a changing environment. 


Closed-loop control systems. Feedback control systems are often referred to as 
closed-loop control systems. In practice, the terms feedback control and closed-loop 
control are used interchangeably. In a closed-loop control system the actuating error 
signal, which is the difference between the input signal and the feedback signal (which 
may be the output signal itself or a function of the output signal and its derivatives 
and/or integrals), is fed to the controller so as to reduce the error and bring the output 
of the system to a desired value. The term closed-loop control always implies the use of 
feedback control action in order to reduce system error. 


Open-loop control systems. Those systems in which the output has no effect on 
the control action are called open-loop control systems. In other words, in an open-loop 
control system the output is neither measured nor fed back for comparison with the in- 
put. One practical example is a washing machine. Soaking, washing, and rinsing in the 
washer operate on a time basis. The machine does not measure the output signal, that 
is, Uhe cleanliness of the clothes. 

In any open-loop control system the output is not compared with the reference in- 
put. Thus, to each reference input there corresponds a fixed operating condition; as a re- 
sult, the accuracy of the system depends on calibration. In the presence of disturbances, 
an open-loop control system will not perform the desired task. Open-loop control can 
be used, in practice, only if the relatiouship between the input and output is known and 
if there are neither internal nor external disturbances. Clearly, such systems are not 
feedback control systems. Note that any control system that operates on a time basis is 
open loop. For instance, traffic control by means of signals operated on a time basis is 
another example of open-loop control. 


Closed-loop versus open-loop control systems. An advantage of the closed- 
loop control system is the fact that the use of feedback makes the system response 
relatively insensitive to external disturbances and internal variations in system para- 
meters. It is thus possible to use relatively inaccurate and inexpensive components to 
obtain the accurate control of a given plant, whereas doing so is impossible in the 
open-loop case. 

From the point of view of stability, the open-loop control system is easier to build 
because system stability is not a major problem. On the other hand, stability is a major 
problem in the closed-loop control system, which may tend to overcorrect errors that 
can cause oscillations of constant or changing amplitude. 
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It should be emphasized that for systems in which the inputs are known ahead of 
time and in which there are no disturbances it is advisable to use open-loop control. 
Closed-loop control systems have advantages only when unpredictable disturbances 
and/or unpredictable variations in system components are present. Note that the out- 
put power rating partially determines the cost, weight, and size of a control system. 
The number of components used in a closed-loop control system is more than that 
for a corresponding open-loop control system. Thus, the closed-loop control system 
is generally higher in cost and power. To decrease the required power of a system, 
open-loop control may be used where applicable. A proper combination of open-loop 
and closed-loop controls is usually less expensive and will give satisfactory overall 
system performance. 


1-4 DESIGN OF CONTROL SYSTEMS 


Actual control systems are generally nonlinear. However, if they can be approximated 
by linear mathematical models, we may use one or more of the well-developed design 
methods. In a practical sense, the performance specifications given to the particular sys- 
tem suggest which method to use. If the performance specifications are given in terms 
of transient-response characteristics and/or frequency-domain performance measures, 
then we have no choice but to use a conventional approach based on the root-locus 
and/or frequency-response methods. (These methods are presented in Chapters 6 
through 9.) If the performance specifications are given as performance indexes in terms 
of state variables, then modern control approaches should be used. (These approaches 
are presented in Chapters 11 through 13.) 

While control system design via the root-locus and frequency-response approaches 
is an engineering endeavor, system design in the context of modern control theory 
(state-space methods) employs mathematical formulations of the problem and applies 
mathematical theory to design problems in which the system can have multiple inputs 
and multiple outputs and can be time varying. By applying modern control theory, the 
designer is able to start from a performance index, together with constraints imposed 


thn aeatones and ta wene. dtnd 
on the systcm, and to procced to design a stable system by a completely analytical pro- 


cedure. The advantage of design based on such modern control theory is that it enables 
the designer to produce a control system that is optimal with respect to the performance 
index considered. 

The systems that may be designed by a conventional approach are usually limited 
to single-input-single-output, linear time-invariant systems. The designer seeks to sat- 
isfy all performance specifications by means of educated trial-and-error repetition. Af- 
ter a system is designed, the designer checks to see if the designed system satisfies all 
the performance specifications. If it does not, then he repeats the design process by ad- 
justing parameter settings or by changing the system configuration until the given spec- 
ifications are met. Although the design is based on a trial-and-error procedure, the 
ingenuity and know-how of the designer will play an important role in a successful de- 
sign, An experienced designer may he able to design an acceptable system without us- 


ing many trials. 
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It is generally desirable that the designed system should exhibit as small errors as 
possible in responding to the input signal. In this regard, the damping of the system 
should be reasonable. The system dynamics should be relatively insensitive to small 
changes in system parameters. The undesirable disturbances should be well attenuated. 
[In general, the high-frequency portion should attenuate fast so that high-frequency 
noises (such as sensor noises) can be attenuated. If the noise or disturbance frequencies 
are known, notch filters may be used to attenuate these specific frequencies. | If the de- 
sign of the system is boiled down to a few candidates, an optimal choice among them 
may be made from such considerations as projected overall performance, cost, space, 
and weight. 


In what follows we shall briefly present the arrangements and contents of the book. 
Chapter 1 has given introductory materials on control systems, Chapter 2 presents 
basic Laplace transform theory necessary for understanding the control theory pre- 
sented in this book. Chapter 3 deals with mathematical modeling of dynamic systems in 
terms of transfer functions and state-space equations. This chapter includes discussions 


of linearization of nonlinear systems. Chapter 4 treats transient response analyses of 
OF anearnzaucon Of Nhonumear SyStems, Tnapte: (eats (Wansient response anarys 


first- and second-order systems. This chapter also gives details of transient-response 
analysis with MATLAB. Chapter 5 first presents basic control actions and then dis- 
cusses pneumatic, hydraulic, and electronic controllers. This chapter also discusses 
Routh’s pa criterion. 

Chapter 6 gives a root-locus analysis of control systems. General rules for con- 
structing root loci are presented. Detailed discussions for plotting root loci with MAT- 
LAB are included. Chapter 7 deals with the design of control systems via the root-locus 
method. Specifically, root-locus approaches to the design of lead compensators, lag 
compensators, and lag—lead compensators are discussed in detail. Chapter 8 gives the 
frequency-response analysis of control systems. Bode diagrams, polar plots, Nyquist sta- 
bility criterion, and closed-loop frequency response are discussed. Chapter 9 treats con- 
trol systems design via the frequency-response approach. Here Bode diagrams are used 
to design lead compensators, lag compensators, and lag—lead compensators. Chapter 10 
discusses the basic and modified PID controls. Topics included are tuning rules for PID 
controllers, modifications of PID control schemes, two-degrees-of-freedom control, and 
design considerations for robust control. 

Chapter 11 presents basic materials for the state-space analysis of control systems. 
The solution of the time-invariant state equation is derived and concepts of controlla- 
bility and observability are discussed. Chapter 12 treats the design of control systems 
in state space. This chapter begins with the pole-placement problems, followed by 
the design of state observers, and concludes with the design of type 1 servo systems. 
MATLAB is utilized in solving pole-placement problems, design of state observers, 
and design of servo systems. Chapter 13, the final chapter, presents the Liapunov 
stability analysis and the quadratic optimal control. This chapter begins with the Lia- 
punov stability analysis. Then the Liapunov stability approach is used for designing 
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model-reference control systems. Finally, quadratic optimal control problems are dis- 
cussed in detail. Here the Liapunov stability approach is utilized to derive the Riccati 
equation for quadratic optimal control. MATLAB solutions to quadratic optimal con- 
trol problems are included. 

The appendix summarizes background materials necessary for the effective use of 
MATLAB. This appendix is specifically provided for those readers who are as yet un- 
familiar with MATLAB. 


EXAMPLE PROBLEMS AND SOLUTIONS 


A-1-1, List the major advantages and disadvantages of open-loop control systems. 


Solution. The advantages of open-loop control systems are as follows: 


1. Simple construction and ease of maintenance. 
2. Less expensive than a corresponding closed-loop system. 
3. There is no stability problem. 


4. Convenient when output is hard to measure or economically not feasible. (For example, in the 
washer system, it would be quite expensive to provide a device to measure the quality of the 
output, cleanliness of the clothes, of the washer.) 


The disadvantages of open-loop control systems are as follows: 


1. Disturbances and changes in calibration cause errors, and the output may be different from 
what is desired. 


2. To maintain the required quality in the output, recalibration is necessary from time to time. 


A-1-2. Figure 1~5(a) is a schematic diagram of a liquid-level control system. Here the automatic con- 
troller maintains the liquid level by comparing the actual level with a desired level and correct- 
ing any error by adjusting the opening of the pneumatic valve. Figure 1-5(b) is a block diagram 
of the contral system. Draw the corresponding block diagram for a human-operated liquid-level 
control system. 


Pneumatic 
valve 


Controller 


Desired 


Actual 


Pneumatic 


Outflow 
(a) (b) 


Figure 1-5 
(a) Liquid-level control system; (b) block diagram. 
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Figure 1-6 

Block diagram of 
human-operated 
liquid-level control 
system. 


Actual 
level 


Solution. In the human-operated system, the eyes, brain, and muscles correspond to the sensor, 
controller, and pneumatic valve, respectively. A block diagram is shown in Figure 1-6. 


A-1-3. 


An engineering organizational system is composed of major groups,such as management, research 


and development, preliminary design, experiments, product design and drafting, fabrication and 
assembling, and testing. These groups are interconnected to make up the whole operation. 

The system may be analyzed by reducing it to the most elementary set of components neces- 
sary that can provide the analytical detail required and by representing the dynamic characteris- 
tics of each component by a set of simple equations. (The dynamic performance of such a system 
may be determined from the relation between progressive accomplishment and time.) 

Draw a functional block diagram showing an engineering organizational system. 


Solution. A functional block diagram can be drawn by using blocks to represent the functional 
activities and interconnecting signal lines to represent the information or product output of the 
system operation. A possible block diagram is shown in Figure 1-7. 


Required 
Research Prelimnin: Product Fabrication 
Management and ‘desi a Experiments design and and Testing 
development 8 drafting assembling 


Figure 1-7 
Block diagram of an engineering organizational system. 


PROBLEMS 


B-1-1. Many closed-loop and open-loop control systems 
may be found in homes. List several examples and de- 
scribe them. 


B-1-2, Give two examples of feedback control systems in 
which a human acts as a controller. 


B-1-3. Figure 1-8 shows a tension control system. Explain 
the sequence of control actions when the feed speed is sud- 
denly changed for a short time. 


Problems 


B-1-4. Many machines, such as lathes, milling machines, 
and grinders, are provided with tracers to reproduce the 
contour of templates. Figure 1-9 shows a schematic diagram 
of a tracing system in which the tool duplicates the shape of 
the template on the workpiece. Explain the operation of 
this system. 


11 


Angular 
displacement 


| 
a ! 
Figure 1-8 a 
Tension control teat 
system. © 


Z-axis dc servomotor 


Command 


Tracing 
input 


controller 


Figure 1-9 X-axis de servomotor 
Schematic diagram 
of a tracing system. Y-axis de servomotor 
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The Laplace Transform* 


2-1 INTRODUCTION 


The Laplace transform method is an operational method that can be used advanta- 
geously for solving linear differential equations. By use of Laplace transforms, we can 
convert many common functions, such as sinusoidal functions, damped sinusoidal func- 
tions, and exponential functions. into algebraic functions of a complex variable s. Opera- 
tions such as differentiation and integration can be replaced by algebraic operations in 
the complex plane. Thus, a linear differential equation can be transformed into an alge- 
braic equation in a complex variable s. If the algebraic equation in s is solved for the 
dependent variable, then the solution of the differential equation (the inverse Laplace 
transform of the dependent variable) may be found by use of a Laplace transform table 
or by use of the partial-fraction expansion technique, which is presented in Section 2-5. 

An advantage of the Laplace transform method is that it allows the use of graphical 
techniques for predicting the system performance without actually solving system dif- 
ferential equations. Another advantage of the Laplace transform method is that, when 
we Solve the differential equation, both the transient component and steady-state com- 
ponent of the solution can be obtained simultaneously. 


Outline of the chapter. Section 2-1 presents introductory remarks. Section 2—2 
briefly reviews complex variables and complex functions. Section 2-3 derives Laplace 


*This chapter may be skipped if the student is already familiar with Laplace transforms. 
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transforms of time functions that are frequently used in contro] engineering. Section 24 
presents useful theorems of Laplace transforms, and Section 2-5 treats the inverse 
Laplace transformation. Section 2-6 presents the MATLAB approach to obtain partial- 
fraction expansion of B(s)/A(s), where A(s) and B(s) are polynomials in s. Finally, Sec- 
tion 2-7 deals with solutions of linear time-invariant differential equations by the 
Laplace transform approach. 


2-2 REVIEW OF COMPLEX VARIABLES 


14 


AND COMPLEX FUNCTIONS 


Before we present the Laplace transformation, we shall review the complex variable 
and complex function. We shall also review Euler’s theorem, which relates the sinu- 
soidal functions to exponential functions. 


Complex variable. A complex number has a real part and an imaginary part, both 
of which are constant. If the real part and/or imaginary part are variables, a complex 
number is called a complex variable. In the Laplace transformation we use the notation 
s as a complex variable; that is, 


s=oatjo 


where a is the real part and @ is the imaginary part. 


Complex function. A complex function F(s), a function of s, has a real part and 
an imaginary part or 


F(s) = F, + jF, 


where F, and F, are real quantities. The magnitude of F(s) is VF; a Ye 2 and the angle 
6 of F(s) is tan-1(F,/ F,). The angle is measured counterclockwise from the positive real 
axis. The compiex conjugate of F(s) is F(s) = Fx — jFy. 

Complex functions commonly encountered in linear control systems analysis are 
single-valued functions of s and are uniquely determined for a given value of s. 

A complex function G(s) is said to be analytic in a region if G(s) and all its deriva- 
tives exist in that region. The derivative of an analytic function G(s) is given by 

4 Gs) anh G(s + As) — G(s) _ kim AG 

As—0 As aso As 
Since As = Ao+ jAq, As can approach zero along an infinite number of different paths. 
It can be shown, but is stated without a proof here, that if the derivatives taken along 
two particular paths, that is, As = Ao and As = jAa, are equal, then the derivative is 
unique for any other path As = Ao + jAw and so the derivative exists. 

For a particular a As = Ao (which means that the path is on the real axis), 


AG AG, 0G 0G 
5) = an a,( Ao j 6) = da 0a 
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For another particular path As = jAw (which means that the path is on the imagi- 
nary axis), 


d AG AG aG, AG 
“6G =} X4q yJ_ _; 0x ae y 
ds (s) Paarl ( jAw f ie) 1 aa dw 
If these two values of the derivative are equal, 
8G, pet _ 9Gy j aG, 
00 00 dw dw 
or if the following two conditions 
9G, _ aGy oH aGy _ _ IG, 
00 dw 00 dw 


are satisfied, then the derivative dG(s)/ds is uniquely determined. These two conditions 
are known as the Cauchy-Riemann conditions. If these conditions are satisfied, the 
function G(s) is analytic. 

As an example, consider the following G(s): 


Then 


where 


‘(+12 +o 


It can be seen that, except ats = —1 (that is,a = —1,w = 0), G(s) satisfies the Cauchy- 
Riemann conditions: 


aG, _ 9G, _ w= (9 +1" 


dog aw [(o +: 19° + J? 


aGy__ 8G, ___2w(g + 1) 


a0 ao = [(o +: 1)? + & fP 
Hence G(s) = 1/(s + 1) is analytic in the entire s plane except ats = —1.The derivative 
dG(s)/ds, except at s = 1, is found to be 
d aG, (dG, 9G, dG, 
— G(s) = + j= - ji 
ag "Go Loe aw? ae 
1 1 


" (otjo+1P +P 


Note that the derivative of an analytic function can be obtained simply by differentiat- 
ing G(s) with respect to s. In this example, 
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fea ae ee 
ds\s+1 (s +1)? 

Points in the s plane at which the function G(s) is analytic are called ordinary points, 
while points in the s plane at which the function G(s) is not analytic are called singular 
points. Singular points at which the function G(s) or its derivatives approach infinity 
are called poles. In the previous example, s = —1 is a singular point and is a pole of the 
function G(s). 

If G(s) approaches infinity as s approaches — p and if the function 


G(s)(s + p)”, form = 1,2,3,... 


has a finite. nonzero value ats = —p,thens = —p is called a pole of order n.Ifn = 1, the 
pole is called a simple pole. Ifn = 2,3,...,the pole is called a second-order pole, a third- 
order pole, and so on. Points at which the function G(s) equals zero are called zeros. 

To illustrate, consider the complex function 


K(s + 2)(s +10) 
~ s(s + 1)(s + 5)(s + 15)? 


G(s) 


G(s) has zeros at s = —2,s = —10, simple poles at s = 0,s = —1,s = —5, and a double 
pole (multiple pole of order 2) ats = —15. Note that G(s) becomes zero at s = ©. Since 
for large values of s 


G(s) = 5 


G(s) possesses a triple zero (multiple zero of order 3) at s = ~. If points at infinity 
are included, G(s) has the same number of poles as zeros. To summarize, G(s) has 
five zeros (s = —2,5 = —10,5 = ~,s = %,5 = ©) and five poles (s = 0,s = —1,s = —5, 
s= —15,s = -15). 


Euler’s theorem. The power series expansions of cos 6 and sin 6 are, respectively, 


e a 6 
cosO@=1- 7 + & 
eo PF F 
sind =@ 31 31 a 
And so 
«ay? “a3 +a\4 
Bere rey a eo ee ee 
2! 3! 4! 
Since 
vr x 
a ne i ee 
a! J! 
we see that 
cos 6 + jsin @ = e” (2-1) 
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This is known as Euler’s theorem. 
By using Euler’s theorem, we can express sine and cosine in terms of an exponen- 
tial function. Noting that e~/ is the complex conjugate of e/ and that 


e? = cos@ + jsind 
e © = cos@ — jsin@ 


we find, after adding and subtracting these two equations, that 


cos 6 = 5 (e” + e/*) (2-2) 
1 (ei? —18) (2-3) 
sin 6 = 3 (el”” — e!”) (2-3) 


2-3 LAPLACE TRANSFORMATION 


We shall first present a definition of the Laplace transformation and a brief discussion 
of the condition for the existence of the Laplace transform and then provide examples 
for illustrating the derivation of Laplace transforms of several common functions. 

Let us define 


f(é) = a function of time ¢ such that f(t) = 0 fort <0 


s = acompley variable 
s = acomplex variable 
£ = an operational symbol indicating that the quantity that it prefixes 


is to be transformed by the Laplace integral J? e~ dt 
F(s) = Laplace transform of f(#) 
Then the Laplace transform of f(¢) is one by 


[ 
—sf 40 rv LN st 


LLAO] = Fs) -{ edi f@o |e f@e™ at 


The reverse process of finding the time function f() from the Laplace transform F(s) is 
called the inverse Laplace transformation. The notation for the inverse Laplace trans- 
formation is £-!, and the inverse Laplace transform can be found from F(s) by the fol- 
lowing inversion integral: 
1 C+ JO 

LF(s)] = f() = Oa J, F(sye™ ds, fort >0 (2-4) 
where c, the abscissa of convergence, is a real constant and is chosen larger than the real 
parts of all singular points of F(s). Thus, the path of integration is parallel to the jw axis 
and is displaced by the amount c from it. This path of integration is to the right of all 
singular points 


~ “Evaluating the inversion integral appears complicated. In practice, we seldom use 
this integral for finding f(t). There are simpler methods for finding f(t). We shall discuss 


such simpler methods in Section 2-5. 
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It is noted that in this book the time function f(#) is always assumed to be zero for 
negative time; that is, 


ff = 9, fort <0 


Existence of Laplace transform. The Laplace transform of a function f(¢) exists 
if the Laplace integral converges. The integral will converge if f(t) is sectionally continu- 
ous in every finite interval in the range t > 0 and if it is of exponential order as ¢ ap- 
proaches infinity. A function f(t) is said to be of exponential order if a real, positive 
constant o exists such that the function 


e “flo 


approaches zero as ¢ approaches infinity. If the limit of the function e~ lf (t)| approaches 
zero for o greater than o; and the limit approaches infinity for a less than o,, the value 0; 
is called the abscissa of convergence. 
For the function f(t) = Ae~* 
lim e"|Ae™| 
too 
approaches zero if o > —a. The abscissa of convergence in this case is ¢. — —a. The in- 
tegral > f(e~ dt converges only if a, the real part of s, is greater than the abscissa of 
convergence o;. Thus the operator s must be chosen as a constant such that this inte- 
gral converges. 
In terms of the poles of the function F(s), the abscissa of convergence o, corresponds 
to the real part of the poie iocated farihesi iv the tight in the s plane. Tor example, for 
the following function F(s), 


7 K(s + 3) 
Air (s + 1)(s + 2) 


the abscissa of convergence a; is equal to —1. It can be seen that for such functions as 
t, sin wt, and t sin wt the abscissa of convergence is equal to zero. For functions like e~«4 
te, et sin wi, and so on, the abscissa of convergence is equal to —c. For functions that 
increase faster than the exponential function, however, it is impossible to find suitable 
values of the abcissa of convergence. Therefore, such functions as e” and te“ do not pos- 
sess Laplace transforms. 

The reader should be cautioned that although e* (for 0 = t = ©) does not possess a 


Laplace transform, the time function defined by 
fj =e, for0<t<T<« 
= 0, fort<0,7T<t 


does possess a Laplace transform since f(t) =e" for only a limited time interval 
0=t< Tandnotfor0 <1 ©. Such a signal can be physically generated. Note that the 
signals that we can physically generate always have corresponding Laplace transforms. 

If a function f(t) has a Laplace transform, then the Laplace transform of Af{t), where 
A is a constant, is given by 


LAP) = ALLA] 
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This is obvious from the definition of the Laplace transform. Similarly, if functions f(t) 
and f(t) have Laplace transforms, then the Laplace transform of the function 


fi@® + fo(d) is given by 
LIAM + A601] = LIAM) + LIAO] 


Again the proof of this relationship is evident from the definition of the Laplace 
transform. 

In what follows, we derive Laplace transforms of a few commonly encountered 
functions. 


Exponential function. Consider the exponential function 
f@) = 9, fort<0 
= Ae™, for 1=0 


where A and a are constants. The Laplace transform of this exponential function can be 
obtained as follows: 


A 
sta 


f[Ae'] = [ Ae“e“'dt=A ere dt = 
0 0 


It is seen that the exponential function produces a pole in the complex plane. 

In deriving the Laplace transform of f(t) = Ae~“, we required that the real part of 
s be greater than —a (the abscissa of convergence). A question may immediately arise 
as to whether or not the Laplace transform thus obtained is valid in the range where 
o< —a@ in the s planc, To answer this question, we must resort to the theory of com- 
plex variables. In the theory of complex variables, there is a theorem known as the an- 
alytic extension theorem. It states that, if two analytic functions are equal for a finite 
length along any arc in a region in which both are analytic, then they are equal every- 
where in the region. The arc of equality is usually the real axis or a portion of it. By us- 
ing this theorem the form of F(s) determined by an integration in which s is allowed to 
have any real positive value greater than the abscissa of convergence holds for any 
complex values of s at which F(s) is analytic. Thus, although we require the real part of 
s to be greater than the abscissa of convergence to make the fj f(t)e-* dt absolutely 
convergent, once the Laplace transform F(s) is obtained, F(s) can be considered valid 
throughout the entire s plane except at the poles of F(s). 


Step function. Consider the step function 
f(t) = 0, for 1+<0 
=A, fort >0 


where A is a constant. Note that it is a special case of the exponential function Ae~“, 
where a = 0.The step function is undefined at t = 0. Its Laplace transform is given by 


ico} 

A 

LA] — { Ae : 
0 


In performing this integration, we assumed that the real part of s was greater than 
zero (the abscissa of convergence) and therefore that lim,4. e~ was zero. As stated 
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earlier, the Laplace transform thus obtained is valid in the entire s plane except at the 
pole s = 0. 

The step function whose height is unity is called unit-step function. The unit-step 
function that occurs at f = fois frequently written as 1(¢ — 0). The step function of height 
A that occurs at f= Ocan then be written as f(t) = Al(#). The Laplace transform of the 
unit-step function, which is defined by 


1(f) = 0, for?<0 
=1,  fort>0 


is 1/s, or 


la) = 
id oO 5 
Physically, a step function occurring at = 0 corresponds to a constant signal suddenly 
applied to the system at time ¢ equals zero. 
Ramp function. Consider the ramp function 
f® = 9, fort<0 
= At, fort = 0 
where A is a constant. The Laplace transform of this ramp function is obtained as 
0, Ae *™ 
= i dt 


0 —s 


—st jo 


£{At] = [ Ate “ dt = At 


A A 
4 fena=5 
5 Jo 5 


Sinusoidal function. The Laplace transform of the sinusoidal function 
f@ = 0, fort<0 


—s Iq 


where A and w are constants, is obtained as follows. Referring to Equation (2-3), sin wt 
can be written 


ieee 
sin wt = 3 (el — eH") 


Hence 


orl 


A ; 
ZA sin wt] == |] (e%* — ee dt 
2j Jo 


sis Se ain tS ee 
Gs—jo AWstjo s+? 
Similarly, the Laplace transform of A cos wf can be derived as follows: is 
As 
Z£[A cos wt] = 
[Ac ] 2+ 
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Comments. The Laplace transform of any Laplace transformable function f(#) can 
be found by multiplying f(t) by e-* and then integrating the product from ¢ = 0 tot = ~, 
Once we know the method of obtaining the Laplace transform, however, it is not neces- 
sary to derive the Laplace transform of f(z) each time. Laplace transform tables can con- 
veniently be used to find the transform of a given function f(t). Table 2-1 shows Laplace 
transforms of time functions that will frequently appear in linear control systems analysis. 

In the following discussion we present Laplace transforms of functions as well 
as theorems on the Laplace transformation that are useful in the study of linear con- 
trol systems. 


Translated function. Let us obtain the Laplace transform of the translated func- 
tion f(t — a)1(t — a), where a = 0. This function is zero for t < a.The functions f(f)1(2) 
and f(t — a)1(t — @) are shown in Figure 2-1. 

By definition, the Laplace transform of f(t — a@)1(t — a) is 

Lf — a)l(t — a)] = i f(t -— a)l(t— aje™ dt 
0 
By changing the independent variable from ¢ to t, where t = t — a, we obtain 


a S(T+a) A 
Cc ut 


Since in this book we always assume that f(t) = O fort < 0, f(r)1(v) = Oforr < 0.Hence 
we can change the lower limit of integration from —a to 0. Thus 


OO f=) 

—s(tt+a = s(t +a 
{ fal De® dr = [ ADD O® de 
a 


= : : f@Me re dr 


=e [ fe" dt =e *F(s) 
where 
Fs) = AO = [AoE at 


And so 
£[f(tt-al@-a@] =e *%F), fora=0 


FOH1O fG-ajyl@ a) 


nae ae a Pa 
Function f(‘)1(f) and 
translated function 


f(t — alt — a). 0 t 0 


RQ 
~ 


Section 2-3 / Laplace Transformation 21 


22 


Table 2-1 Laplace Transform Pairs 


Unit impulse d(¢) 


Unit step 1(t) 


pe fle (a i2.3, 
a ( :) 


t'e* (n=1,2,3,. 


sinh wt 


S(s + a) 


oat 
(s + a)(s + b) 


ao Ee 
(s + a)(s + 5) 
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Table 2-1 (Continued) 


Sta 
(s + a)? + @ 


QO, —fo,t ef 2 
Se" sina, V1 - Gt 4 
V1 — & ‘< s* + 2fw,s + w2 


- 1 _¢™' sin (w, V1- @t-—¢) 


V1- 2 5 
Vi-@ 5? + 2f0,5 + w 
o= tan! 


1- —} __ ¢™' sin (w, V1-— t+) 


24 Vie On 
7) = tan7! bis Soar on s(s? a 26,5 + w;,) 


g 


at — sin ot 


sin wt — wt cos at 


TCOS @t 


AY 
(s* + wi)(s? + «§) 


s 


(s? + a’)? 


1 ‘ 
—>— 5 (cos w,t — cos wf a # 0 
Fog es or cosas) (ait # ad) 


aoe 
Bo (sin wt + wtcos wt) 
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This last equation states that the translation of the time function f(1)1(1) by a (where 
a = 0) corresponds to the multiplication of the transform F(s) by e-%. 


Pulse function. Consider the pulse function 
A 
RO for0<t<f 
0 


= 0, forr<O0,Q<t 


where A and f are constants. 

The pulse function here may be considered a step function of height A/s that begins 
at ¢ = Oand that is superimposed by a negative step function of height A/t beginning at 
t = fo; that is, 


fo = = 1) - ag a 


Then the Laplace transform of f(#) is obtained as 


£L AO] = “* 10] 2 \é Ut o| 
a i 


~A_A ps 
StS 
A 

=—(1— —Sty ei 
ne) (2-5) 


Impulse function. The impulse function is a special limiting case of the pulse 
function. Consider the impulse function 


A 
g(t) = lim —, for0<t<h 
190 [Ey 
= 0, forr<0,%<t 


Since the height of the impulse function is A/io and the duration is io, the area under the 
impulse is equal to A. As the duration fo approaches zero, the height A/fo approaches in- 
finity, but the area under the impulse remains equal to A. Note that the magnitude of 
the impulse is measured by its area. 

Referring to Equation (2-5), the Laplace transform of this impulse function is 
shown to be 


#g()] = kim Fe a- -) 


d 
— [AQ — e% 
aN, 


Hl 
5 
lt 


Thus the Laplace transform of the impulse function is equal to the area under the 
impulse. 
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The impulse function whose area is equal to unity is called the unit-impulse function 
or the Dirac delta function. The unit-impulse function occurring at tf = & is usually de- 
noted by d(t — to). d(t — to) satisfies the following: 


d(t — tH) = 0, fort # ty 


O(t — f) = ®, fort = f 
{ O(t — t))dt = 1 


It should be mentioned that an impulse that has an infinite magnitude and zero du- 
ration is mathematical fiction and does not occur in physical systems. If, however, the 
magnitude of a pulse input to a system is very large and iis duration is very short com- 
pared to the system time constants, then we can approximate the pulse input by an im- 
pulse function. For instance, if a force or torque input f(f) is applied to a system for a 
very short time duration, 0 < t < #, where the magnitude of f(t) is sufficiently large so 
that the integral J¢ f(r) dris not negligible, then this input can be considered an impulse 
input. (Note that when we describe the impulse input the area or magnitude of the im- 
pulse is most important, but the exact shape of the impulse is usually immaterial.) The 
impulse input supplies energy ta the system in an infinitesimal time. 

The concept of the impulse function is quite useful in differentiating discontinuous 
functions, The unit-impulse function 6(t — f) can be considered the derivative of the 
unit-step function 1(t — fo) at the point of discontinuity t = fo or 

6(t — t) = a ile — t) 
Conversely, if the unit-impulse function d(f -- ty) is integrated, the result is the unit-step 
function 1(¢ — fo). With the concept of the impulse function we can differentiate a func- 
tion containing discontinuities, giving impulses, the magnitudes of which are equal to 
the magnitude of each corresponding discontinuity. 


Muitiplication of f(t) by e~“. If f(#) is Laplace transformable, its Laplace trans- 
form being F(s), then the Laplace transform of e~“f(r) is obtained as 


le“ f)] = [ eo f(\e" dt = Fs + a) (2-6) 
0 
We see that the multiplication of f(t) by e~ has the effect of replacing s by (s + a) 
in the Laplace transform. Conversely, changing s to (s + @) is equivalent to multiplying 
f(t) by e-. (Note that a may be real or complex.) 
The relationship given by Equation (2-6) is useful in finding the Laplace transforms 
of such functions as e~“ sin wt and e~* cos wt. For instance, since 


Llsin wf] = = Als), £[cos w] = =~ = G(s) 
so + of Ss“ = 


+@ 


it follows from Equation (2-6) that the Laplace transforms of e~@ sin wt and e~* cos wt 
are given, respectively, by 
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@ 


al os = 1h ante eS 
L£le™ sin wt] = F(s + a) Gea ue 


~at 2 sta es 
£{e“ cos wt] = G(s + a) (an we 

Change of time scale. In analyzing physical systems, it is sometimes desirable to 
change the time scale or normalize a given time function. The result obtained in terms 
of normalized time is useful because it can be applied directly to different systems hav- 
ing similar mathematical equations. 

If t is changed into t/a, where a is a positive constant, then the function f(r) is 
changed into f(t/a). If we denote the Laplace transform of f(1) by F(s), then the Laplace 
transform of f(t/a) may be obtained as follows: 


t ~ ft 
£\fi-|| - —je"d 
ie -LAgen 
Letting t/a — t and as = si, we obtain 


ale Sot fit,e"" d(at,) 
[les] 4 


q 


a [ fae at, 
0 


aF(s,) 


ifi]- 


As an example, consider f(‘) = e~‘ and f(#/5) = e~9, We obtain 


or 


Bf] = £lE") = Fs) = 55 


Hence 


43) = £[e2"] = 5F(5s) = = ; 


This result can be verified easily by taking the Laplace transform of e~° directly as 
follows: 

1 5 
s+02 Ss+1 


Lie" ESS 


Comments on the lower limit of the Laplace integral. In some cases, f(r) pos- 
sesses an impulse function at t = 0. Then the lower limit of the Laplace integral must be 
clearly specified as to whether it is O— or 0+, since the Laplace transforms of f(r) differ 


Chapter 2 / The Laplace Transform 


for these two lower limits. If such a distinction of the lower limit of the Laplace integral 
is necessary, we use the notations 


£.[/0] = i : fide dt 


0 O+ 
etpnl=[ fewdr=e,tfol+ [fear 
0- o- 
If f(£) involves an impulse function at t = 0, then 


LAO] + LAO] 


O+ 
f(je" dt #0 


‘o- 
for such a case. Obviously, if f(t) does not possess an impulse function at t = 0 (that is, 
if the function to be transformed is finite between ¢t = 0— andr = 0+), then 


£[f] = £[AD] 


2-4 LAPLACE TRANSFORM THEOREMS 


This section 


inis section presents severa. 


> 
oe 
9 
bet 
@ 
3 
A 
9° 
5 
re 
ES) 


control engineering. 


Real differentiation theorem. The Laplace transform of the derivative of a func- 
tion f(£) is given by 


d 
45 fo) = SF(s) — f(0) (2-7) 
where f(0) is the initial value of f(r) evaluated at r= 0. 
For a given function f(r), the values of f(0+) and f(O—) may be the same or differ- 
ent, as illustrated in Figure 2-2. The distinction between f(0+) and f(0—) is important 


when f(t) has a discontinuity at t = 0 because in such a case df(t)/dt will involve an im- 
pulse function at t = 0. If f(0+) # f(0—), Equation (2-7) must be modified to 


d 
ah no) = sF(s) ~ f(0+) 


d 
2\4 fo) = sF(s) — fl0-) 


To prove the real differentiation theorem, Equation (2-7), we proceed as follows. 
Integrating the Laplace integral by parts gives 


a 00 d e* 
: < [ E fo) = at 
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[ noes dt = fit) 


fo 


fO-) 


Figure 2-2 
Step function and 0 t 0 
sine function indicat- 

ing initial values at 

t= 0-andr=0+. 


™ 


Hence 
0) 1 id 
F(s) = : + i. or: no] 
It follows that 
d 
2) 5 f0| = sF(s) — f(0) 
Similarly, we obtain the following relationship for the second derivative of f(t): 
a ; 
a ro] = SF(s) — sf(0) — f(0) 
where f(0) is the value of df(t)/dt evaluated at t = 0. To derive this equation, define 
d 
“ft = 8) 
Then 


a aig Al Sae — g(0 
qe to] = 24, sO] = s [e(4)] — g(0) 
iP oe 
a sf] FO | - f@) 
= s°F(s) — sf(0) — f(0) 


Similarly, for the mth derivative of f(4), we obtain 


(n-1) 


a" a (n-2) 
ar) = s"F(s) — s”~'f(0) — s"~7f(0) — «++ — sf(0) — (0) 


3 @-) 

where f(0), f(0),..., f(0) represent the values of f(0), df(D/dt,...,d°"f(O/dt"), 
respectively, evaluated at t= 0. If the distinction between £, and £- is necessary, 
we substitute t= 0+ or t=0-— into f(t), df(d/dt,..., da" f(D/dt"—|, depending on 
whether we take &. or £-_. 

Note that, in order for Lapiace transforms of derivatives of f(r) to exist, d*f(n)/dt" 
(n = 1,2,3,...) must be Laplace transformable. 

Note also that, if all the initial values of f(r) and its derivatives are equal to zero, then 
the Laplace transform of the nth derivative of f(t) is given by s"F(s). 
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EXAMPLE 2-1 


Consider the cosine function. 


g(t) = 0, fort <0 


= cos wt, fort=0 


The Laplace transform of this cosine function can be obtained directly as in the case of the sinu- 
soidal function considered earlier. The use of the real differentiation theorem, however, will be 
demonstrated here by deriving the Laplace transform of the cosine function from the Laplace 
transform of the sine function. If we define 


fo) 


0, fort <0 


= sin wt, fort=0 


then 


£[sin wt] = F(s) = Oa ae 


The Laplace transform of the cosine function is obtained as 


£[cos wt] = 45 (5 sin «| = - [sF(s) — f0)] 


Final-value theorem. The final-value theorem relates the steady-state behavior 
of f(t) to the behavior of sF(s) in the neighborhood of s = 0. This theorem, however, 
applies if and only if lim;s» f(t) exists [which means that f(t) settles down to a definite 
value for ¢ > ~]. If all poles of sF(s) lie in the left half s plane, lim,_,» f(#) exists. But if 
sF(s) has poles on the imaginary axis or in the right half s plane, f(z) will contain osceil- 
lating or exponentially increasing time functions, respectively, and lim,~. f(t) will not 
exist. The final-value theorem does not apply in such cases. For instance, if f(r) is the 
sinusoidal function sin wi, sF(s) has poles at s = +jw and lim,. f(t) does not exist. 
Therefore, this theorem is not applicable to such a function. 


The finalousalic thoorem may be stated ag follows Tf £fN\ and JfiNide 
ane 1inai-vaiue tncorem dildy Ue Slate ao LULLOWo. it yf tly all uy FO year 


transformable, if F(s) is the Laplace transform of f(r), and if lim, f(t) exists hen 
lim f(t) = lim sF(s) 
9% 50 


To prove the theorem, we let s approach zero in the equation for the Laplace trans- 
form of the derivative of f(£) or 


lim [ E fe) e~" dt = lim [sF(s) — f(0)] 
dt 50 


50 Jo 


Since lim 49 e~ = 1, we obtain 


fy a dt =f) : = f(~) — fl 
0 0 


= ae sF(s) — f(0) 
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EXAMPLE 2-2 


30 


from which 
f(~) = lim f@) = lim sF(s) 
to s30 


The final-value theorem states that the steady-state behavior of f(t) is the same as 
the behavior of sF(s) in the neighborhood of s = 0.Thus, it is possible to obtain the value 
of f(t) at t = ~ directly from F(s). 


Given 


1 
LLAO] = F(s) = 
LAO = FO) = Soy 
what is lim; f(t)? 
Since the poie of sF(s) = i/(s + 1) lies in the ieft haif s plane, tim,4. /(0 exisis. So the final- 
value theorem is applicable in this case. 
1 
lim f(t) = f(%) = lim sF(s) = lim ——— = lim—{ = 
toe AO = Ao) s30 (s) so0s(s+1)  soost+ 
In fact, this result can easily be verified, since 


fg)=1-e%, fort20 


Initial-value theorem. The initial-value theorem is the counterpart of the fi- 
nal-value theorem. By using this theorem, we are able to find the value of f(#) at 
t = 0+ directly from the Laplace transform of f(t). The initial-value theorem does 
not give the value of f(r) at exactly t = 0 but at a time slightly greater than zero. 

The initial-value theorem may be stated as follows: If f() and df(O/dt are both 
Laplace transformable and if lim;.« sF(s) exists, then 


f(Ot+) = lim sF(s) 
S38 
To prove this theorem, we use the equation for the £+ transform of df(t)/dt: 


g,|4 pq] = Fs) - 0+) 
ee | 


For the time interval 0 + <1 < ~, as s approaches infinity, e-*t approaches zero. (Note 
that we must use £1 rather than £-_ for this condition.) And so 


00 


lim E re] e“dt= lim [sF(s) — f(0+)] = 0 


590 JQt 


or 
f(0+) = lim sF(s) 


In applying the initial-value theorem, we are not limited as to the locations of the 
poles of sF(s). Thus the initial-value theorem is valid for the sinusoidal function. 

It should be noted that the initial-value theorem and the final-value theorem provide 
a convenient check on the solution, since they enable us to predict the system behavior 
in the time domain without actually transforming functions in s back to time functions. 
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Real-integration theorem. If f(t) is of exponential order, then the Laplace trans- 
form of f f(t) dt exists and is given by 


f ral =F As) ,f'© (2-8) 


Ss 


where F(s) = £[f(0] and f-'(0) = f f(t) dt, evaluated at ¢ = 0. 
Note that if f(¢) involves an impulse function at ¢ = 0, then f-'(0+) # f-'(0—). So if 
f( involves an impulse function at tf = 0, we must modify Equation (2-8) as follows: 


ay _ £7'0+) 
‘| fO ale ‘ 
(s) fo! 0-) 


|| [nya] =A £0 


The real-integration Cheorem given by Equation (2-8) can be proved in the follow- 
ing way. Integration by parts yields 


[10 a = [ Jn ale dt 
= |froa] S| 


=! fana| +4 [ nea 
J | S Jo 


S A) 


a 


- [ro a 


and the theorem is proved. 

We see that integration in the time domain is converted into division in the s do- 
main. If the initial value of the integral is zero, the Laplace transform of the integral of 
F(t} is give n hy F(s\/s. 

The preceding real-integration theorem given by Equation (2-8) can be modified 
slightly to deal with the definite integral of f(t). If f(4) is of exponential order, the 
Laplace transform of the definite integral fj f(t) dt is given by 


z| [ iO) a) = ue) (2-9) 


where F(s) = £[f(d)]. This is also referred to as the real-integration theorem. Note that 
if f(t) involves an impulse function at ¢ = 0 then Ji,, f(t) dt # J,_ f(O dt, and the fol- 
lowing distinction must be observed: 


cal fo a Re! {0} 


Lv o+ 


«lf f(t) p = (10) U 
ree s 
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To prove Equation (2-9), first note that 
t 
[ to a= | fo a- FO 
0 
where f-1(0) is equal to J f(t) dt evaluated at t = 0 and is a constant. Hence 


4 [ “f) a = | [10 ’ ~ £[f-(0)] 


Noting that f-1(0) is a constant so that 
-1 

0 
af] = — 


we obtain 


Af roa = Hs), FW) _ £1) _ He) 


RY S RY 


Complex-differentiation theorem. If f(r) is Laplace transformable, then, except 
at noles of Fs) 
at poles o 


laa Sued 
ef (Ol = LF) 
ds 
where F(s) = £[f(1)]. This is known as the complex-differentiation theorem. Also, 
2 a? 
Lr f(O) = sa Fi 
[Pf] = 45 FG) 
In general, 
n — f/_1\" a ore 
L£[t"f(t)] = (-1) re F(s), form = 1,2,3,... 


To prove the complex-differentiation theorem, we proceed as follows: 


sto) = [eine r= [fo (e"9 a 


CP he A. 
aes [ fide“ dt = Is F(s) 


Hence the theorem. Similarly, by defining tf(1) = g(2), the result is 


BPR] = Beg(] = ~ G6) = —*, Ee re) 


=(ly # Fs) = £ As) 


Repeating the same process, we obtain 
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Lft"f(O] = (-1)" < F(s), forn = 1,2,3,... 


Convolution integral. Consider the Laplace transform of 


t 
[fe - ft ae 
This integral is often written as 


FO * 4.0 


The mathematical operation f(f)*f2(r) is called convolution. Note that if we put 


Bi an ah fe 
t—t= &, then 


t 0 
l fe=Di@de=- | FA (t — &) dé 
= | FDf(t — 1) de 
Hence 
flor ftd) = [ “fl — Ole) de 
7 [ flO flt - 2) dr 
= Alf 


If f,(t) and (2) are piecewise continuous and of exponential order, then the Laplace 
transform of 


i “Ale = tifa) de 


can be obtained as follows: 


| f “Alt — DAL) | = F((s)FA(s) (2-10) 


where 
F(s) = i “pide dt = £F,(0)] 


F,(s) = [ “ flde dt ~ LEf(2)] 


To prove Equation (2-10) note that fi(t — r)1(t — r) = 0 for t > 1. Hence 


f “Alt — DAO) dr = [ “Ele — DUE — Ole) de 
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Then 


| i “fil — Tf) | | i “fat — Lt — AC) | 


= i ol [Fe — tT)1(t — t)fa(t) a at 


Substituting t — tr = 4 in this last equation and changing the order of integration, which 
is valid in this case because fi(t) and f2(t) are Laplace transformable, we obtain 


al {pa - nga) ar| = [ Ra— oe — neat ( FD ae 


| 4a | Jo Jo 


= [payer aa poy 


= [ “pew dh i “EOE? a 


This last equation gives the Laplace transform of the convolution integral. Conversely, 
if the Laplace transform of a function is given by a product of two Laplace transform 
functions, F;(s)F2(s), then the corresponding time function (the inverse Laplace trans- 


Laplace transform of product of two time functions. The Laplace transform 
of the product of two Laplace transformable functions f(t) and g(t) can be given by 


Bf O80] = 55 | " FD)G(s ~ p) dp (2-11) 
Cre 


To show this, we may proceed as follows: The Laplace transform of the product of 
f (2) and g(t) can be written as 


L[AYEO] = [ fOgOe™ dt (2-12) 
0 
Note that the inversion integral is 
: ar ea. f 0 
=— > 
fo 2 Je je (sje ds, fort 


where c is the abscissa of convergence for F(s). Thus, 


#1 foe] = | [Alpe a ete a 
coe 
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Because of the uniform convergence of the integrals considered, we may invert the or- 
der of integration: 


c+ pe ol 
L[F(Og(] = _ | F(p) dp [ g(tye&PY dt 
27) Jc—j0 F 
Noting that 


[ siete ar = Ge - p) 
0 


we obtain 


[" Fw)G - p) dp 2-13) 


#8] = 5 


Summary. Table 2-2 summarizes properties and theorems of the Laplace trans- 
forms. Most of them have been derived or proved in this section. 


2-5 INVERSE LAPLACE TRANSFORMATION 


As noted earlier, the inverse Laplace transform can be obtained by use of the inversion 
integral given by Equation (2-4). However, the inversion integral is complicated and, 
therefore, its use is not recommended for finding inverse Laplace transforms of com- 
monly encountered functions in control engineering. 

A convenient method for obtaining inverse Laplace transforms is to use a table 
of Laplace transforms. In this case, the Laplace transform must be in a form imme- 
diately recognizable in such a table. Quite often the function in question may not ap- 
pear in tables of Laplace transforms available to the engineer. If a particular transform 
F(s) cannot be found in a table, then we may expand it into partial fractions and write 
F(s) in terms of simple functions of s for which the inverse Laplace transforms are al- 
ready known. 

Note that these simpler methods for finding inverse Laplace transforms are based 
on the fact that the unique correspondence of a time function and its inverse Laplace 
transform holds for any continuous time function. 


Partial-fraction expansion method for finding inverse Laplace transforms. 
For problems in contro! systems analysis, F(s), the Laplace transform of f(¢), frequently 
occurs in the form 

Bis) 

Fs) =~ 
where A(s) and B(s) are polynomials in s. In the expansion of F(s) = B(s)/A(s) into a 
partial-fraction form, it is important that the highest power of s in A(s) be greater than 
the highest power of s in B(s). If such is not the case, the numerator B(s) must be di- 
vided by the denominator A(s) in order to produce a polynomial in s plus a remainder 
(a ratio of polynomials in s whose numerator is of lower degree than the denominator). 
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Table 2-2 Properties of Laplace Transforms 


L[Af()] = AF(s) 
LLAO + £49) = AiG) = FG) 


cA E ro] = sF(s) - f(0#) 


AF ro] s°F(s) — sf(0x) — f (0+) 


w|i aa no] = s"F(s) - > (0) 


Fie 


hare: At) = oni fi) 


| fa) a] "0 +5 fo a 
=O 


][- { potary|~ FO =f -f rovagt) 


k=1 be jot 


| [ fo a|- as) 


[ {@O ai - lim F(s) if [ F@ dt exists 
0 0 


Lle f(O)] = F(s + a) 
¥[flt — a)1(t — a)] = e “F(s) 
Ho) = -LO 


[7A] = =F) 


£lerf(t)] = (—1)" a Fs) n=1,2,3,... 


4; ro] = [ “(s) ds it lim + AO exists 


A] oreo 


ff “fle T)fo(t) | = F,(s)F,(s) 


18 fool = 55 [FPG ~ ») dp 
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If F(s) is broken up into components, 
F(s) = Fy(s) + F,(s) + +++ + F,(03) 
and if the inverse Laplace transforms of F;(s), Fo(s), ... , Fn(s) are readily available, then 
£ '[F(s)] = £°[F,(s)] + £ TF(8)} + + + LTE, CS) 
=fO+hOt+--- +40 


where fi(0), fo(d), . .. , fa(t) are the inverse Laplace transforms of Fi(s), Fo(s), ..., Fits), 
respectively. The inverse Laplace transform of F(s) thus obtained is unique except 
possibly at points where the time function is discontinuous. Whenever the time function 
is continuous, the time function f(t) and its Laplace transform F(s) have a one-to-one 
VULLUOPUNULLUL, 

The advantage of the partial-fraction expansion approach is that the individual 
terms of F(s), resulting from the expansion into partial-fraction form, are very simple 
functions of s; consequently, it is not necessary to refer to a Laplace transform table if 
we memorize several simple Laplace transform pairs. It should be noted, however, that 
in applying the partial-fraction expansion technique in the search for the inverse 
Laplace transform of F(s) = B(s)/A(s) the roots of the denominator polynomial A(s) 
must be obtained in advance. That is, this method does not apply until the denominator 
polynomial has been factored. 


Partial-fraction expansion when F(s) involves distinct poles only. Consider 
F(s) written in the factored form 


Bis) — K(S + ZS + 29) (SF Zn) 

A(s) (8 + p,)(S + Py)-+- (8 + P,) * 
where pi, P2,..., Pnand Zi, Z2,..., Zm are either real or complex quantities, but for each 
complex p; or z; there will occur the complex conjugate of p; or z;, respectively. If F(s) 


involves distinct poles only, then it can be expanded into a sum of simple partial frac- 
tions as follows: 


form<n 


F(s) = 


B(s) a, a +z a, 


— iy + i a 
A(s) s+p, stp, S+ DP, 


F(s) (2-14) 
where a, (k = 1,2,...,n) are constants. The coefficient a, is called the residue at the 
pole at s = —p,. The value of a; can be found by multiplying both sides of Equation 
(2-14) by (s + px) and letting s = —p,;, which gives 


Bis) a, a, 
st p,) = st p,) + stp 
| k Toles E + mo «) st a P) 
A~ (54D) to +O + Py) 
+ see + AY ea ok AY Pp 
+ Py Pe s + Pp, a. S=— Pp, 


=a 


k 


We see that all the expanded terms drop out with the exception of a,. Thus the residue 
a is found from 
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% > c + P,) A 7 (2-15) 


Note that, since f(z) is a real function of time, if p; and p2 are complex conjugates, then 
the residues a; and a@ are also complex conjugates. Only one of the conjugates, a or a2, 
needs to be evaluated because the other is known automatically. 


Since 
gg! a = aye PH! 
S+ p, 
f (2) is obtained as 


fQ) = L"[F(s)] = ae?" + ae Pt + ++ + ae, fort=0 


Find the inverse Laplace transform of 


s+3 


ES re Ale +2) 


The partial-fraction expansion of F(s) is 


14 4 
sro a | ud 


EO) Gane na eee ao 


where a, and a are found by using Equation (2-15): 


Pre ee eee ae pe 
L . (s + Lys + *) saa [% | 


4 
+ 
a-|eaasgera| =|3 | =-l1 
s=—2 


(s+ 1s+2)[ 5 | 
Thus 


A) = £"FG)) 


Obtain the inverse Laplace transform of 


+ 582 +95 +7 


Se Gee +2) 


Here, since the degree of the numerator polynomial is higher than that of the denominator 


polynomial, we must divide the numerator by the denominator. 
s+3 

Gs) = 5 +2 + ———_—~ 

Cia (s + 1s +2) 


Note that the Laplace transform of the unit-impulse function d(4) is 1 and that the Laplace trans- 
form of dd(a)/dt is s. The third term on the right-hand side of this last equation is F(s) in Example 
2-3. So the inverse Laplace transform of G(s) is given as 
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EXAMPLE 2-5 


g(t) = < a(t + 2d(t) + 2e' - e%, for ¢ = 0- 


Find the inverse Laplace transform of 


2s + 12 
s+25s4+5 


F(s) = 


Notice that the denominator polynomial can be factored as 
s+ 2s+5= (9 +1 + j2\(s +1 —j2) 


If the function F(s) involves a pair of complex-conjugate poles, it is convenient not to expand F(s) 
into the usual partial fractions but to expand it into the sum of a damped sine and a damped co- 
sine function. 

Noting that s? + 2s + 5 = (s + 1)? + 2? and referring to the Laplace transforms of e-“ sin wt 
and e-“ cos wt, rewritten thus, 


wo 
Lle™' sin wt] = (aay? ee 
Corre 4 sta 


“(stay + a? 
the given F(s) can be written as a sum of a damped sine and a damped cosine function. 


2s + 12 10 + 2(¢s + 1) 
F(s) + = 0 Ss 


fe 4 1\2 4 92 
“a 


Ul 


5 2 of stl 
(s+1¥ + 2? (s +1) + 2? 


It follows that 


L£"1F(s)] 
get ee eel a 
le +1P + 2| ls +12 + 2| 


Se‘ sin 2t + 2e ‘cos 2t, fort =0 


fo 


Partial-fraction expansion when F(s) involves multiple poles. Instead of dis- 
cussing the general case, we shall use an example to show how to obtain the partial- 
fraction expansion of F(s). (See also Problem A-2-16.) 

Consider the following F(s): 


SB 2 iy Pe Oa 
PO AG). aed Gee GE ly 
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where b3, b2, and b; are determined as follows. By multiplying both sides of this last 
equation by (s + 1)3, we have 


B(s) 
A(s) 
Then letting s = —1, Equation (2-16) gives 


(s + 1 = b(s + 1)? + b(s + 1) + by (2-16) 


If we let s = —1 in equation (2-17), then 
ia 3B) 
We —" + 1) AG) ea. b, 
By differentiating both sides of equation (2-17) with respect to s, the result is 
ae ooo) 
ds? rata A(s 3)- =a 


From the preceding analysis it can be seen that the values of b3, b2, and b; are found sys- 
tematically as follows: 


= (s? + 2s + 3) 


s=—l 


= ee 2s + 3) 


s=-1 


on 


s=—l 


3 Bis) 
fg ler a6. 
| 


: | 
Ast 5 (s? + 2s + les 
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We thus obtain 
fl) = £7[Fs)] 
Me 1 = 0 7 2 
me 1; + | ae E + | eh Ee + | 
=e'+0+ret 


+e, forr=0 


Comments. For complicated functions with denominators involving higher-order 
polynomials, partial-fraction expansion may be quite time consuming. In such a case, 
use of MATLAR is recommended (See Section 2-6. ) 


2-6 PARTIAL-FRACTION EXPANSION WITH MATLAB 
MATLAB has a command to obtain the partial-fraction expansion of B(s)/A(s). 
Consider the transfer function 
B(s) _ _ num _ bys” nf bs") +---+b5b 
A(s) den s*+ as"! +--- +4, 
where some of a; and b; may be zero. In MATLAB row vectors num and den specify the 
coefficients of the numerator and denominator of the transfer function. That is, 


num = [bp b; --- bal 
den = [1 ar o--: anl 


The command 
r So Sn ae am Sena pe eas 
LP, = resiladuetnuin,a@en) 
finds the residues, poles, and direct terms of a partial-fraction expansion of the ratio of 


two polynomials B(s) and A(s). 
The partial-fraction expansion of B(s)/A(s) is given by 


BD Pg IOV ia ie : 
AG s=p@) ©=p0) een oe) 


Comparing Equations (2-14) and (2-18), we note that p(1) = —pi, p(2) = —p2,..., 
p(n) = —pa; r(1) = a1, r(2) = aa... , (nm) = an. [K(s) is a direct term.] 


| EXAMPLE 2-6 Consider the following transfer function: 


Bis) _ 2s° + 5s? + 3s + 6 
A(s) 9 + 6s? + lls +6 
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For this function. 


num=[2 5 3. 6) 
den=[1 6 11 6] 


The command 
[,p,k] = residue(num,den) 


gives the following result: 


[,p,k] = residue(num,den) 


— 6.0000 


—Annnn 
TUUYY 


3.0000 


(Note that the residues are returned in column vector r, the pole locations in column vector p, and 
the direct term in row vector k.) This is the MATLAB representation of the following partial- 
fraction expansion of B(s/A(s); 


Bis) 2s*7 + 5s? + 3s + 6 
A(s) 8+ 6s? + 11s + 6 


Ba ae 
s+3 s+2 s41 


2 


The command 


[num,den] = residue(r,p,k) 
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where r, p, and k are as given in the previous MATLAB output, converts the partial-fraction ex- 
pansion back to the polynomial ratio B(s)/A(s), as follows: 


[num,den] = residue(r,p,k) 


2.0000 5.0000 3.0000 6.0000 


1.0000 6.0000 11.0000 6.0000 


Note that if p(j) = p(j + 1) =--- = p(j + m — 1) [that is, pj = pyri =... = Pj+m-i], the pole 
p(j) is a pole of multiplicity m. In such a case, the expansion includes terms of the form 


2M) yi SME Ds. c, 5 om me 1), 
spi) [s- pr [s — p()]” 


For details, see Example 2-7. 


Expand the following B(s)/A(s) into partial-fractions with MATLAB. 


Bs) _ s?@+2s+3 sr t+2st+3 
A(s) (s + 1° +32 +3941 


For this function, we have 


The command 
[r,p,k] = residue(num,den) 


gives the result shown on the next page. It is the MATLAB representation of the following par- 
tial-fraction expansion of B(s)/A(s): 


Bs) 1 0 2 


As) stl @+l¥ GTI) 


Note that the direct term k is zero. 
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num=[0 1 2. 3]; 
den=[1 3 3 1]; 
[,p,k] = residue(num,den) 


2-7 SOLVING LINEAR, TIME-INVARIANT, 


44 


DIFFERENTIAL EQUATIONS 


In this section we are concerned with the use of the Laplace transform method in solv- 
ing linear, time-invariant, differential equations. 

The Laplace transform method yields the complete solution (complementary so- 
lution and particular solution) of linear, time-invariant, differential equations. Classi- 
cal methods for finding the complete solution of a differential equation require the 
evaluation of the integration constants from the initial conditions. In the case of the 
Laplace transform method, however, this requirement is unnecessary because the 
initial conditions are automatically included in the Laplace transform of the differen- 
tial equation. 

If all initial conditions are zero, then the Laplace transform of the differential equa- 
tion is obtained simply by replacing d/dt with s, d2/dt? with s2, and so on. 

In solving linear, time-invariant, differential equations by the Laplace transform 
method, two steps are involved. 


1. By taking the Laplace transform of each term in the given differential equation, 
convert the differential equation into an algebraic equation in s and obtain the 
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EXAMPLE 2-3 


EXAMPLE 2-9 


expression for the Laplace transform of the dependent variable by rearranging the 
algebraic equation. 

2. The time solution of the differential equation is obtained by finding the inverse 
Laplace transform of the dependent variable. 


In the following discussion, two examples are used to demonstrate the solution of 


linear, time-invariant, differential equations by the Laplace transform method. 


Find the solution x(t) of the differential equation 


#4+3¥+42x=0, x(0)=a, 2£(0) =b 


where a and D are constants. 
By writing the Laplace transform of x(t) as X(s) or 
F[x(] = X(s) 
we obtain 


£[x] = sX(s) — x(0) 
£[¥] = s?X(s) — sx(0) — x(0) 
And so the given differential equation becomes 
[s?X(s) — sx(0) — x(0)] + 3[sX(s) — x(0)] + 2X(s) = 0 
By substituting the given initial conditions into this last equation, we obtain 


[s?X(s) — as — b] + 3[sX(s) — a] + 2X(s) = 0 


or 
(s* + 3s + 2)X(s) = as | b t 3a 
Solving for X(s), we have 


ast+b+3a_ ast+tb+3a 2a+b atb 
St+3st+2 (s+1)s+2) stl s+2 


X(s) = 


The inverse Laplace transform of X(s) gives 


x(t) = £"LX(s)] = ae + J ca + 4 


st+1 s+2 
= (2a + bye! — (a + bye, fort = 0 
which is the solution of the given differential equation. Notice that the initial conditions a and b 


appear in the solution. Thus x(t) has no undetermined constants. 


Find the solution x(t) of the differential equation 
Noting that £13] = 3/s, «(0) = 
o mod aes 
tion becomes 


s°X(s) + 2sX(s) + 5X(s) -3 
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A-2-1, 


A-2-3. 


Solving for X(s), we find 


3 31 3 #s+2 
X(s) =m = ELE 
C s(x? +2s+5) 5s 5s* +2545 
31 3 2 3 stil 


“Ss W(s+let+2 S(st+1Pt+2 
Hence the inverse Laplace transform becomes 


x(t) = £°[X(s)] 


mee see | ee oo2 ei] — ee Le 
ets | 10” ee a (s+ 1p? +2? 


5 
3 
5 


= = e' sin 2t — eer cos 21, for r= 0 


which is the solution of the given differential equation. 


EXAMPLE PROBLEMS AND SOLUTIONS 


Find the poles of the following F(s): 


Solution. The poles are found from 


or 
e ©) = e~%(cosw — jsinw) = 1 
From this it follows that 0 = 0,@ = + 2nz (n = 0,1,2,...). Thus, the poles are located at 
s=tj2nn (n = 0,1,2,...) 


Find the Lapiace transform of f(r) defined by 


ff) = 0, fort <0 
= te *, forr=0 
Solution. Since 
1 


Zl] = Gs) = 5 


referring to Equation (2-6), we obtain 


1 
F(s) = 3] = 
(s) = L£[te*] = G(s + 3) tap 
What is the Laplace transform of 
KO = 9, fort< 0 


= sin (wt + 9), fort 20 


where @ is a constant? 
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Solution. Noting that 
sin (wt + @) = sin wrcos 6 + cos wrsin @ 
we have 


L£[sin (wt + )] = cos 6 L[sin wet] + sin 6 L[cos we] 


@ : 
= cosd=—5 + sind 
s? + we Sta 


wcos@ + ssin@ 
s+ a 


A-2-4, Find the Laplace transform F(s) of the function f(f) shown in Figure 2-3. Also find the limiting 


Solution. The function f(7) can be written 


Ae) = 51 ~ 5 a) + G10 22) 
Then 
Fs) = HAO] 


1 
=F eu) - S90 — a) +S 2¢ - 209] 


11 1 
SS =-@¢% + =e 4s 
as 2 as 
= (b= 2e* er) 
as 


As a@ approaches zero, we have 


d 
~~ ft-= Jae —2a: 
1-2e% +e da ee rer) 
lim F(s) = tim ———;——— = lim 
a0 aon as a>0 des 
da a o) 
Ase 8 — Ise 248 e* a2 @ 24s 
= lim = lim 
a0 2as a0 a 
d 
© mas _ -2as 
da cea) — se~® + Qse 2 
= lim = lim 
a>0 d ( ) a>0 1 
—(a 
da 
=-s+2s=5 


A-2-5. Find the initial value of df(t)/dt when the Laplace transform of f(2) is given by 


Qe +1 


Sok 


As) = AN] = 355 


Solution. Using the initial-value theorem, 
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Figure 2-3 
Function f(#). 


+ 
lim f() = (0+) = lim sF(s) = tim 22+) _ 2 
10+ sym 


soo tst1 
Since the £, transform of df(A)/dt = g(t) is given by 


£,[g(0)] = sF(s) — 0+) 


_ s2s+1) 5, _ -s-2 
etst1 ststl 


the initial value of df()/dt is obtained as 


lim AAD _ g(0+) = lim s[sF(s) — f(0+)] 
mo at so 


A-2-6. The derivative of the unit-impulse function 6(f) is called a unit-doublet function. (Thus, the inte- 
gral of the unit-doublet function is the unit-impulse function.) Mathematically, an example of the 
unit-doublet function, which is usually denoted by u2(t), may be given by 


u(t) = lim 1 = 2[L@ = to) + UE = 269) 


ty0 te 
Obtain the Laplace transform of u2(f). 


Solution, The Laplace transform of u(t) is given by 


£[u,(1)] = lim o (: — 2s + a 


90 a 5 Ss 5 


fin |= 24 ae + +/11-2 aiee? 
nial a — t + ee s. % _ f + + eee 
noo BBS ana, anes, 


rare F : 
lim =~ [§s? + (higher-order terms in f,5)] = s 
0 £55 


a 


A-2-7, Find the Lapiace transform of /(é) defined by 


fQ = 0, for <0 


?sinwt,  forr=0 
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Solution. Since 


£[sin wf] = ae 


applying the complex-differentiation theorem 
@ 
HERO] = SG Fs) 


to this problem, we have 


a o —2w? + 6s? 
2 = = 
L[f(t)] = L[t* sin wt] al er J Giay 


A-2-8. Prove that if f(# is of exponential order and if Jj f(#) dt exists [which means that J? f(1) dt as- 
sumes a definite value] then 


[ f(t) dt = lim F(s) 
0 50 
where F(s) = £[ f(0)]. 
Solution. Note that 

00. t 

| f(s) dt = lim il fp at 

0 b® Jo 
Referring to equation (2-9), 


4[ fit) a = Ae) 


Since JG f(t) dt exists, by applying the final-value theorem to this case, 


tim [9 dt = lim s re a) 


or 
[x0 dt = fim F(sy 
A-2-9, Determine the Laplace transform of the convolution integral 
A(O*£(@ = i t[1 — e"9] dr = ib (t-— t)(1 — e*) dt 
0 0 


where 


AMO =f.) = 0, for1<0 
AM =, fort 20 
Ai) =1-—e%, fort=0 


Solution. Note that 
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A-2-10. 


£0) = FA) = 5 


_ 1 
ll - e| = Fs) == - 


The Laplace transform of the convolution integral is given by 


s gst1 


LL AM) *f(0] = Fy(s)Fy(s) = at : ail 


Te verte that 


itiad aval 
10 VCTiLy tnat it is inacca tne Laplace {fansicrm of tne COnvVoLutiCr 1 integr al, t 


form integration of the convolution integral and then take its Laplace transform. 


forty = [atte }ar= ['U~ a— ey dr 


2 
= --rt+1-e 
2 


Prove that if f(r) is a periodic function with period T then 


[ fie dt 
LAO) = 
Solution. 
20 % (AH1)T 
Lf] = [ fije"d=> foe dt 
0 n=0 °nT 


By changing the independent variable from 1 to t, where t = t — nT, 
oe Tr 
SEAN] = Ser [ faye dr 
n=0 9 
Noting that 
yar =14 et 4+ e@ 27s a rere 


n=0 
=1lte Mi te™+e2™4--,) 


=1+ ets & | 
n=0 
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A-2-11. 


A-2-12. 


It follows that 


: foe dt 
£[f(2)) = ae 


What is the Laplace transform of the periodic function shown in Figure 2-4? 


Solution. Note that 


T TI2 T 

[ fe dt = [ edt + (-le™ dt 
0 0 7/2 
et |F2 est |T 


—S lo —s lee 
oe (2jTs _ 4 Ts _ ,-(12)Ts 
2 
-s Ry 


e 


= s je aa Qe (2)Ts + 1] 
1 —(1/Z)Ts]z 
Slice en] 


Referring to Problem A-2-10, we have 


T 
[ fide“ at (i 


J s)[1 cos e7 (1/2) Ts 12 
F 5 oS U L 4 
( ) 1 = es 1 =, el 
_ 1 — @ (2)Ts 7 1 Ts 
~ sft + ec OP) 5 aon 4 
Find the inverse Laplace transform of F(s), where 
1 
F(s) = —— 
7 (s° + 25 + 2) 


Solution. Since 


P+24+2=(s+14+fl(s+1-/l) 


fO 


T T 2T t 
= ' 1 
a FB 
-1 
Figure 2-4 
Periodic function (square wave). 
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we notice that F(s) involves a pair of complex-conjugate poles, and so we expand F(s) into 
the form 


‘ 1 _H , ast a 
OF area) s s? +25 +2 


where a, @2, and a3 are determined from 
1 =a,(s? + 2s + 2) + (a,s + a5)s 


By comparing coefficients of s2, s, and s° terms on both sides of this last equation, respectively, 


we obtain 
a, + a = 0, 2a, + a; = 0, 2a, =1 
from which 
1 1 
a= 5: a= —5 a,=-—1 
Therefore, 


11 1 s+2 
2s 287 +25+2 


11 1 1 de. ark 
“2s 2(s+1P+P 2(s8+1° +0 


The inverse Laplace transform of F(s) gives 


fit ail Ete etedae fort 20 
373 2 , a 
A-2-13. | Obtain the inverse Laplace transform of 
S(s +2 
A) = 2isceTe- 23) 
Solution. 
5(s + 2) ne a 
F(s) = = w 
”) As+Is+3) ss? stl 543 
where 
_ S(s +2) ee) 
12643 [a1 2 
ee 5(s + 2) _ 3 
a s*(s + 1) sa3 18 
_ __d(s +2) _ 10 
2 (s+1)6+3)|,-0 3 
ae d{_ S(s +2) 
' ds|(s + (8 + 3) [no 
_ Ss + 1)(s + 3) — S08 +. 2)25 + 4) _ 25 
(s + 1s + 3) a 9 
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A-2-14, 


A-2-15, 


A-2-16. 


Thus 


Fe ST MOAT iy at 
95 38 2st+1 185+3 
The inverse Laplace transform of F(s) is 
25 10 5 5 
f®=- + >t+re'+5e™ for r= 0 


9 3 2 18°” 
Find the inverse Laplace transform of 
Gas ee aS 
s(s + 1) 


Soiution. Since the numerator polynomial is of higher degree than the denominator polynomial, 
by dividing the numerator by the denominator until the remainder is a fraction, we obtain 


F(s) = s? +5 +24 re =s454+2444— 

s(s + 1) s stl 

where 
+5 
a, = 2 a =5 
S+1 [s=6 
2s +5 
a = =-3 
s s=-l1 
It follows that 
5 3 
F(s) = 5? +s +24 
(eae tis s stl 
The inverse Laplace transform of F(s) is 
-1 & d —t 
f@) = £°"[FG)] = We o(t) + 7 6) + 26 + 5 — 3e7%, for t = 0— 
Derive the inverse Laplace transform of 
1 
Fi ra 

(s) s(s” + w”) 
Solution. 

1 11 1 s 

F(s) = SS 5 
(s) s(s? +o’) ws ws? +07 


Hence the inverse Laplace transform of F(s) is obtained as 
1 
f) = £"'[F(s)] = Sl coswi), — for# = 0 


Obtain the inverse Laplace transform of the following F(s): 
1) = BO - BOs) 
Als) (8 + DiS + PrriMS + Priad + (8 + Pr) 
where the degree of polynomial B(s) is lower than that of polynomial A(s). 
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Solution. The partial-fraction expansion of F(s) is 


F(s) = eg te oe SES alt a see 
Ais) stp, (s+ py (stp) tp) 
Gy 44 + B42 pdsp a, (2-19) 
S+ Pray S+ Pris S+P, 
where b,, b,-1,...,b1 are given by 
, BG) 
= + 
b, lo P,) Toe 
bh a= [a ls + PY A B(s) || 
[ase PPP AG) Joan 


_ifdi BGs) 
Pet a Fe c + py Fa ss 


ne ae Bs) 
Oa (a E op aa 


The foregoing relationships for the b’s may be obtained as follows: By multiplying both sides of 
Equation (2-19) by (s + p1) and letting s approach —p, we obtain 


b, = -| +p)" vA _ 


If we multiply both sides of Equation (2-19) by (s + p1)’ and then differentiate with respect to s, 
d B(s) di(s+piy d| (stp 
Rte + ros! — | —————_ | + Be ie 
i[0+ o0Rta |e a ie + py] > tale r ay 
+ r + r 
ie tocy 2 CR fog | Sey 
ds| s+ p, ds| s+ Pray 
jin aay om epee 
ds| s+ Pp 
The first term on the right-hand side of this last equation vanishes. The second term becomes b,-1. 


Each of the other terms contains some power of (s + p1) as a factor, with the result that, when s 
is allowed to approach —pi, these terms drop out. Hence 


See: , BOs) 
be4 _ ae ds le + P) aa 


(af, . BO] 
[aL PY a0) ]h 


Similarly, by performing successive differentiations with respect to s and by letting s approach 
—p1, we obtain equations for the b,-;, where j = 2,3,...,r—1. 


PA 
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Note that the inverse Laplace transform of 1/(s + pi)” is given by 


-1 a: ae = ee Pit 
. ed ace 


The constants @,+1, @;+2,...,@n in Equation (2-19) are determined from 
B(s) 
a,=|(stp ; fork =r+1,r+2,...," 
: [ AQ) for-n 


The inverse Laplace transform of F(s) is then obtained as follows: 


b b 
=¢1 = + bot t-.5 +r? rg [e-pit 
ft) = £[F(s)] E bot ety gee 
Hay PO +t aye Pot to + ae Pe, fori=0 


A-2-17. Find the Laplace transform of the following differential equation: 
K+3xX+6x=0, x(0)=0, x0) =3 
Taking the inverse Laplace transform of X(s), obtain the time solution x(¢). 
Solution. The Laplace transform of the differential equation is 
s’X(s) — sx(0) — ¥(0) + 39X(s) — 3x(0) + 6X(s) = 0 
Substituting the initial conditions and solving for X(s), 


vis 


Sohed 3 2V3 2 
As) — = 
2 +39+6  eaise + (Y 


The inverse Laplace transform of X(s) is 


x(0) = 2v3 —1.5¢ c j 
2 
PROBLEMS 
B-2-1, Find the Laplace transforms of the following func- (a) f,@ = 0, fort<0 
as =3sin(5+45°)  forr=0 
= < 
() AO = 0, eee (b) folé) = 0, for ¢-<0 
= p-0.4t 
a I = 0.03(1 — cos2t) forts =0 
(b) ft) = 0, fort <0 
B-2-3. Obtain the Laplace transform of the function de- 
= sin (a + Z| fort =0 fined by 
\ aa: 
= < 
B-2-2. Find the Laplace transforms of the following func- KO) = 0, foes y 
tions: =Pfe*  fortr=0 
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B-2-4. Obtain the Laplace transform of the function de- 
fined by 


fort <0 


f= 9, 


= cos 2wt- cos 3at, fort=0 


B-2-5. What is the Laplace transform of the function f(A) 
shown in Figure 2-5? 


B-2-6. Obtain the Laplace transform of the function f(s) 
shown in Figure 2-6. 


f 
b 
_ _ Figure 2-5 
0 a a+b “Function f(). 
fO t 
T 
Figure 2-6 
0 T t Function f(0). 
Figure 2-7 
Function f(¢). 
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B-2-7, Find the Laplace transform of the function f(4) 
shown in Figure 2-7. Also, find the limiting value of £[f(4)] 
as a approaches Zero. 


B-2-8. By applying the final-value theorem, find the final 
value of f(t) whose Laplace transform is given by 


10 
AS) s(s + 1) 


Verify this result by taking the inverse Laplace transform of 
F(s) and letting t > ~. 


B-2-9,. Given 


1 
F(s) = ——— 
)~ G42 
determine the values of f(0+) and f(0+). (Use the initial- 
value theorem.) 


B-2-10. Find the inverse Laplace transform of 


st+1 
s(s? +541) 


Dv e\ oe 
a5) = 
B-2-11. Find the inverse Laplace transforms of the follow- 
ing functions: 


65 + 3 
(a) FL) =~ 
5s + 2 
b Se 
©) FA) = 6+ 1s + 2p 
B-2-12. Find the inverse Laplace transform of 
ee 
(5) s*(s? + w) 


B-2-13. What is the solution of the following differential 
equation? 


2*+7%X4+3x=0, xO)=3, x0) =0 
B-2-14, Solve the differential equation 
¥+2x=6(),  x(0-)-0 


B-2-15. Solve the following differential equation: 
X+2fo,%+a%x=0, x(0)=a, x0)=6 

where a and b are constants. 

B-2-16. Obtain the solution of the differential equation 


x + ax = Asin wt, x(0) = 6b 
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Mathematical Modeling 
of Dynamic Systems 


3-1 INTRODUCTION 


In studying control systems the reader must be able to model dynamic systems and ana- 
lyze dynamic characteristics. A mathematical model of a dynamic system is defined as 
a set of equations that represents the dynamics of the system accurately or, at least, 
fairly well. Note that a mathematical model is not unique to a given system. A system 
may be represented in many different ways and, therefore, may have many mathemati- 
cal models, depending on one’s perspective. 

The dynamics of many systems, whether they are mechanical, electrical, thermal, 
economic, biological, and so on, may be described in terms of differential equations. 
Such differential equations may be obtained by using physical laws governing a partic- 
ular system, for example, Newton’s laws for mechanical systems and Kirchhoff's laws 
for electrical systems. We must always keep in mind that deriving a reasonable mathe- 
matical model is the most important part of the entire analysis. 


Mathematical models. Mathematical models may assume many different forms. 
Depending on the particular system and the particular circumstances, one mathemati- 
cal model may be better suited than other models. For example, in optimal control prob- 
lems, it is advantageous to use state-space representations. On the other hand, for the 
transient-response or frequency-response analysis of single-input—single-output, linear, 
time-invariant systems, the transfer function representation may be more convenient 
than any other. Once a mathematical model of a system is obtained, various analytical 
and computer tools can be used for analysis and synthesis purposes. 
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Simplicity versus accuracy. It is possible to improve the accuracy of a mathe- 
matical model by increasing its complexity. In some cases, we include hundreds of equa- 
tions to describe a complete system. In obtaining a mathematical model, however, we 
must make a compromise between the simplicity of the model and the accuracy of the 
results of the analysis. If extreme accuracy is not needed, however, it is preferable to ob- 
tain only a reasonably simplified model. In fact, we are generally satisfied if we can ob- 
tain a mathematical model that is adequate for the problem under consideration. It is 
important to note, however, that the results obtained from the analysis are valid only to 
the extent that the model approximates a given dynamic system. 

In deriving a reasonably simplified mathematical model, we frequently find it nec- 
essary to ignore certain inherent physical properties of the system. In particular, if a 
linear lumped-parameter mathematical model (that is, one employing ordinary differ- 
ential equations) is desired, it is always necessary to ignore certain nonlinearities and 
distributed parameters (that is, ones giving rise to partial differential equations) that 
may be present in the physical system. If the effects that these ignored properties have 
on the response are small, good agreement will be obtained between the results of the 
analysis of a mathematical model and the results of the experimental study of the 
physical system. 

In general, in solving a new problem, we find it desirable first to build a simplified 
model so that we can get a general fecling for the solution. A more complete mathe- 
matical model may then be built and used for a more complete analysis. 

We must be well aware of the fact that a linear lumped-parameter model, which may 
be valid in low-frequency operations, may not be valid at sufficiently high frequencies 
since the neglected property of distributed parameters may become an important fac- 
tor in the dynamic behavior of the system. For example, ihe mass of a spring may be ne- 
glected in low-frequency operations, but it becomes an important property of the 
system at high frequencies. 


Linear systems. A system is called linear if the principle of superposition applies. 
The principle of superposition states that the response produced by the simultaneous 
application of two different forcing functions is the sum of the two individual responses. 
Hence, for the linear system, the response to several inputs can be calculated by treat- 
ing one input at a time and adding the results. It is this principle that allows one to build 
up complicated solutions to the linear differential equation from simple solutions. 

In an experimental investigation of a dynamic system, if cause and effect are pro- 
portional, thus implying that the principle of superposition holds, then the system can 
be considered linear. 


Linear time-invariant systems and linear time-varying systems. A differ- 
ential equation is linear if the coefficients are constants or functions only of the 
independent variable. Dynamic systems that are composed of linear time-invariant 
lumped-parameter components may be described by linear time-invariant (constant- 
coefficient) differential equations. Such systems are called linear time-invariant (or 
linear constant-coefficient) systems. Systems that are represented by differential equa- 
tions whose coefficients are functions of time are called linear time-varying systems. 
An example of a time-varying control system is a spacecraft control system. (The mass 
of a spacecraft changes due to fuel consumption.) 
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Characteristic curves 


Nonlinear systems. A system is nonlinear if the principle of superposition does 
not apply. Thus, for a nonlinear system the response to two inputs cannot be calculated 
by treating one input at a time and adding the results. Examples of nonlinear differen- 
tial equations are 


ax dx\ = Asin wt 
dt? \ dt ia 
dx 
qt -1" +x =0 
2 
a 
dt? dt 


Although many physical relationships are often represented by linear equations, in 
most cases actual relationships are not quite linear. In fact, a careful study of physical 
systems reveals that even so-called “linear systems” are really linear only in limited op- 
erating ranges. In practice, many electromechanical systems, hydraulic systems, pneu- 
matic systems, and so on, involve nonlinear relationships among the variables. For 
example, the output of a component may saturate for large input signals. There may be 
a dead space that affects small signals. (Ihe dead space of a component is a small range 
of input variations to which the component is insensitive.) Square-law nonlinearity may 
occur in some components. For instance, dampers used in physical systems may be lin- 
ear for low-velocity operations but may become nonlinear at high velocities, and the 
damping force may become proportional to the square of the operating velocity. Ex- 
amples of characteristic curves for these nonlinearities are shown in Figure 3-1. 

Note that some important control systems are nonlinear for signals of any size. For 
example, in on-off control systems, the control action is either on or off, and there is no 
linear relationship between the input and output of the controller. 

Procedures for finding the solutions of problems involving such nonlinear systems, 
in general, are extremely complicated. Because of this mathematical difficulty at- 
tached to nonlinear systems, one often finds it necessary to introduce eauiv lene lin- 
car systems in place of nonlinear ones. Such equivalent linear systems are valid for 
only a limited range of operation. Once a nonlinear system is approximated by a lin- 
ear mathematical model, a number of linear tools may be applied for analysis and de- 
sign purposes, 


Output Output Output 
Input Input Input 
Saturation Dead-zone Square-law 
nonlinearity nonlinearity nonlinearity 
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Linearization of nonlinear systems. In control engineering a normal operation 
of the system may be around an equilibrium point, and the signals may be considered 
small signals around the equilibrium. (It should be pointed out that there are many ex- 
ceptions to such a case.) However, if the system operates around an equilibrium point 
and if the signals involved are small signals, then it is possible to approximate the non- 
linear system by a linear system. Such a linear system is equivalent to the nonlinear 
system considered within a limited operating range. Such a linearized model (linear, 
time-invariant model) is very important in control engineering. We shall discuss a lin- 
earization technique in Section 3-10. 


Outline of the chapter. Section 3-1 has presented an introduction to the mathe- 
matical modeling of dynamic systems, including discussions of linear and nonlinear sys- 
tems. Section 3-2 presents the transfer function and impulse-response function. Section 
3-3 introduces block diagrams and Section 3-4 discusses concepts of modeling in state 
space. Section 3-5 presents state-space representation of dynamic systems. Section 3-6 
treats mathematical modeling of mechanical systems. We discuss Newton’s approach to 
modeling mechanical systems. Section 3-7 deals with mathematical modeling of elec- 
trical circuits, Section 3-8 treats liquid-level systems, and Section 3-9 presents mathe- 
matical modeling of thermal systems. Finally, Section 3-10 discusses the linearization of 
nonlinear mathematical models. (Mathematical modeling of other types of systems is 
treated throughout the remaining chapters of the book.) 
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In control theory, functions called transfer functions are commonly used to character- 
ize the input-output relationships of components or systems that can be described by 
linear, time-invariant, differential equations. We begin by defining the transfer function 
and follow with a derivation of the transfer function of a mechanical system. Then we 
discuss the impulse-response function. 


Transfer function. The ¢ransfer function of a linear, time-invariant, differential 
equation system is defined as the ratio of the Laplace transform of the output (response 
function) to the Laplace transform of the input (driving function) under the assumption 
that all initial conditions are zero. 

Consider the linear time-invariant system defined by the following differential 
equation: 


(n) (n-1) , 
ay t+ ay +e +a, + ay 


(m) m~1) 
=byxX + byx +:+° + b,x + b,x (n 2m) (3-1) 


where y is the output of the system and x is the input. The transfer function of this 


system is obtained by taking the Laplace transforms of both sides of Equation (3-1), 
under the assumption that all initial conditions are zero, or 
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Transfer function = G(s) = 


£finput] zero initial conditions 
YG). bys bys Pe Bs By (3-2) 
(ss) ags" tas" +--+ +4, ta, 


By using the concept of transfer function, it is possible to represent system dynam- 
ics by algebraic equations in s. If the highest power of s in the denominator of the trans- 
fer function is equal to n, the system is called an nth-order system. 


Comments on transfer function. The applicability of the concept of the trans- 
fer function is limited to linear, time-invariant, differential equation systems. The trans- 
fer function approach, however, is extensively used in the analysis and design of such 
systems. In what follows, we shall list important comments concerning the transfer 
function. (Note that in the list a system referred to is one described by a linear, time- 
invariant, differential equation.) 


1. The transfer function of a system is a mathematical model in that it is an operational 
method of expressing the differential equation that relates the output variable to the 


input variable. 

2. The transfer function is a property of a system itself, independent of the magnitude 
and nature of the input or driving function. 

3. The transfer function includes the units necessary to relate the input to the out- 
put; however, it docs not provide any information concerning the physical struc- 
ture of the system. (The transfer functions of many physically different systems 
can be identical.) 

4. If the transfer function of a system is known, the output or response can be 
studied for various forms of inputs with a view toward understanding the nature 
of the system. 

§. If the transfer function of a system is unknown, it may be established experimentally 
by introducing known inputs and studying the output of the system. Once estab- 
lished, a transfer function gives a full description of the dynamic characteristics of 
the system, as distinct from its physical description. 


Mechanical system. Consider the satellite attitude control system shown in Fig- 
ure 3-2. The diagram shows the control of only the yaw angle @. (In the actual system 
there are controls about three axes.) Small jets apply reaction forces to rotate the satel- 
lite body into the desired attitude. The two skew symmetrically placed jets denoted by 
A or B operate in pairs. Assume that each jet thrust is F/2 and a torque T = F! is ap- 
plied to the system. The jets are applied for a certain time duration and thus the torque 
can be written as 7(¢). The moment of inertia about the axis of rotation at the center 
of mass is J. 

Let us obtain the transfer function of this system by assuming that torque 7(f) is the 
input, and the angular displacement 6(f) of the satellite is the output. (We consider the 
motion only in the plane of the page.) 
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Figure 3-2 
Schematic diagram of a satellite atti- 


Fait 
Center of mass 
tude control system. 
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‘Lo derive the transfer function, we proceed according to the following steps. 
1. Write the differential equation for the system. 
2. Take the Laplace transform of the differential equation, assuming all initial condi- 


tions are zero. 
3. Take the ratio of the output O(s) to the input 7(s). This ratio is the transfer function. 
nd notin here is no fric- 


AV 
Jaw totn 


Applying Newiton’s second 

tion in the environment of the satellite, we have 
d’0 

—- = T 


Taking the Laplace transform of both sides of this last equation and assuming al initial 


conditions to be zero yields 
Js?@(s) = T(s) 
where O(s) = £[O(t)] and T(s) = L[T(t)]. The transfer function of the system is thus 
obtained as 
ON ee eg et 2 O(s) 1 
LIaAlisiecr FULICUOTL T(s) Ts2 


For a linear, time-invariant system the transfer function 


Convolution integral. 
G(s) is 

_ Ys) 

G(s) X(s) 


where X(s) is the Laplace transform of the input and Y(s) is the Laplace transform of 
the output, where we assume that all initial conditions involved are zero. It follows that 
(3-3) 


the output Y(s) can be written as the product of G(s) and X(s), or 
Y(s) = G(s)X(s) 


Note that multiplication in the complex domain is equivalent to convolution in the time 
domain, so the inverse Laplace transform of Equation (3-3) is given by the following 


convolution integral: 
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y(t) = [ x(t)g(t — 1) dt 


= [scoxe ~1)dt (3-4) 
0 
where g(t) = 0 and x(t) = Ofort <0. 


Impulse-response function. Consider the output (response) of a system to a 
unit-impulse input when the initial conditions are zero, Since the Laplace transform of 
the unit-impulse function is unity, the Laplace transform of the output of the system is 


Vi5\ (s\ (2_&\ 
ND v) wy) 


The inverse Laplace transform of the output given by Equation (3-5) gives the impulse 
response of the system. The inverse Laplace transform of G(s), or 


“TG(s)] = 8 


is called the impulse-response function. This function g(t) is also called the weighting 
function of the system. 

The impulse-response function g(t) is thus the response of a linear system to a unit- 
impulse input when the initial conditions are zero. The Laplace transform of this func- 
tion gives the transfer function, Therefore, the transfer function and impulse-response 
function of a linear, time-invariant system contain the same information about the sys- 
tem dynamics. It is hence possible to obtain complete information about the dynamic 
characteristics of the system by exciting it with an impulse input and measuring the re- 
sponse. (In practice, a pulse input with a very short duration compared with the signifi- 
cant time constants of the system can be considered an impulse.) 


3-3 BLOCK DIAGRAMS 


cantral = annaat af a aaeshne af comannente Tr chaw th fun 


A RVIILIUI systcm m may COnsSiSt OL a NuMOCr OF components, iu suuw 
formed by each component, in control engineering, we commonly use a diagram called 
the block diagram. This section explains what a block diagram is, presents a method for 
obtaining block diagrams for physical systems, and, finally, discusses techniques to sim- 
plify such diagrams. 


Block diagrams. A block diagram of a system is a pictorial representation of the 
functions performed by each component and of the flow of signals. Such a diagram de- 
picts the interrelationships that exist among the various components. Differing from a 
purely abstract mathematical representation, a block diagram has the advantage of in- 
dicating more realistically the signal flows of the actual system. 

In a block diagram all system variables are linked to each other through functional 


blocks. The functional block or simoly block is a symbol! for the mathematical oneration 
DIOCKS, sane JUHNCHONAL DLOCK OF SIMPY DOCK 18 aSyMooi for ine Mathematical operation 


on the input signal to the block that produces the output. The transfer functions of the 
components are usually entered in the corresponding blocks, which are connected by 
arrows to indicate the direction of the flow of signals. Note that the signal can pass only 
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Figure 3-4 
Summing point. 
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Transfer 
function 


G(s) Figure 3-3 
Element of a block diagram. 


in the direction of the arrows. Thus a block diagram of a control system explicitly shows 
a unilateral property. 

Figure 3-3 shows an element of the block diagram. The arrowhead pointing toward 
the block indicates the input, and the arrowhead leading away from the block repre- 
sents the output. Such arrows are referred to as signals. 

Note that the dimensions of the output signal from the block are the dimensions of 
the input signal multiplied by the dimensions of the transfer function in the block. 

The advantages of the block diagram representation of a system lie in the fact that 
it is easy to form the overall block diagram for the entire system by merely connecting 
the blocks of the components according to the signal flow and that it is possible to evalu- 
ate the contribution of each component to the overall performance of the system. 

In general, the functional operation of the system can be visualized more readily by 
examining the block diagram than by examining the physical system itself. A block dia- 
gram contains information concerning dynamic behavior, but it does not include any 
information on the physical construction of the system. Consequently, many dissimilar 
and unrelated systems can be represented by the same block diagram. 

It should be noted that in a block diagram the main source of energy is not explic- 
itly shown and that the block diagram of a given system is not unique. A number of dif- 
ferent block diagrams can be drawn for a system, depending on the point of view of 
the analysis. 


Summing Point. Referring to Figure 3-4, a circle with a cross is the symbol that 
indicates a summing operation. The plus or minus sign at each arrowhead indicates 
whether that signal is to be added or subtracted. It is important that the quantities be- 
ing added or subtracted have the same dimensions and the same units. 


Branch Point. A branch point is a point from which the signal from a block goes 
concurrently to other blocks or summing points. 


Block diagram of a closed-loop system. Figure 3-5 shows an example of a 
block diagram of a closed-loop system. The output C(s) is fed back to the summing 
point, where it is compared with the reference input R(s). The closed-loop nature of the 
system is clearly indicated by the figure. The output of the block, C(s) in this case, is ob- 
tained by multiplying the transfer function G(s) by the input to the block, E(s). Any lin- 
ear control system may be represented by a block diagram consisting of blocks, 
summing points, and branch points. 

When the output is fed back to the summing point for comparison with the input, it 
is necessary to convert the form of the output signal to that of the input signal. For ex- 
ample, in a temperature-control system, the output signal is usually the controlled tem- 
perature. The output signal, which has the dimension of temperature, must be converted 
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Summing Branch 
point point 


OS 
iS 
Figure 3-5 

Block diagram of a closed-loop 
system. 


to a force or position or voltage before it can be compared with the input signal. This 
conversion is accomplished by the feedback element whose transfer function is H(s), as 
shown in Figure 3-6. The role of the feedback element is to modify the output before it 
is compared with the input. (In most cases the feedback element is a sensor that mea- 
sures the output of the plant. The output of the sensor is compared with the input, and 
the actuating error signal is generated.) In the present example, the feedback signal that 
is fed back to the summing point for comparison with the input is B(s) = H(s)C(s). 


Open-loop transfer function and feedforward transfer function. Referring to 
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called the open-loop transfer function. That is, 


B 
Open-loop transfer function = a = G(s)H(s) 


The ratio of the output C(s) to the actuating error signal E(s) is called the feed- 
forward transfer function, so that 


Feedforward transfer function = a = G(s) 
s 


If the feedback transfer function H(s) is unity, then the open-loop transfer function and 
the feedforward transfer function are the same. 
Closed-loop transfer function. For the system shown in Figure 3-6, the output 
C(s) and input R(s) are related as follows: 
C(s) = G(s)E(s) 
E(s) = R(s) — Bs) 
= R(s) — H(s)C(s) 


L— 1) + Figure 3-6 
Closed-loop system. 
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Figure 3-7 
Closed-loop system 
subjected to a 
disturbance. 
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Eliminating E(s) from these equations gives 
C(s) = G(s)[R(s) — H(s)C(s)] 
or 


C(s)___ G6) as 


R(s) 1+ G(s)H(s) 
The transfer function relating C(s) to R(s) is called the closed-loop transfer function. 
This transfer function relates the closed-loop system dynamics to the dynamics of the 
feedforward elements and feedback elements. 
From Equation (3-6), C(s) is given by 


G(s) 


[O75 G@QHOn” 


Thus the output of the closed-loop system clearly depends on both the closed-loop 
transfer function and the nature of the input. 


Closed-loop system subjected to a disturbance. Figure 3-7 shows a closed- 
loop system subjected to a disturbance. When two inputs (the reference input and dis- 
turbance) are present in a linear system, each input can be treated independently of the 
other; and the outputs corresponding to each input alone can be added to give the com- 
plete output. The way each input is introduced into the system is shown at the summing 
point by cither a plus or minus sign. 

Consider the system shown in Figure 3-7. In examining the effect of the disturbance 
D(s), we may assume that the system is at rest initially with zero error; we may then cal- 
culate the responseCn(s) to the disturbance only. This response can be found from 


Cols) _ G(s) 
D(s) 1+ Gy(s)G,(s)H(s) 
On the other hand, in considering the response to the reference input R(s), we may as- 


sume that the disturbance is zero. Then the response Car(s) to the reference input R(s) 
can be obtained from 


Cr(s) _ G,(s)G,(s) 
R(s) 1+ G,(s)G,(s)H(s) 


Disturbance 
D(s) 
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Figure 3-8 

(a) RC circuit; (b) 
block diagram repre- 
senting Equation 
(3-9); (c) block dia- 
gram representing 
Equation (3-10); 

(d) block diagram of 
the RC circuit. 


The response to the simultaneous application of the reference input and disturbance 
can be obtained by adding the two individual responses. In other words, the response 
C(s) due to the simultaneous application of the reference input R(s) and disturbance 
D(s) is given by 


C(s) = Cals) + Cols) 


= G,(s) 
1 + G,(s)G,(s)H(s) 


Consider now the case where |G;(s)H(s)| > 1 and |Gi(s)G2(s)H(s)| > 1. In this case, 
the closed-loop transfer function Cp(s)/D(s) becomes almost zero, and the effect of the 
disturbance is suppressed. This is an advantage of the closed-loop system. 

On the other hand, the closed-loop transfer function Cr(s)/R(s) approaches 1/H(s) 
as the gain of Gi(s)G2(s)H(s) increases. This means that if |G;(s)G2(s)H(s)| > 1 then 
the closed-loop transfer function Cr(s)/R(s) becomes independent of Gi(s) and G2(s) 
and becomes inversely proportional to H(s) so that the variations of Gi(s) and G2(s) 
do not affect the closed-loop transfer function Cr(s)/R(s). This is another advantage of 
the closed-loop system. It can easily be seen that any closed-loop system with unity feed- 
back, H(s) = 1, tends to equalize the input and output. 


[G,(s)R(s) + D(s)] 


Mcgee Te diagram far 


iagra To draw a block Giagram ror a Sys- 
tem, first write the equations that describe the dynamic behavior of each component. 
Then take the Laplace transforms of these equations, assuming zero initial conditions, 
and represent each Laplace-transformed equation individually in block form. Finally, 
assemble the elements into a complete block diagram. 

As an exampie, consider the RC circuit shown in Figure 3-8(a). The equations for 
this circuit are 


i=- a (3-7) 
ee lid (3-8) 


ee 
(b) 
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The Laplace transforms of Equations (3-7) and (3-8), with zero initial condition, 
become 


16) = EO ED) 6-9) 
E,(s) = 22) (3-10) 


Equation (3-9) represents a summing operation, and the corresponding diagram is 
shown in Figure 3-8(b). Equation (3-10) represents the block as shown in Figure 3-8(c). 
Assembling these two elements, we obtain the overall block diagram for the system as 
shown in Fisure 3-8(d). 


SHOWN I PIBUre Oo 


Block diagram reduction. It is important to note that blocks can be connected 
in series only if the output of one block is not affected by the next following block. If 
there are any loading effects between the components, it is necessary to combine these 
components into a single block. 

Any number of cascaded blocks representing nonloading components can be re- 
h + 7 
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placed by a single 
dividual transfer functions. 

A complicated block diagram involving many feedback loops can be simplified by 
a step-by-step rearrangement, using rules of block diagram algebra. Some of these im- 


portant rules are given in Table 3-1. They are obtained by writing the same equation in 


hlock the transfer function af w 
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Table 3-1 Rules of Block Diagram Algebra 


a Original Block Diagrams Equivalent Block Diagrams 
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EXAMPLE 3-1 


Figure 3-9 

(a) Multiple-loop 
system; (b)-(e) suc- 
cessive reductions of 
the block diagram 
shown in (a). 


a different way. Simplification of the block diagram by rearrangements and substitu- 

tions considerably reduces the labor needed for subsequent mathematical analysis. It 

should be noted, however, that as the block diagram is simplified the transfer functions 

in new blocks become more complex because new poles and new zeros are generated. 
In simplifying a biock diagram, remember the following. 


1, The product of the transfer functions in the feedforward direction must remain 
the same. 
2. The product of the transfer functions around the loop must remain the same. 


Consider the system shown in Figure 3—9(a). Simplify this diagram. 
By moving the summing point of the negative feedback loop containing H2 outside the posi- 
tive feedback loop containing H), we obtain Figure 3—9(b). Eliminating the positive feedback 
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loop, we have Figure 3-9(c). The elimination of the loop containing H2/Gi gives Figure 3-9(d). Fi- 
nally, eliminating the feedback loop results in Figure 3-9(e). 

Notice that the numerator of the closed-loop transfer function C(s)/R(s) is the product of the 
transfer functions of the feedforward path. The denominator of C(s)/R(s) is equal to 


1 — S} (product of the transfer functions around each loop) 


1- (G,G,A, a G,G3H, ~ G,G,G;) 
1-— G,G)H, + G,G,H, + GGG, 


(The positive feedback loop yields a negative term in the denominator.) 
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In this section we shall present introductory material on state-space analysis of con- 
trol systems. 


Modern control theory. The modern trend in engineering systems is toward 
preales complexity, due mainly to the Tequirements of complex tasks and good accuracy. 


on ee 
Complex systems may have multiple inputs and mul tiple outputs and may be time va ary- 


ing. Because of the necessity of meeting increasingly stringent requirements on the per- 
formance of control systems, the increase in system complexity, and easy access to 
large-scale computers, modern control theory, which is a new approach to the analysis 
and design of complex control systems, has been developed since around 1960. This new 


approach is based on ihe concept of state. The concept of state by itself is not new since 
it has been in existence for a long time in the field of classical dynamics and other fields. 


Modern control theory versus conventional control theory. Modern con- 
trol theory is contrasted with conventional control theory in that the former is appli- 
cable to multiple-input-multiple-output systems, which may be linear or nonlinear, 
time invariant or time varying, while the latter is applicable only to linear time- 
invariant single-input-single-output systems. Also, modern control theory is essentially 
a time- domain approach, “while conventional control theory is a complex frequency- 
domain approach. Before we proceed further, we must define state, state variables, state 
vector, and state space. 


State. The state of a dynamic system is the smallest set of variables (called state 
variables) such that the knowledge of these variables at t = fo, together with the knowl- 
edge of the input for t = to, completely determines the behavior of the system for any 
time t = fo. 

Note that the concept of state is by no means limited to physical systems. It is ap- 
plicable to biological systems, economic systems, social systems, and others. 


State variables. The state variables of a dynamic system are the variables mak- 


ing up the smallest set of variables that determine the state of the dynamic system. If at 
least n variables x1, x2,..., Xn are needed to completely describe the behavior of a dy- 
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namic system (so that once the input is given for t = t and the initial state at t = fo is 
specified, the future state of the system is completely determined), then such n variables 
are a set of state variables. 

Note that state variables need not be physically measurable or observable quanti- 
ties. Variables that do not represent physical quantities and those that are neither mea- 
surable nor observable can be chosen as state variables. Such freedom in choosing state 
variables is an advantage of the state-space methods. Practically, however, it is conve- 
nient to choose easily measurable quantities for the state variables, if this is possible at 
all, because optimal control laws will require the feedback of all state variables with suit- 
able weighting. 


State vector. If state variables are needed to completely describe the behavior 
of a given system, then these n state variables can be considered the n components of a 
vector x. Such a vector is called a state vector. A state vector is thus a vector that deter- 
mines uniquely the system state x(t) for any time t = t, once the state at t = to is given 
and the input u(t) for t = f is specified. 


State space. The m-dimensional space whose coordinate axes consist of the 
X1 axis, X2 axiS,...,X» axis is called a state space. Any state can be represented by a 
point in the state space. 


State-space equations. In state-space analysis we are concerned with three 
types of variables that are involved in the modeling of dynamic systems: input vari- 
ables, output variables, and state variables. As we shall see in Section 3-5, the state- 
space representation for a given system is not unique, except that the number of 
state variables is the same for any of the difterent state-space representations of the 
same system. 

The dynamic system must involve elements that memorize the values of the input 
for t = t. Since integrators in a continuous-time control system serve as memory de- 
vices, the outputs of such integrators can be considered as the variables that define the 
internal state of the dynamic system. Thus the outputs of integrators serve as state vari- 
ables. The number of state variables to completely define the dynamics of the system is 
equal to the number of integrators involved in the system. 

Assume that a multiple-input—multiple-output system involves n integrators. As- 
sume also that there are 7 inputs uw, u2(t),..., u(t) and m outputs yi(t), ya(t),..., 
Ym(t). Define n outputs of the integrators as state variables: x,(t), x2(t),..., Xn(t). Then 
the system may be described by 


X¥1(t) = fpQXy, Xp, . 6. X53 Uy, Wy, .., U5 8) 
Xo (Q) = fo(ty, Xp, 6 Xb Uy, Uy, UE) 

(3-11) 
¥,,(0) = fA, x2, ava? Xn uy, Uy, wes u,; t) 
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The outputs yi(t), y2(t), .-. 


,¥m(t) of the system may be given by 


Vit) = 81%, Xp, 6 Xp Uys Ug, USD) 
y(t) = 82(%1, Xo, Soaye: »Xn3 uy, U2, NS Uu,; ;t) 
(3-12) 
Y(t) = es ye Xn Uy, Uy, . ea ,U,; t) 
If we define 
E 1) Fi Op Xa5- XM qh Uy, Me, Uy | 
x, (8) fr, Xn, HH, Wy HD 
x)=] |, f(x, u, 0) = 
x,(t) F(X 15 X25 - > Xp) Uy, Ua, --- 4,5 FY 
[yw | [ g(x... x i My, May. Us | [us| 
y(t) 8o(%1, Xa, Hy Uy, Uy, USD u,(t) 
y(t) = a(x, u, 2) = » ult)= 
| Yn() | | 8in(%1> x2, GES Xns U4, Uy, cake U,, | | ¥-(¢) | 
then Equations (3-11) and (3-12) become 
x(t) = f(x, u, 4) (3-13) 
y() = g(% yu, 2) (3-14) 


where Equation (3-13) is the state equation and Equation (3-14) is the output equa- 
tion. If vector functions f and/or g involve time f explicitly, then the system is called a 
time-varying system. 

If Equations (3-13) and (3-14) are linearized about the operating state, then we 
have the following linearized state equation and output equation: 


x() = A@x( + Bu) (3-15) 
y() = CHx() + Du (3-16) 
where A(z) is called the state matrix, B(1) the input matrix, C(f) the output matrix, and 
D(®) the direct transmission matrix. (Details of linearization of nonlinear systems about 
the operating state are discussed in Section 3-10.) A block diagram representation of 


Equations (3-15) and (3-16) is shown in Figure 3-10. 
If vector functions f and g do not involve time t explicitly then the system is called a 


timecinyariahtsystem In this cases Equations (3-15 \.and (3-16) can he'simplhified to 
x(t) = Ax(‘) + Bu(s) (3-17) 
y(t) = Cx(4) + Du(t) (3-18) 


Chapter 3 / Mathematical Modeling of Dynamic Systems 


Figure 3-10 

Block diagram of the 
linear continuous- 
time control system 
represented in state 
space. 


EXAMPLE 3-2 


LLLLL AL LLL 


y(t) 


Figure 3-11 
Mechanical system. 


Equation (3-1 7) is the state eauation of the linear. time-invarian 


Ol Veat Le stale Cua a Hy g tle nlIvaAi all 


mostly with systems described by Equations (3-17) and (3-18). 
In what follows we shall present an example for deriving a state equation and out- 
put equation. 


Consider the mechanical system shown in Figure 3-11. We assume that the system is linear. The 
external force u(r) is the input to the system, and the displacement y(¢) of the mass is the output. 
The displacement y(t) is measured from the equilibrium position in the absence of the external 
force. This system is a single-input—single-output system. 
From the diagram, the system equation is 
my + by tky=u (3-19) 

This system is of second order. This means that the system involves two integrators. Let us define 
state variables x;() and x2(f) as 

*(D = y() 

%2(f) = Y(t) 
Then we obtain 


or 
X, =X, (3-20) 
; k b 1 
aaa eres aT (3-21) 
The output equation is 
yrHxy (3-22) 


In a vector-matrix form, Equations (3-20) and (3-21) can be written as 


isl a 1] To] 
H =| kb | +iile (3-23) 
im Pe 
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Figure 3-12 
Block diagram of 
the mechanical 
system show. i 


Figure 3-11. 
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The output equation, Equation (3-22), can be written as 


y=fl al? 


2 


| (3-24) 


Equation (3-23) is a state equation and Equation (3-24) is an output equation for the system. 
Equations (3-23) and (3-24) are in the standard form: 


x = Ax + Bu 
y=Cx+ Du 
where 
[ 9 1 | Co] 
al 2 B=j1|, C=f1 0, D=0 
m m m 


Figure 3-12 is a block diagram for the system. Notice that the outputs of the integrators are state 
variables. 


Correlation between transfer functions and state-space equations. In what 
follows we shail show how to derive the transfer function of a single-inpui—single- 
output system from the state-space equations. 

Let us consider the system whose transfer function is given by 


M24 (3-25) 


Us) 

This system may be represented in state space by the following equations: 
x = Ax + Bu (3-26) 
y=Cxt Du (3-27) 


where x is the state vector, u is the input, and y is the output. The Laplace transforms of 
Equations (3-26) and (3-27) are given by 

sX(s) — x(0) = AX(s) + BU(s) (3-28) 

Y(s) = CX(s) + DU(s) (3-29) 
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EXAMPLE 3-3 


Since the transfer function was previously defined as the ratio of the Laplace transform 
of the output to the Laplace transform of the input when the initial conditions were 
zero, we assume that x(0) in Equation (3-28) is zero. Then we have 


sX(s) — AX(s) = BU(s) 
or 
(sI — A)X(s) = BU(s) 
By premultiplying (sI — A)-! to both sides of this last equation, we obtain 


X(s) = (sI — A) 'BUs) (3-30) 
By substituting Equation (3-30) into Equation (3-29), we get 
Y(s) = [C(sI — A)'B + D]W(s) (3-31) 
Upon comparing Equation (3-31) with Equation (3-25), we see that 
G(s) = C(sI — AY'B + D (3-32) 


This is the transfer-function expression in terms of A, B, C, and D. 
Note that the right-hand side of equation (3-32) involves (sI — A)-!. Hence G(s)can 


be written as 


Q(s) 
lst — Al 


G(s) = 


where Q(s) is a polynomial in s. Therefore, |sI — A] is equal to the characteristic poly- 
nomiai of G(s). In other words, the eigenvaiues of A are identical to the poles of G(s). 


Consider again the mechanical system shown in Figure 3-11. State-space equations for the sys- 
tem are given by Equations (3-23) and (3-24). We shall obtain the transfer function for the sys- 
tem from the state-space equations. 

By substituting A, B, C, and D into Equation (3-32), we obtain 


G(s) = C(sI — A)'B + D 


(on 0 1 |)-'fo 
=[l aH |- k b 1/+0 
m 


0 s -—> -= 
s -1 [lo 
=[1 ok By 4 
m Stin m 
Since 
RY =1 : 1 s+2 1 
b = 
~ s+2] 72,8, ele, 
L od "mom | m =| 
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we have 


b 
1 Soar 1}] 0 
Cay ae ei 1 
se+—ost—| —— si|m 
m m m 
1 


ms + bs +k 


which is the transfer function of the system. The same transfer function can be obtained from 
Equation (3-19). 


Transfer matrix. Next, consider a multiple-input—multinle-output system. As- 
sume that there are r inputs uw, u2,...,u, and m outputs y1, y2,..., ¥m. Define 
Y1 uy 
y2 Uy 
y = o u = 


pe) |e] 
The transfer matrix G(s) relates the output Y(s) to the input U(s), or 
Y(s) = G(s)U(s) (3-33) 


Since the input vector u is r dimensional and the output vector y is m dimensional, the 
transfer matrix is an m X r matrix. 


3-5 STATE-SPACE REPRESENTATION OF DYNAMIC SYSTEMS 
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A dynamic system consisting of a finite number of lumped elements may be described 
by ordinary differential equations in which time is the independent variable. By use of 
vector-matrix notation, an mth-order differential equation may be expressed by a first- 
order vector-matrix differential equation. If m elements of the vector are a set of state 
variables, then the vector-matrix differential equation is a state equation. In this sec- 
tion we shall present methods for obtaining state-space representations of continuous- 


time systems. 


State-space representation of nth-order systems of linear differential equa- 
tions in which the forcing function does not involve derivative terms. Consider 
the following nth-order system: 

n n-l 

D+ ay +: +4, +a,y =u (3-34) 
Noting that the knowledge of y(0), y(0), . yO), together with the input u(t) for 
t=0, ha ico completely the future behavior of the system, we may take y(t), 
y(t), .--, y(t) as a Set of n state variables. (Mathematically, such a choice of state vari- 
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ables is quite convenient. Practically, however, because higher-order derivative terms 
are inaccurate, due to the noise effects inherent in any practical situations, such a choice 
of the state variables may not be desirable.) 

Let us define 


x, =y 

%=Yy 
(n-1) 

x, = y 


Then Equation (3-34) can be written as 


X1 — X, 
ky = X, 
Xn-1 = Xn 
Mi a,X, ~ ++: — aX, + u 
or 
x = Ax + Bu (3-35) 
where 
. 0 1 0 0 
0 1 0 0 
x2 
x= : A = 5 B — 
0 0 0 1 0 
x, 
7a, 7a, 4 ~ay_2 7a, 1 
The output can be given by 
xy 
Xx 
y=f1 0 0] 
x, 
L “J 
or 
y= Cx (3-36) 
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Figure 3-13 

Block diagram reali- 
zation of state equa- 
tion and output 
equation given by 
Equations (3-35) and 
(3-36), respectively. 
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where 
C=[i 0 -:- Oj 


[Note that D in Equation (3-27) is zero.] The first-order differential equation, Equation 
(3-35), is the state equation, and the algebraic equation, Equation (3-36), is the output 
equation. A block diagram realization of the state equation and output equation given 
by Equations (3-35) and (3-36), respectively, is shown in Figure 3-13. 

Note that the state-space representation for the transfer function system 


Y(s) 1 
Us) ss" + as" +--- +a, 45 +4, 


is given also by Equations (3-35) and (3-36). 


State-space representation of nth-order systems of linear differential equa- 
tions in which the forcing function involves derivative terms. If the differential 
equation of the system involves derivatives of the forcing function, such as 


-1 
p= bau t+ Bu a 2. tb, + bu (3-37) 


y+tay +---+4 r+ ay A 
a ; ad Tens oO 


nd 
: A Ges (ey : F 

then the set of n variables y, y, ¥,..., y does not qualify as a set of state variables, and 

the straightforward method previously employed cannot be used. This is because n first- 

order differential equations 


Hy =X, 

Xo = X3 

: (x) (n~1) 

Ky = Oy, — Ay yXy — 7 7 GX, + Dot + bu +--+ + bu 


where x1 = y, may not yield a unique solution. 

The main problem in defining the state variables for this case lies in the derivative 
terms on the right-hand side of the last of the preceding equations. The state variables 
must be such that they will eliminate the derivatives of u in the state equation. 

One way to obtain a state equation and output equation is to define the following n 
variables as a set of n state variables: 
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x, =y— Bou 
X= y — Bol — Bu =x, — Byu 


x3 = ¥ — Bout — Bit — Buu =X, — Bou (3-38) 
“(arty I 2) ; ; 
x, = yo Bou ~ Bu a= oY Batt B, 1h =X, 1 B,,-\u 
where fo, 61, 82, ..., Ba are determined from 
Bo = bo 
B, = b, — a,Bo 
Pik oa Pay Po es SI ad a 
P2 ~ 92 ~ HP, ~ 42Po 
a - _ 3-39 
B; = b; — a,B, — 4,8, — a3 Bo ( ) 
B, = b, A apy Nima 4,4 = 4, Bo 
With this choice of state variables the existence and uniqueness of the solution of the 
state equation is guaranteed. (Note that this is not the only choice of a sct of statc vari- 
ables.) With the present choice of state variables, we obtain 
x, =x, + Bu 
x, = 2X3, + Bou 
: (3-40) 
Xp aa xX) + By 
xy = TAyX, Gy, 1X2 as AX, Be Bu 


[To derive Equation (3-40), see Problem A-3-3.] In terms of vector-matrix equations, 
Equation (3-40) and the output equation can be written as 


Rati) heOk. ie Oh - Se bey Rae Tg 
i 0 0 loo 0 TT x Bo 
= oF u 
Xn 0 0 0 1 Xn-1 Bn-1 
xy, 4a, Ey Ay-2 7a n B,, 
xy 
x2 
y=f1 0 0] + Bout 
x 
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or 


x = Ax + Bu (3-41) 
y=Cx+ Du (3-42) 
where 
x; 0 1 0 cane 
X, 0 0 1 77+ 0 
KS |e A=]. 7 : 2 
Kee 0 0 0 vee 
L x, | | “n ~G,-1 Gy-g 7 | 
By 
By 
B=!| . |, c=[1 0 0], D = By = bo 
-1 


a 


The initial condition x(0) may be determined by use of Equation (3-38). 

In this state-space representation, matrices A and C are exactly the same as those 
for the system of Equation (3-34). The derivatives on the right-hand side of Equation 
(3-37) affect only the elements of the B matrix. 

Note that the state-space representation for the transfer function 


Y(s) _ bos" + bys) +--+ + bys + by 


3-43 
Us) s"+as" +--+ 4,48 + 4, Ca) 
Figure 3-14 
Block diagram realization of state equation and output equation given by Equations (3-41) and 
(3-42), respectively. 
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is given also by Equations (3-41) and (3-42). Figure 3-14 is a block diagram realiza- 
tion of the state equation and output equation given by Equations (3-41) and (3-42), 
respectively. 

There are many ways to obtain state-space representations of systems. Some of them 
are presented in Problems A-3-4 through A-3-7. Methods for obtaining canonical rep- 
resentations of systems in state space (such as controllable canonical form, observable 
canonical form, diagonal canonical form, and Jordan canonical form) are presented in 
Chapter 11. 


3-6 MECHANICAL SYSTEMS 


In this section we shall discuss mathematical modeling of mechanical systems. The fun- 
damental law governing mechanical systems is Newton's second law. It can be applied 
to any mechanical system. In this section we shall derive mathematical models of two 
mechanical systems. (Mathematical models of additional mechanical systems will be de- 
rived and analyzed throughout the remaining chapters.) Before we discuss mechanical 
systems, let us review definitions of mass, force, and unit systems. 


Mass: The-niassot a body i is the quantity of ae in it, which is assumed to be 
constant. Physically, mass is the property of a body that gives it inertia, that is, resistance 


to starting and stopping. A body is attracted by Dee and the magnitude of the force 
that Earth exerts on it is called its weight. 
In practical’ situations, we know the weight w of a body but not the mass m. We cal- 


ei awe 


culate mass mi from 


m=— 
&§ 
where g is the gravitational acceleration constant. The value of g varies slightly from point 
topoint on Earth’s surface. Asa result, the weight ofa body varies slightly at different points 
on Earth’s surface, but its mass remains constant. For engineering purposes, g is taken as 


g = 9.81 m/s? = 981 cm/s” = 32.2 ft/s? = 386 in,/s? 


Far out in space, a body becomes weightless. Yet its mass remains constant and so the 
body possesses inertia. 

The units of mass are kg, g, lb, kgp-s?/m, and slug, as shown in Table 3-2. If mass is ex- 
pressed in units of kilogram (or pound), we call it kilogram mass (or pound mass) to dis- 
tinguish it from the unit of force, which is termed kilogram force (or pound force). In 
this book kg is used to denote a kilogram mass and kgya kilogram force. Similarly, lb de- 
notes a pound mass and lbya pound force. 

A slug is a unit of mass such that, when acted on by 1-pound force, a 1-slug mass 
accelerates at 1 ft/s? (slug = lby-s?/ft). In other words, if a mass of 1 slug is acted on by 


32.2 pounds force, it accelerates at 32.2 ft/s? (= g). Hence the mass of a body weighing 
32.2 Ih; at the earth’s surface is 1 slug or 


esas the Cari Ss Suraee If 2 Sus OF 


— 32.21, 4 guy 


ae 
mg 32.2 fs? 
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Table 3-2 Systems of Units 


Absolute systems Gravitational systems 
Aetric British 
Quantity engineering 


nds to produ change in mo- 


Pver4 i oy ke Acf: use ron 
FP orce. force Can OC GCrincG 43 wie Cause AMO LY PLUMULY a ALL a1 


tion of a body on which it acts. To move a body, force must be applied to it. Two types 
of forces are capable of acting on a body: contact forces and field forces. Contact 
forces are those that come into direct contact with a body, whereas field forces, such 
as gravitational force and magnetic force, act on a body but do not come into con- 
tact with it. 

The units of force are newton (N), dyne (dyn), kgy, and Iby. In SI units and the mks 
system (a metric absolute system) of units the force unit is the newton. The newton is 
the force that will give a 1-kilogram mass an acceleration of 1 m/s? or 


1N = 1 kg-m/s? 


This means that 9.81 newtons will give a kilogram mass an acceleration of 9.81 m/s?. 
Since the gravitational acceleration is g = 9.81 m/s? (as stated earlier, for engineering 
calculations, the value of g may be taken as 9.81 m/s? or 32.2 ft/s?), a mass of 1 kilogram 
will produce a force on its support of 9.81 newtons. 

The force unit in the cgs system (a metric absolute system) is the dyne, which will 
give a gram mass an acceleration of 1 cm/s? or 


1 dyn = 1 g-cm/s” 


The force unit in the metric engineering (gravitational) system is kgs, which is a primary 


dimension in the system. Similarly, in the British engineering system the force unit is lby. 
It is also a primary dimension in this system of units. 
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Figure 3-15 


Spring-mass— 


dashpot system 


mounted on a cart. 


Comments. SI units for force, mass, and length are the newton (N), kilogram mass 
(kg), and meter (m). The mks units for force, mass, and length are the same as the SI 
units. Similarly, the cgs units for force, mass, and length are the dyne (dyn), gram (g), and 
centimeter (cm), and those for BES units are pound force (Ib,), slug, and foot (ft). Each 
of the unit systems is consistent in that the unit of force accelerates the unit of mass 
1 unit of length per second per second. 

In the systems of units shown in Table 3-2, “s” is used for the second. In engineering 
papers and books, however, “sec” is commonly used. Therefore, in this book we use 
“sec”, rather than “s”, for the second. 


Mechanical system. Consider the spring—mass—dashpot system mounted on a 
massless cart as shown in Figure 3-15. A dashpot is a device that provides viscaus fric- 
tion, or damping. It consists of a piston and oil-filled cylinder. Any relative motion be- 
tween the piston rod and the cylinder is resisted by the oil because the oil must flow 
around the piston (or through orifices provided in the piston) from one side of the 
piston to the other. The dashpot essentially absorbs energy. This absorbed energy is dis- 
sipated as heat, and the dashpot does not store any kinetic or potential energy. The dash- 
pot is also called a damper. 

Let us obtain a mathematical model of this spring-mass—dashpot system mounted 
on a cart by assuming that the cart is standing still for t < 0. In this system, u(s) is the 
displacement of the cart and is the input to the system. At ¢ = 0, the cart is moved at a 
constant speed, or u = constant. The displacement y(t) of the mass is the output. (The 
displacement is relative to the ground.) In this system, denotes the mass, b denotes 
the viscous friction coefficient, and k denotes the spring constant. We assume that the 
friction force of the dashpot is proportional to y — wand that the spring is a linear spring; 
that is, the spring force is proportional to y — u. 

For translational systems, Newton’s second law states that 


ma = Ss F 
where m is a mass, a is the acceleration of the mass, and =F is the sum of the forces act- 


ing on the mass. Applying Newton’s second law to the present system and noting that 
the cart is massless, we obtain 


Massless cart 


WLLL LLL 
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a d d 
mit -- 9 at — Hey 


or 


d’y du 
+ ku 3-44 
™ ae dt ( ) 
Equation (3-44) gives a mathematical model of the system considered. 
A transfer function model is another way of representing a mathematical model of 
a linear, time-invariant system. For the present mechanical system, the transfer function 
model can be obtained as follows: Taking the Laplace transform of each term of Equa- 


tion (3-44) gives 
(3-44) .BIVes 


Lo Te388 


dy 
+ + = 
b ; ky =b 


am 2 = mls’ Y(s) — sy(0) — 9(0)] 


d 
aL A = bis¥(s) — y(0)] 
dt 
£[ky] = k¥(s) 
d 
cL a = blsU(s) — u(0)] 
L£[ku] = kU(s) 
If we set the initial conditions equal to z 
Laplace transform of Equation (3-44) can be written 
(ms? | bs + k)Y¥(s) = (bs + k)U(s) 
Taking the ratio of Y(s) to U(s), we find the transfer function of the system to be 
; Y(s) bs +k 
Transfer function = G(s) = U(s) = et Chek 


Such a transfer-function representation of a mathematical model is used very fre- 
quently in control engineering. It should be noted, however, that transfer-function 
models apply only to linear, time-invariant systems, since the transfer functions are de- 
fined only for such systems. 

Next we shall obtain a state-space model of this system. We shall first compare the 
differential equation for this system 


pte yak ye tar kn 
ye m® m> m m 


with the standard form 
P+ ayt ay = bit + bu + bou 

and identify a, a2, bo, b1, and be as follows: 
b k 


2 are ep 


= 

It 

i) 

> 

i 
3|> 
= |= 


b, = 
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EXAMPLE 3-4 


Referring to Equation (3-39), we have 
By = by = 9 


b 

B, = b — 4B = 7 
k b/ 

B, = by — a,B, ~ By = - (3) 


Then, referring to Equation (3-38), define 
xy =y— Bury 


3 b 
xX, =k, - pu =x, eee 

From Fquation (3-40) we have 

‘ b 

4 + Bu =m + ou 

k b k bY 
Ay = 5X, — aX, + Bou = ~~ x, - HX + E = (2¥). 
m m jm \m} | 
and the output equation becomes 
yur 
or 
hie Aiser|| 
x, 7 m 
=| k + 3-4 
H te se 4 k Gl - ( >) 
m m ——{[— 
m \m 
and 
x 
y=([.- Q] | (3-46) 


Equations (3-45) and (3-46) give a state-space representation of the system. (Note that 
this is not the only state-space representation. There are infinitely many state-space rep- 
resentations for the system.) 


An inverted pendulum mounted on a motor-driven cart is shown in Figure 3-16(a). This is a 
model of the attitude control of a space booster on takeoff. (The objective of the attitude control 
problem is to keep the space booster in a vertical position.) The inverted pendulum is unstable in 
that it may fall over any time in any direction unless a suitable control force is applied. Here we 
consider only a two-dimensional problem in which the pendulum moves only in the plane of the 


rey uma CO coetoe of ovavite af the weed, 
page. The control force u is applied to the cart. Assume that the center of gravity of the pendu- 


lum rod is at its geometric center. Obtain a mathematical model for the system. Assume that the 
mass m of the pendulum rod is 0.1 kg, the mass M of the cart is 2 kg, and the length 2/ of the pen- 
dulum rod is | m, or 
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(a) (b) 


Figure 3-16 
(a) Inverted pendulum system; (b) free-body diagram. 


m = 0.1 kg, M =2kg, 2i=1m 


Define the angle of the rod from the vertical line as 6. Define also the (x, y) coordinates of 
the center of gravity of the pendulum rod as (xc, yc). Then 


Xg =x+/siné 
Yq =/!cosé 


To derive the equations of motion for the system, consider the free-body diagram shown in 
Figure 3-16(b). The rotational motion of the pendulum rod about its center of gravity can be 
described by 


16 = Visin 0 — Hi cos 0 (3-47) 


where J is the moment of inertia of the rod about its center of gravity. 
The horizontal motion of center of gravity of pendulum rod is given by 


dz 
moa (x + [sin 6) = H (3-48) 
The vertical motion of center of gravity of pendulum rod is 
d2 
mie (Ecos 0) = V— mg (3-49) 


The horizontal motion of cart is described by 


d°x 


ae A (3-50) 
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Equations (3-47) through (3-50) describe the motion of the inverted-pendulum-on-the-cart 
system. Because these equations involve sin 6 and cos 0, they are nonlinear equations. 
If we assume angle 6 to be small, Equations (3-47) through (3-50) may be linearized as 


follows: 
16 =Vl9— HI (3-51) 
m(x + 16) =H (3-52) 
0=V—-—mg (3-53) 
Mi=u-—H (3-54) 


From Equations (3-52) and (3-54), we obtain 
(M+ m)x + ml0 = u (3-55) 
From Equations (3-51) and (3-53), we have 
16 = mgi@ — Hi 
= mgl@ — I(mx + ml6) 
or 
(1 + mi?)6 + mlx = mgle (3-56) 


Equations (3-55) and (3-56) describe the motion of the inverted-pendulum-on-the-cart system. 
They constitute a mathematical model of the system. (Later in Chapters 12 and 13, we design con- 
trollers to keep the pendulum upright in the presence of disturbances.) 


3-7 ELECTRICAL SYSTEMS 


In this section we shall deal with electrical circuits involving resistors, capacitors, and 
inductors. 

Basic laws governing elecirical circuiis ate Kirchhoff’s curreni law and voliage law. 
Kirchhoff’s current law (node law) states that the algebraic sum of all currents entering 
and leaving a node is zero. (This law can also be stated as follows: The sum of currents 
entering a node is equal to the sum of currents leaving the same node.) Kirchhoff’s volt- 
age law (loop law) states that at any given instant the algebraic sum of the voltages 
around any loop in an electrical circuit is zero. (This law can also be stated as follows: 
The sum of the voltage drops is equal to the sum of the voltage rises around a loop.) A 
mathematical model of an electrical circuit can be obtained by applying one or both of 
Kirchhoff’s laws to it. 

This section deals with simple electrical circuits. Mathematical modeling of opera- 
tional amplifier systems is presented in Chapter 5. 


ERC circuit. Consider the eiectricai circuit shown in Figure 3-17. The circuit con- 
sists of an inductance L (henry), a resistance R (ohm), and a capacitance C (farad). Ap- 


plying Kirchhoff’s voltage law to the system, we obtain the following equations: 
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Figure 3-18 


Electrical circuits. 
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ej Cc eo 
i | Figure 3-17 
Electrical circuit. 

di 1 
L—+Rit+—a|idt=e, 3-57 
f+ Rite [idee (3-57) 

1 
rai = 6 (3:58) 


Equations (3-57) and (3-58) give a mathematical model of the circuit. 

A transfer function model of the circuit can also be obtained as follows: Taking 
the Laplace transforms of Equations (3-57) and (3-58), assuming zero initial condi- 
tions, we obtain 


LsI(s) + RI(s) + == 16) = Es) 


aa Hs) = Els) 


If e: is assumed to be the input and e, the output, then the transfer function of this sys- 
tem is found to be 

E,(s) _ 1 

Es) LCs? + RCs +1 


(3-59) 


Complex impedances. In driving transfer functions for electrical circuits, we fre- 
quently find it convenient to write the Laplace-transformed equations directly, without 
writing the differential equations. Consider the system shown in Figure 3-18(a). In 
this system, Z; and Z; represent complex impedances. The complex impedance Z(s) of 
a two-terminal circuit is the ratio of E(s), the Laplace transform of the voltage across 
the terminals, to I(s), the Laplace transform of the current through the element, under 
the assumption that the initial conditions are zero, so that Z(s) = E(s)/I(s). If the two- 
terminal elements is a resistance R, capacitance C, or inductance L, then the complex 
impedance is given by R, 1/Cs, or Ls, respectively. If complex impedances are connected 
in series, the total impedance is the sum of the individual complex impedances. 
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Remember that the impedance approach is valid only if the initial conditions in- 
volved are all zeros. Since the transfer function requires zero initial conditions, the im- 
pedance approach can be applied to obtain the transfer function of the electrical circuit. 
This approach greatly simplifies the derivation of transfer functions of electrical circuits. 

Consider the circuit shown in Figure 3-18(b). Assume that the voltages e; and e, are the 
input and output of the circuit, respectively. Then the transfer function of this circuit is 


E(s)____Zals) 
E(s) Z,(s) + Zx6s) 


For the system shown in Figure 3-17, 


1 
Z,=Ls + R, Z,= 2 


Hence the transfer function F.(s)/E:(s) can be found as follows: 


1 
Efs)_ Cs 
a _ 2 
Es) Ls+ Rt LCs* + RCs +1 


which is, of course, identical to Equation (3-59). 


State-space representation. A state-space model of the system shown in Fig- 
ure 3-17 may be obtained as follows: First, note that the differential equation for the 
system can be obtained from Equation (3-59) as 


1 
L Lc 
Then by defining state variables by 


ee a 
e5 er eget 


we obtain 


and 
Ix, | 
y=[1 0] «| 


These two equations give a mathematical model of the system in state space. 
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Transfer functions of cascaded elements. Many feedback systems have com- 
ponents that load each other. Consider the system shown in Figure 3-19. Assume that 
e; is the input and e is the output. In this system the second stage of the circuit (R2C2 
portion) produces a loading effect on the first stage (R1C; portion). The equations for 
this system are 


1 
and 
1f,._, Sth, eh 
G (i, = i,) dt + Ry, + G ln dt = 0 (3-61) 
1 f. 
G fa dt =e, (3-62) 


Taking the Laplace transforms of Equations (3-60) through (3-62), respectively, as- 
suming zero initial conditions, we obtain 


1 
—— [L.(s) — L(s)] + RL,(s) = Es) (3-63) 
Cis 
ay = + RL( rene Fe =0 (3-64 
Cs [1,(s) 1(s)] 21,(s) Cs o(s) = - ) 
: Is) = E,fs) (3-65) 
Cos 2.9) oo} \ J 


Eliminating [1(s) from Equations (3-63) and (3-64) and writing Ei{s) in terms of In(s), 
we find the transfer function between E.(s) and Fi(s) to be 


E,(s) i, 1 
Es)  (R,Cys + 1)(R,Cys + 1) + R,Cys 


4 
41 


~ R,C,R,Cs? + (R,C, + RC, + R,C,)s + 1 


(3-66) 


The term RiC2s in the denominator of the transfer function represents the interaction 
of two simple RC circuits. Since (RiC; + ReC2 + RiC2)? > 4R1C1R2C2, the two roots of 
the denominator of Equation (3-66) are real. 

The present analysis shows that, if two RC circuits are connected in cascade so that 
the output from the first circuit is the input to the second, the overall transfer function 


in Pe Figure 3-19 
Electrical system. 
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is not the product of 1/(RiCis + 1) and 1/(RoC2s + 1). The reason for this is that, 
when we derive the transfer function for an isolated circuit, we implicitly assume that 
the output is unloaded. In other words, the load impedance is assumed to be infinite, 
which means that no power is being withdrawn at the output. When the second circuit 
is connected to the output of the first, however, a certain amount of power is with- 
drawn, and thus the assumption of no loading is violated. Therefore, if the transfer 
function of this system is obtained under the assumption of no loading, then it is not 
valid. The degree of the loading effect determines the amount of modification of the 
transfer function. 


Transfer functions of nonloading cascaded elements. The transfer function 
of a system consistine of two nonloadins cascaded elements can be obtained by elimi- 


Ol 2 SYS SOE COMSISUIIS Of LO DOTMVAGIRS Sas abet ClCise its Cait US CUA Uy Satie 


nating the intermediate input and output. For example, consider the system shown i in 
Figure 3-20(a). The transfer functions of the elements are 


X,(s) 
X,(s) 


X;(s) 
X,(s) 


G,(s) = and G,(s) = 
If the input impedance of the second element i 
is not affected by connecting it to the second € 
whole system becomes 


s infinite, the output of the first element 
Lf, 


t. Then th ar et, int Se af 
if 


ement. (hen the transter function of tne 


X3(s) _ X2(s)X(5) _ 


C8) = ¥9) ~ X,9X,6) 


G,(s)G,(s) 


The transfer function of the whole system is thus the product of the transfer functions 
of the individual elements. This is shown in Figure 3-20(b). 

As an example, consider the system shown in Figure 3-21. The insertion of an 
isolating amplifier between the circuits to obtain nonloading characteristics is fre- 
quently used in combining circuits. Since amplifiers have very high input imped- 
ances, an isolation amplifier inserted between the two circuits justifies the nonloading 
assumption. 

The two simple RC circuits, isolated by an amplifier as shown in Figure 3-21, have 
negligible loading effects, and the transfer function of the entire circuit equals the prod- 
uct of the individual transfer functions. Thus, in this case, 


E,(s) _ 1 1 
Es) (cs + ) (K) (acs + ] 


K 
~ (R,Cys + 1)(R,Cys + 1) 


X1(s) X2(s) X4(s) Xi(s) X3(s) 
G,(s) G(s) G(s) 


(a) 


(b) 
Figure 3-20 
(a) System consisting of two nonloading cascaded elements; (b) an equivalent system. 
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Ry Ry 


Isolating 
amplifier 
(gain K) 


e% Cc; 


€0 


Figure 3-21 
Electrical system. 


SYSTEMS 


In analyzing systems involving fluid flow, we find it necessary to divide flow regimes into 
laminar flow and turbulent flow, according to the magnitude of the Reynolds number. 
If the Reynolds number is greater than about 3000 to 4000, then the flow is turbulent. 
The flow is laminar if the Reynolds number is less than about 2000. In the laminar case, 
fluid flow occurs in streamlines with no turbulence. Systems involving turbulent flow of- 
ten have to be represented by nonlinear differential equations, while systems involving 
laminar flow may be represented by linear differential equations. (Industrial processes 
often involve flow of liquids through connecting pipes and tanks. The flow in such 
processes is often turbulent and not laminar.) 

In this section we shall derive mathematical models of liquid-level systems. By in- 
troducing the concept of resistance and capacitance for such liquid-level systems, it is 
possible to describe the dynamic characteristics of such systems in simple forms. 


Resistance and capacitance of liquid-level systems. Consider the flow 
through a short pipe connecting two tanks. The resistance R for liquid flow in such a 
pipe or restriction is defined as the change in the level difference (the difference of the 
liquid levels of the two tanks) necessary to cause a unit change in flow rate; that is, 


_ change in level difference, m 
change in flow rate, m*/sec 


Since the relationship between the flow rate and level difference differs for the laminar 
flow and turbulent flow, we shall consider both cases in the following. 

Consider the liquid-level system shown in Figure 3—22(a). In this system the liquid 
spouts through the load valve in the side of the tank. If the flow through this restriction 
is laminar, the relationship between the steady-state flow rate and steady-state head at 
the level of the restriction is given by 


Q=-=KH 


where Q = steady-state liquid flow rate, m/sec 
K = coefficient, m2/sec 
H = steady-state head, m 


Notice that the law governing laminar flow is analogous to Coulomb’s law, which states 
that the current is directly proportional to the potential difference. 
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Figure 3-22 
(a) Liquid-level sys- 


tem; (b) head versus 
flow rate curve. 


Head 


Control valve 


O+4 
ares ke, a 


Load valve 
Q +4 0 
PK > 
Capacitance Resistance 
Cc R = 


(a) (b) 


For laminar flow, the resistance R; is obtained as 


The laminar-flow resistance is constant and is analogous to the electrical resistance. 
If the flow through the restriction is turbulent, the steady-state flow rate is given by 


Q=KVH (3-67) 
where Q = steady-state liquid flow rate, m/sec 
K = coefficient, m25/sec 
H = steady-state head, m 
The resistance R;, for turbulent flow is obtained from 
dH 
R oe iat 
t dQ 
Since from Equation (3-67) we obtain 
K 
dQ = —= dH 
OWA 
we have 
dH _2VH _2VHVH _ 2H 
dQ K Q Q 
Thus, 
2H 
R, = 0 (3-68) 


The value of the turbulent-flaw resistance R, depends on the flow rate and the head. 


The value of R,, however, may be considered constant if the changes in head and flow 
rate are small. 
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By use of the turbulent-flow resistance, the relationship between Q and H can be 
given by 
2H 
Q R, 
Such linearization is valid, provided that changes in the head and flow rate from their 
respective steady-state values are small. 

In many practical cases, the value of the coefficient K in Equation (3-67), which 
depends on the flow coefficient and the area of restriction, is not known. Then the re- 
sistance may be determined by plotting the head versus flow rate curve based on ex- 
perimental data and measuring the slope of the curve at the operating condition. An 
example of such a plot is shown in Figure 3—22(b). In the figure, point P is the steady- 
state operating point. The tangent line to the curve at point P intersects the ordinate 
at point (—H, 0). Thus, the slope of this tangent line is 2H/Q Since the resistance R; at 
the operating point P is given by 2H/Q, the resistance R; is the slope of the curve at the 
operating point. 

Consider the operating condition in the neighborhood of point P. Define a small de- 
viation of the head from the steady-state value as / and the corresponding small change 
of the flow rate as qg. Then the slope of the curve at point P can be given by 


The linear approximation is based on the fact that the actual curve does not differ much 
from its tangent line if the operating condition does not vary too much. 

The capacitance C of a tank is defined to be the change in quantity of stored liquid 
necessary to cause a unit change in the potential (head). (The potential is the quantity 
that indicates the energy level of the system.) 


__ change in liquid stored, m? 
change in head, m 
It should be noted that the capacity (m?) and the capacitance (m2) are different. The ca- 


pacitance of the tank is equai to its cross-sectional area. If this is constant, the capaci- 
tance is constant for any head. 


Liquid-level systems. Consider the system shown in Figure 3-22(a). The vari- 
ables are defined as follows: 


Q = steady-state flow rate (before any change has occurred), m*/sec 
q; = small deviation of inflow rate from its steady-state value, m°/sec 
Yo = small deviation of outflow rate from its steady-state value, m*/sec 


H = steady-state head (before any change has occurred), m 
h = small deviation of head from its steady-state value, m 


As stated previously, a system can be considered linear if the flow is laminar. Even if 
the flowis turbulent, the system can be linearized if changes in the variables are kept small. 
Based on the assumption that the system is either linear or linearized, the differential 
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equation of this system can be obtained as follows: Since the inflow minus outflow during 
the small time interval dt is equal to the additional amount stored in the tank, we see that 


C dh = (4; — 4.) at 
From the definition of resistance, the relationship between qo and h is given by 
soi 
4 
The differential equation for this system for a constant value of R becomes 


ro@ +h= Raq, (3-69) 


Note that RC is the time constant of the system. Taking the Laplace transforms of both 
sides of Equation (3-69), assuming the zero initial condition, we obtain 


(RCs + 1)H(s) = RQXs) 
where 
HIG =£h] and Qs) = £[q,] 


QOls) RCs +1 
If, however, go is taken as the output, the input being the same, then the transfer function is 


QAs)___ 1 
Ols) RCs +1 


where we have used the relationship 


Q,(s) = aL (s) 


Ts td _lawgal esuatamea with intasantinan Oonwnadre quate, ah 
niqGuia- ISVE! OYOCUVIIS WILE MILI GULIVIIL, AMILIWOL the oyowwis snown 


oT in F igure 
3-23. In this system, the two tanks interact. Thus the transfer function of the system is 
not the product of two first-order transfer functions. 
In the following, we shall assume only small variations of the variables from the 
steady-state values. Using the symbols as defined in Figure 3-23, we can obtain the fol- 
lowing equations for this system: 


aa (3-70) 
dh 
Cc, ae =~ Hh (3-71) 
a a, G72) 
R; * 
dh 
1 a (3-73) 
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Figure 3-23 
Liquid-level system 
with interaction. 
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O+q aD 
> 


Tank 1 Tank 2 
Ry Ry = 
Q+ a 
Dk DkE= > 
cee al 
C O+n Cr 


: Steady-state flow rate 
1; Steady-state liquid level of tank 1 
‘4: Steady-state liquid level of tank 2 


EEO] 


If g is considered the input and q2 the output, the transfer function of the system is 


Q(s) R 1C,R,C,s” + (R,C, + RC, + RCs + 1 


It is instructive to obtain Equ ation (3-74), the transfer function of the interacted s sys- 


tem, by block diagram reduction. From Equations (3-70) through (3-73), we obtain the 
elements of the block diagram, as shown in Figure 3-24(a). By connecting signals prop- 
erly, we can construct a block diagram, as shown in Figure 3-24(b). This block diagram 
can be simplitied, as shown in Figure 3-24(c). Further simpliticanons result in Figures 
3-24{d) a and {c). Figure 3-24(c) i is equivalent t to Equation ( (3-7 74). 

Notice the similarity and difference between the transfer function given by Equa- 
tion (3-74) and that given by Equation (3-66). The term R2C;s that appears in the de- 
nominator of Equation (3-74) exemplifies the interaction between the two tanks. 
Similarly, the term RiC2s in the denominator of Equation (3-66) represents the inter- 
action between the two RC circuits shown in Figure 3-19. 


(3-74) 


Thermal systems are those that involve the transfer of heat from one substance to an- 
other. Thermal systems may be analyzed in terms of resistance and capacitance, al- 
though the thermal capacitance and thermal resistance may not be represented 
accurately as lumped parameters since they are usually distributed throughout the sub- 
stance. For precise analysis, distributed-parameter models must be used. Here, however, 
to simplify the analysis we shall assume that a thermal system can be represented by a 
lumped-parameter model, that substances that are characterized by resistance to heat 
flow have negligible heat capacitance, and that substances that are characterized by heat 
capacitance have negligible resistance to heat flow. 

There are three different ways heat can flow from one substance to another: con- 


duction convection. and radiation. Here we conside ct 
Guction, Convection, and radiation. raere we Cconsicer only conduction and convection. 


(Radiation heat transfer is appreciable only if the temperature of the emitter is very 
high compared to that of the receiver. Most thermal processes in process control sys- 
tems do not involve radiation heat transfer.) 


Chapter 3 / Mathematical Modeling of Dynamic Systems 


Figure 3-24 

(a) Elements of the 
block diagram of the 
system shown in Fig- 
ure 3-23; (b) block 
diagram of the sys- 
tem; (c)-(e) succes- 
sive reductions of the 
block diagram. 
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(d) 


OAs) 1 Q2(s) 
Ry C,RoCys? + (RyC, + RoCy + RoC)s +1 


(e) 


28 | Has) LR] 
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For conduction or convection heat transfer, 
q=KA@ 


where qg = heat flow rate, kcal/sec 
A@ = temperature difference, °C 
K = coefficient, kcal/sec °C 


The coefficient K is given by 


K=—, for conduction 
AX 


= HA, for convection 


where k = thermal conductivity, kcal/m sec °C 
A = area normal to heat flow, m2 
AX = thickness of conductor, m 
H = convection coefficient, kcal/m? sec °C 


Thnermai resistance and thermai capacitance. The thermai resistance R for 
heat transfer between two substances may be defined as follows: 


_ change in temperature difference, °C 
change in heat flow rate, kcal/sec 


The thermal resistance for conduction or convection heat transfer is given by 


Since the thermal conductivity and convection coefficients are almost constant, the 
thermal resistance for either conduction or convection is constant. 
The thermai capacitance C is defined by 


_ change in heat stored, kcal 
change in temperature, °C 


or 
C=mc 


where m = mass of substance considered, kg 
c = specific heat of substance, kcal/kg °C 


Thermal systems. Consider the system shown in Figure 3-25(a). It is assumed 
that the tank is insulated to eliminate heat loss to the surrounding air. It is also assumed 
that there is no heat storage in the insulation and that the liquid in the tank is perfectly 
mixed so that it is at a uniform temperature. Thus, a single temperature is used to de- 
scribe the temperature of the liquid in the tank and of the outflowing liquid. 
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@;(s) 


Heater 


ie) ) 


Figure 3-25 
(a) Thermal system; (b) block diagram of the system. 


Let us define 

O, = steady-state temperature of inflowing liquid, °C 
O, = steady-state temperature of outflowing liquid, °C 
G = steady-state liquid flow rate, kg/sec 
M = mass of liquid in tank, kg 

c = specific heat of liquid, kcal/kg °C 

= thermal resistance, °C sec/kcal 
C = thermal capacitance, kcal/°C 
Hi = steady-state heat input rate, kcal/sec 


Assume that the temperature of the inflowing liquid is kept constant and that the 
heat input rate to the system (heat supplied by the heater) is suddenly changed from H 
to H+ hj, where h; represents a small change in the heat input rate. The heat outflow 
rate will then change gradually from H to H+ h,. The temperature of the outflowing 
liquid will also be changed trom @, to @, + @. For this case, Ao, C, and R are obtained, 


respectively, as 
h, = Gcé 
C= Mc 
6 1 
R ee 
h, Ge 
The differential equation for this system is 
do 
—=h,-h 
Cc dt i oO 
which may be rewritten as 
dé 


RCW + O= Rh, 
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Note that the time constant of the system is equal to RC or M/G seconds. The transfer 
function relating 8 and h; is given by 


10 ee 
H{s) RCs +1 


where @(s) = £[(#)] and Hi(s) = L[hi(t)]. 

In practice, the temperature of the inflowing liquid may fluctuate and may act as a 
load disturbance. (If a constant outflow temperature is desired, an automatic controller 
may be installed to adjust the heat inflow rate to compensate for the fluctuations in the 
temperature of the inflowing liquid.) If the temperature of the inflowing liquid is sud- 
denly changed from 0; to 0; + 6; while the heat input rate H and the liquid flow rate 
G are kept constant, then the heat outflow rate will be changed from Hto H+ ho, and 
the temperature of the outflowing liquid will be changed from @, to O, + @. The dif- 
ferential equation for this case is 

do 


— = Gc6,—h 
Cu CU; oO 


which may be rewritten 


dé 
ROW + 8 = 8; 


d 
The transfer function relating 6 and 6; is given by 
O(s) _ 1 
O(s) RCs t+1 


where @(s) = £[A(#)] and Os) = L[0,(1)]. 

If the present thermal system is subjected to changes in both the temperature of 
the inflowing liquid and the heat input rate, while the liquid flow rate is kept constant, 
the change @ in the temperature of the outflowing liquid can be given by the follow- 
ing equation: 


RC—+0=0,+ Rh, 


A block diagram corresponding to this case is shown in Figure 3—25(b). Notice that the 
system involves two inputs. 
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In this section we present a linearization technique that is applicable to many non- 
linear systems. The process of linearizing nonlinear systems is important, for by lin- 
earizing nonlinear equations, it is possible to apply numerous linear analysis methods 
that will produce information on the behavior of nonlinear systems. The linearization 
procedure presented here is based on the expansion of the nonlinear function into a 
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Taylor series about the operating point and the retention of only the linear term. Be- 
cause we neglect higher-order terms of Taylor series expansion, these neglected 
terms must be small enough; that is, the variables deviate only slightly from the op- 
erating condition. 

In what follows we shall first present mathematical aspects of the linearization tech- 
nique and then apply the technique to a hydraulic servo system to obtain a linear model 
for the system. 


Linear approximation of nonlinear mathematical models. To obtain a linear 
mathematical model for a nonlinear system, we assume that the variables deviate only 
slightly from some operating condition. Consider a system whose input is x(#) and out- 
put is y(t). The relationship between y(f) and x(4) is given by 


y = f(x) (3-75) 


If the normal operating condition corresponds to 4, y, then Equation (3-75) may be ex- 
panded into a Taylor series about this point as follows: 


y = f(x) 
2. 
="@)+Le-n+5 ee eee (3-76) 


where the derivatives dfidx, d2fidx?,... are evaluated at x = x. If the variation x — x 
is small, we may neglect the higher-order terms in x — x. Then Equation (3-76) may 
be written as 


y=yt+ K(x-X) (3-77) 
where 
y= f@) 
_ of 
f 7 dx x=x 


Equation (3-77) may be rewritten as 
y — j= K(x 2) (3-78) 


which indicates that y — ¥ is proportional to x — % Equation (3-78) gives a linear math- 
ematical model for the nonlinear system given by Equation (3-75) near the operating 
pointx=*,y=y. 

Next, consider a nonlinear system whose output y is a function of two inputs x; and 
X2,80 that 


y = F(X, ¥2) (3-79) 


To obtain a linear approximation to this nonlinear system, we may expand Equation 
(3-79) into a Taylor series about the normal operating point %,.%. Then Equation (3-79) 
becomes 
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aye ) = of e 
y=f%.%)+ Bs (x, — ¥,) + ax, © — *) 
A, of = \2 2 of = a 
+ 21 | ax2 (x, — %)° + ax ax, (x, — ¥,)(Q%2 — %) 
vf 
+ ax3 (x2. — #3 + 


where the partial derivatives are evaluated at x. = %1,.x2 = i. Near the normal operating 
point, the higher-order terms may be neglected. The linear mathematical model of this 
nonlinear system in the neighborhood of the normal operating condition is then given by 


y —¥ = KyQy — %) + Kyle. — &) 


where 
¥ = fH, %) 
ee 
: Oxy XX pK 
GG) 
x,-2 
8X2 |x,=Hm=% 


The linearization technique presented here is valid in the vicinity of the operating 
condition. If the operating conditions vary widely, however, such linearized equations 
are not adequate, and nonlinear equations must be dealt with. It is important to re- 
member that a particular mathematical model used in analysis and design may accu- 
rately represent the dynamics of an actual system for certain operating conditions, but 
may not be accurate for other operating conditions. 


Linearization of a hydraulic servo system. Figure 3-26(a) shows a hydraulic 


greene ntne Tt in paogamtialle a eslaticralern watenllad heal alin naw 
servomotor. it is cssentiauy a puot-vaivc-controuca nyarawuic power amplifier and ac- 


tuator. The pilot valve is a balanced valve, in the sense that the pressure forces acting 
on it are all balanced. A very large power output can be controlled by a pilot valve, 
which can be positioned with very little power. 

In practice, the ports shown in Figure 3-26(a) are often made wider than the corre- 
sponding valves. In such a case, there is always leakage through the valves. Such leak- 
age improves both the sensitivity and the linearity of the hydraulic servomotor. In the 
following analysis we shall make the assumption that the ports are made wider than the 
valves, that is, the valves are underlapped. [Note that sometimes a dither signal, a high- 
frequency signal of very small amplitude (with respect to the maximum displacement 
of the valve), is superimposed on the motion of the pilot valve. This also improves the 
sensitivity and linearity. In this case also there is leakage through the valve.] 

We shall apply the linearization technique just presented to obtain a linearized 
mathematical model of the hydraulic servomotor. We assume that the valve is under- 
lapped and symmetrical and admits hydraulic fluid under high pressure into a power 
cylinder that contains a large piston, so that a large hydraulic force is established to 
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Figure 3-26 
(a) Hydraulic servo system; (b) enlarged diagram of the valve orifice area. 


move a load. We assume that the load inertia and friction are small compared to the 
large hydraulic force. In the present analysis, the hydraulic fluid is assumed to be in- 
compressible and the inertia force of the power piston negligible. We also assume that, 
as is usually the case, the orifice area (the width of the slot in the valve sleeve) at each 
port is proportional to the valve displacement x. 

In Figure 3-26(b) we have an enlarged diagram of the valve orifice area. Let us define 
the valve orifice areas of ports 1,2,3,4 as Ai, A2, As, Aa, respectively. Also, define the flow 
rates through ports 1, 2,3, 4 as qi, g2, q3, ga, respectively. Note that, since the valve is sym- 
metrical, Ai = A3 and Az = Ay. Assuming the displacement x to be small, we obtain 


A, = 4, = #{3 +x} 
2 
he \ 
Ay = Ay = RU 2) 
where k is a constant. 


Furthermore, we shall assume that the return pressure po in the return line is small 
and thus can be neglected. Then, referring to Figure 3-26(a), flow rates through valve 


orifices are 
12 Xx, 
cA, Ps — Pi) = C, Vp, =7(# +s) 


2 Xx 
+O — po) = C, Vp, — Pr 6 - 7 


q, 


ny 
> 
i) 


qQ2 = 
, (28, tn foe 
Bo OS ag ee RO a a aes =, VP2 


)-< 
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the left-hand side of the power piston is 
xX, XxX, 
- GVA =Fi(2 +) - en ‘(3 


q-1— 
The flow rate from the right-hand side of the power piston to the drain is the same as 


q = 43 GQ ove 3 +) - eve, 2-5] 


where Ci = cikV 2g/y and C2 = ek V 2g/y , and y is the specific weight and is given by 
y = og, where g is mass density and g is the acceleration of gravity. The flow rate g to 
= 7 (3-80) 


this g and is given by 


Note that the fluid is incompressible and that the valve is symmetrical. So we have 


qi = q3 and q2 = qa. By equating q: and q3, we obtain 
Pi = P2 


Ps — 
or 
Ps = Pi + P2 
If we define the pressure difference across the power piston as Ap or 
Ap = Pi — P2 
then 
+A —-A 
eee as p,=-— e 
2 2 


For the symmetrical valve shown in Figure 3-26(a), the pressure in each side of the power 


piston is ¥2p; when no load is applied, or Ap = 0. As the spool valve is displaced, the pres- 
sure in one line increases as the pressure in the other line decreases by the same amount 


In terms of p, and Ap, we can rewrite the flow rate g given by Equation (3-80) as 
x) - , [BEBE ( - x} 
ae | 


[P Pa = BP (% , 
9-4 ~- 4> on a \2 7 


Noting that the supply pressure p; is constant, the flow rate q can be written as a func- 


tion of the valve displacement x and pressure difference Ap, or 
0 : ~ Cy, [Pee OP (= - ‘ = f(x, Ap) 


P, — AP 
=C, /—-~——|/— + 
ae ae ( 2 
By applying the linearization technique presented earlier in this section to this case 
(3-81) 


the linearized equation about point x = £, Ap = Ap, q = dis 
q—q= a(x — ¥) + b(Ap — Ap) 


where 
Ams 2 AS) 
YT I> OF) 
=C, jPs— AP . ©, /P,+ AP 
x=*%,Ap= Ap 2 2 
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aac 


oes eee ee ee 
x=, Ap=Ap 2V2 VPs — Ap 2 


ene eee cee | eer 
2V2 Vp, + Ap \2 

Coefficients a and b here are called valve coefficients. Equation (3-81) is a linearized 
mathematical model of the spool valve near an operating point x = % Ap = Ap, q = @. 
The values of valve coefficients a and b vary with the operating point. Note that af/aAp 
is negative and so b is negative. 

Since the normal operating point is the point where < = 0, Ap = 0, g = 0, near the 
normal operating point, Equation (3-81) becomes 


q = K,x — K, Ap (3-82) 


where 


Ps 
K, = (C, + €)) soe 


Xo 
Pe) a 


Equation (3-82) is a linearized mathematical model of the spool valve near the origin 
(x = 0, 4p = 0, g = 0). Note that the region near the origin is most important in this kind 
of system, because the system operation usually occurs near this point. (For a deriva- 
tion of a mathematical model of a hydraulic servo system when the load reactive forces 
are not negligible, see Problem A-3-20.) 


EXAMPLE PROBLEMS AND SOLUTIONS 


Solution. First, move the branch point of the path involving 1 outside the loop involving H2, as 
shown in Figure 3-28(a). Then eliminating two loops results in Figure 3-28(b). Combining two 
blocks into one gives Figure 3-28(c). 


Figure 3-27 
Block diagram of a system. 
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Rs) | _G 1h Loo 


>) 1+ GH, * G 
Figure 3-28 
Simplified block 
diagrams for the 
system shown in (c) BY) G+ S) 
Figure 3-27. 1+ GH, 
A-3-2. Simplify the block diagram shownin Figure 3-29. Obtain the transfer function relating C(s) and R(s). 
Solution. The block diagram of Figure 3-29 can be modified to that shown in Figure 3-30(a). 
Eliminating the minor feedforward path, we obtain Figure 3-30(b). which can be simplified to 
that shown in Figure 3-30(c). The transfer function C(s)/R(s) is thus given by 
C(s) 
=G,G,+G,+1 
R(s) 12. 2 
The same result can also be obtained by proceeding as follows: Since signal X(s) is the sum 
of two signals G1 R(s) and R(s), we have 
Vi\ = Pld 1 Bfs\ 
“Alo) Wyo) 1 Arlo? 
The output signal C(s) is the sum of G2X(s) and R(s). Hence 
C(s) = G,X(s) + R(s) = G,[G,R(s) + R(s)] + RO) 
And so we have the same result as before: 
Cs) _ 
Rs) G,G,+G,+1 
R(s) Cs) 
Figure 3-29 
Block diagram of a 
system. 
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Figure 3-30 
Reduction of the 
block diagram shown 


in Figure 3-29. 


A-3-3. 


R(s) Cs) 
G|G2+G2+1 


(c) 


Show that for the differential equation system 
Ytayt+ ay + ay = bo + bu + bu + bu 


state and output equations can be given, respectively, by 


xy 0 1 O xy By 
xJ/=/0 O 1 x, | + | B.[u 
X3 a3 —A, —a |) %3 Bs 
and 
Le] 
y=[1 0 O]] x] + Bou 
x3 


where state variables are defined by 

x, =y — Bou 

X= ¥ — Pot — Bru =X, ~ Buu 

%3 = Y — Bod — Bu — Bou = x, — Bu 
and 


Bo 


82 —-kb —g.B 
Bi “1 “1K0 


Ul 
o 
o 


B; = b; — a8, — 4,8, — a3Bo 
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(3-83) 


(3-84) 


(3-85) 
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Fisnre 3-231 


EIGUre oes 


Control system. 
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Solution. From the definition of state variables x2 and x3, we have 

x = x, + Byu 

Xq = X3 + Bou 
To derive the equation for x3, we first note from Equation (3-83) that 

Y=-ay-ay—ay + boi + bu t+ but bu 
Since 
x3 = Y — Bolt — Bu — Bou 
we have 
%3 = ¥ — Boil — By — Bou 


= (-a,) — a,y — ayy) + bolt + bk + bu + byu — Bol’ — Bu — Bou 


—a,(¥ — Bott — Bye — Bau) — a,Bott — aBwu — a,Byu 
—a,(y — Bott — B\u) — a,Bytt — a,B,u — a3(y — Bow) — a3 Bou 
+ Boi + byi + byt + byu — Boil — Bye — Bou 
= —G,X3 — AyXz — Ggx, + (by — Bo) + (by — By — aiBo)e 
+ (by — By — 4,8, — a,Bo)u + (63 — 4,8, — a,B, — azBo)u 
= —GyX3 — €,X_ — ax, + (b3 — 4,82 — 4,81 — 43Bo)u 
= Gy X3 —AyXy — AgX, + Bg 
Hence, we get 


Xz = —G3Xy — AyX_y — G4xX, + Ayu 


(3-86) 
(3-87) 


(3-88) 


Combining Equations (3-86), (3-87), and (3-88) into a vector-matrix differential equation, we 
obtain Equation (3-84). Also, from the definition of state variable xi, we get the output equation 


given by Equation (3-85). 


Obtain a state-space model of the system shown in Figure 3-31. 


Solution, The system involves one integrator and two delayed integrators. The output of each in- 
tegrator or delayed integrator can be a state variable. Let us define the output of the plant as x1, 


the output of the controller as x2, and the output of the sensor as x3. Then we obtain 


s+1 


Sensor 
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Xs) st+5 
X(s) 
U(s) — X,(s) 8 
xX) _ 1 
X,(s) st] 
Y(s) = X,(s) 


which can be rewritten as 
sX,(s) = —5X,(s) + 10X,(s) 
5X,(s) = —X,(s) + U(s) 
5X,(s) = X;(s) — X3(s) 
Y(s) = (8) 
By taking the inverse Laplace transforms of the preceding four equations, we obtain 
X, = —5x, + 10x, 
X, = —x,+u 
Xy = Xp Xy 
yur 


Thus, a state-space model of the system in the standard form is given hy 


x -5 10 Offx,| fo 
X,{=}] 0 O -1flx,}+]1fu 
x 1 O —1]/x, 0 
*; 
y=[1 0 O]}x, 
[¥3 


It is important to note that this is not the only state-space representation of the system. Many 
other state-space representations are possible. However, the number of state variables is the same 
in any state-space representation of the same system. In the present system, the number of state 
variables is three, regardless of what variables are chosen as state variables. 


Obtain a state-space model for the system shown in Figure 3~-32(a). 


Solution. First, notice that (as + b)/s? involves a derivative term. Such a derivative term may be 
avoided if we modify (as + b)/s? as 


Using this modification, the block diagram of Figure 3-32(a) can 


Figure 3-32(b). 7 
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Xi) Ys) 


Figure 3-32 
(a) Control system; 


thy) modified block 


{Oj} MOGMIG COCK 


diagram. (b) 


Define the outputs of the integrators as state variables, as shown in Figure 3-32(b). Then from 
Figure 3~32(b) we obtain 


X(5) = 1 
X,(s) + a[U(s) — X,(8)] 
X,(s)___b 
Us) - X15) ss 
¥(s) = X,(s) 


which may be modified to 
sX,(s) = X,(s) + a[U(s) — X,(s)] 
sX,(s) = — bX,(s) + bU(s) 
Y(s) = X,(8) 


Taking the inverse Laplace transforms of the preceding three equations, we obtain 


X, = —ax, +x, + au 
Xx, = ~bx, + bu 
yr 


Rewriting the state and output equations in the standard vector-matrix form, we obtain 


Fae ees lelesae 
L#} [> olla)” LP] 


y=[1 0 4 
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A-3-6. 


A-3-7. 


Figure 3-33 

(a) Control system; 
(b) block diagram 
defining state vari- 
ables for the system. 


Obtain a state-space representation of the system shown in Figure 3-33(a). 
Solution. In this problem, first expand (s + z)/(s + p) into partial fractions. 


+ — 
Seep pee 
s+p s+p 


Next covert K/[s(s + a)] into the product of K/s and I/(s + @). Then redraw the block diagram, as 
shown in Figure 3-33(b), Defining a set of state variables, as shown in Figure 3-33(b), we obtain 
the following equations: 


X, = 7axX, + xX 


X, = —Kx, + Kx, + Ku 


X3 = —(Z — p)x, — px, + (z — pu 
yxy 
Rewriting gives 
xy —a 1 0 |] x, 0 
Xx | = -K 0 Kifxj+] K Ju 
%s] [-@-P) 9 —plixs] [2-P 


Notice that the output of the integrator and the outputs of the first-order delayed integrators 
[ls + a) and (z — p)(s + p)] are chosen as state variables. It is important to remember that the 
output of the block (s + z)/(s + p) in Figure 3-33(a) cannot be astate variable, because this block 
involves a derivative term,s + z. 


Gyros for sensing angular motion are commonly used in inertial guidance systems, autopilot sys- 
tems, and the like. Figure 3-34(a) shows a single-degree-of-freedom gyro. The spinning wheel is 
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Input axis 


112 


Case 


Damping 


Output axis 


(a) (b) 
Figure 3-34 
(a) Schematic diagram of a single-degree-of-freedom gyro; (b) functional diagram of the gyro 
shown in part (a). 


mounted in a movable gimbal, w which is, in turn, mounted in a gyro case. The gimbal i is free to move 
relative to the case about the output axis OB. Note that the output axis is ; perpendicular to the 
wheel spin axis. The input axis around which a turning rate, or angle, is measured is perpendicu- 
lar to both the output and spin axes. Information on the input signal (the turning rate or angle 
around the input axis) is obtained from the resulting motion of the gimbal about the output axis, 
relative to the case. 

Figure 3-34(b) shows a functional diagram of the gyro system. The equation of motion about 
the output axis can be obtained by equating the rate of change of angular momentum to the sum 
of the external torques. 

The change in angular momentum about axis OB consists of two parts: 16, the change due to 
acceleration of the gimbal around axis OB, and — Hw cos 6, the change due to the turning of the 
wheel angular-momentum vector around axis OA.The external torques consist of — b6, the damp- 
ing torque, and —k6, the spring torque. Thus the equation of the gyro system is 


or 
I6 + b6 + kO = Hw cos 6 (3-89) 


In practice, 9 is a very small angle, usually not more than +2,5°. 
Obtain a state-space representation of the gyro system. 


Solution. In this system, @ and @ may be chosen as state variables. The input variable is @ and the 
output variable is @. Let us define 


Then Equation (3-89) can be written as follows: 
ky — Xy 
k b 


es 


= Tu COS Xx 
I 1 


I 


Chapter 3 / Mathematical Modeling of Dynamic Systems 


A-3-8. 


A-3-9, 


or 
X = f(x, u) 
where 
F(X, ‘sr 
=I") x =(28 =| « bo 
Xo A(x, 4) er a es 


Clearly, /2(x, 4) involves a nonlinear term in x; and u. By expanding cos x; into its series 
Tepresentation, 


nd notin a that x; is a very small a 


lowing linearized state equation: 


The output equation is 


Consider a system defined by the following state-space equations: 


f2]-(5 ae} 


Lt 4 


y=fl 2] 4 
x 


Obtain the transfer function G(s) of the system. 


Solution. Referring to Equation (3-32), the transfer function of the system can be obtained as 
follows (note that D = 0 in this case): 


G(s) = C(I — A)'B 


s+5 1 ]2f2 
ca Ce | ae sa Hl 


s+1 -1 
7 (s+ 2)is+4) (6 + 2)(5 + 4)]/2 
aly =| 3 s+5 5 
(s + 2)(s +4) (s+ 2)(s + 4) 
12s + 59 


~ (6 + 2s + 4) 


Figure 3-35(a) shows a schematic diagram of an automobile suspension system. As the car moves 
along the road, the vertical displacements at the tires act as the motion excitation to the auto- 
mobile suspension system. The motion of this system consists of a translational motion of the 
center of mass and a rotational motion about the center of mass. Mathematical modeling of the 
complete system is quite complicated. 
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Figure 3-35 

(a) Automobile sus- 
pension system; 

(b) simplified sus- 
pension system. 


A-3-10. 
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k 
Center of mass 


(a) (b) 


A very simplified version of the suspension system is shown in Figure 3—35(b). Assuming 
that the motion x; at point P is the input to the system and the vertical motion x. of the body is 
the output, obtain the transfer function X.(s)/Xi(s). (Consider the motion of the body only in the 
vertical direction.) Displacement x. is measured from the equilibrium position in the absence of 
input x;. 


Solution. The equation of motion for the system shown in Figure 3—35(b) is 
mx, + D(x, — x;) + k(x, — x;) =0 
or 
mX, + bx, + kx, = bx; + kx; 
Taking the Laplace transform of this last equation, assuming zero initial conditions, we obtain 
(ms? + bs + k)X,(s) = (bs + kK)X{(s) 
Hence the transfer function X.({s)/X,(s) is given by 


X,(s) 2 Bak k 
X{s) ms? + bs +k 


Obtain the transfer function Y(s)/U(s) of the system shown in Figure 3-36. (Similar to the sys- 
tem of Problem A-3-9, this is also a simplified version of an automobile or motorcycle suspen- 
sion system.) 


Solution. Applying the Newton’s second law to the system, we obtain 
m,x = ky — x) + b(y — x) + k\(u — x) 
my = —ky — x) — B(y — x) 


Hence, we have 
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u 
PUTT f ees 
WJ VS WV Suspension system. 
imX | bX + (ky | ky)x = by + kgy + kyu 
my + by + kay = b¥ + kyx 
Taking Laplace transforms of these two equations, assuming zero initial conditions, we obtain 
[m,s? + bs + (ky + k,)|X(s) = (bs + kz) ¥(s) + k,U(s) 
[mys* + bs + ky ]¥(s) = (bs + ky) X(s) 
Eliminating X(s) from the last two equations, we have 


ms? + bs + ky 


2 
(ms* + bs + ky + k) ra 


Y(s) = (bs + ky) ¥(s) + k,U(s) 


which yields 


Ys) _ k,(bs + k,) 
U(s) — mymzs* + (m, + m,)bs? + [kym, + (m, + m))k,]s? + kbs + kik, 


Consider the electrical circuit shown in Figure 3-37. Obtain the transfer function E.(s/E,(s) by 
use of the block diagram approach. 


Solution. Equations for the circuits arc 
1 
a |G — i) dt t+ Ri, = e (3-90) 
1 
1 oes F 1 f. 
C, (4 — i) dt + Ryi, + G i,dt=0 (3-91) 
1 ff, 
G i, dt =e, (3-92) 
R Ry 


ej Z Cj / &2 
i | i | Figure 3-37 
Electrical circuit. 
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A-3-12. 


The Laplace transforms of Equations (3-90), (3-91), and (3-92), with zero initial conditions, give 


1 
C5 Habs) — L(s)] + Ry, (s) = Es) (3-93) 
1 
1 1 
Ge [o(s) - 7,(s)] + Roba(s) + Cs 2) =0 (3-94) 
1 
Gg lO) = Flo) (3-95) 


Equation (3-93) can be rewritten as 
C\s[E(s) — RA (8)] = 116) — £6) (3-96) 


Equation (3-96) gives the block diagram shown in Figure 3-38(a). Equation (3-94) can be 
modified to 


Cys 1 
Bere he) BO) 397) 
Equation (3-97) yields the block diagram shown in Figure 3-38(b). Also, Equation (3-95) gives 
the block diagram shown in Figure 3-38(c). Combining the block diagrams of Figures 3-38(a),(b), 
and (c), we obtain Figure 3-39(a). This block diagram can be successively modified as shown in 
Figures 3-39(b) through (e). Thus we obtained the transfer function E..(s)/Ei(s) of the system. [This 
is the same as that we derived earlier for the same electrical circuit. See Equation (3—-66).] 


1,(s) = 


Obtain the transfer function of the mechanical system shown in Figure 3—40(a). Also obtain the 
transfer function of the electrical system shown in Figure 3-40(b). Show that the transfer func- 
tions of the two systems are of identical form and thus they are analogous systems. 


Solution. The equations of motion for the mechanical system shown in Figure 3—-40(a) are 


b(%, — %) + kX) - x) = bx, — y) 


Es) 1s) - BG) 
g 
<> 
lee 


(a) 


1) LO TG Cos L(s) 
Cs RoC ps + 1 


by(X, — y) = ky 


(b) 
Figure 3-38 
Lfs) gel E,(s) Block diagrams: (a) corresponding 
ies to Equation (3-96); (b) correspond- 
ing to Equation (3-97); (c) corre- 
(c) sponding to Equation (3-95). 
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Figure 3-39 

Block diagrams for 
the system shown 
in Figure 3-37. (a) 
through (e) show 
successive simplifi- 
cations of block 
diagrams. 


(a) 


Cos 
RoCp5 + 1 


Cos 
RCs +1 


EX(s) 1 E,(s) 
R, C)RoCos? + (Ry, C\ + RoCy + Ri C2)s + 1 


(e) 
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E,(s) 


ky b, 


b> Xo 
kg y 
Figure 3-40 
(a) Mechanical sys- jp 
tem; (b) analogous 
electrical system. (a) (b) 


b[sX(s) — sX,(5)] + k[X(s) — X,(8)] = ba[sX.(s) — s¥(s)] 
ba[sX,(s) — s¥(s)] = ky ¥(s) 
If we eliminate Y(s) from the last two equations, then we obtain 


by 5X,(5) 


bilsXi(s) ~ 9X,(9)] + KLX(0) ~ X,()] = br9X0(8) ~ bas 5 


or 
b5s 
(bs + k,) Xs) = | bs + k, + bys — boS > X, (5) 
2 2 


Hence the transfer function X.(s)/Xi(s) can be obtained as 


For the electrical system shown in Figure 3-40(b), the transfer function E,(s)/E.(s) is found to be 


1 
R, += 
E (Ss) = ! Cys 
E{s) - 1 i 


ee ee eae 
(UR) + Cs  ~' Cys 


Se (R,Cys + 1)(R,C,5 + 1) 
(R,Cys + 1)(R,Cos + 1) + R,Cys 


A comparison of the transfer functions shows that the systems shown in Figures 3-40(a) and (b) 
are analogous. 
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A-3-13. 


In the liquid-level system of Figure 3-41, assume that the outflow rate Q m3/sec through the out- 
flow valve is related to the head H m by 


Q=KVH = 0.01 VH 


Assume also that when the inflow rate Q; is 0.015 m3/sec the head stays constant. At t = 0 the in- 
flow valve is closed and so there is no inflow for ¢ = 0. Find the time necessary to empty the tank 
to half the original head. The capacitance C of the tank is 2 m2. 


Solution. When the head is stationary, the inflow rate equals the outflow rate. Thus head H, at 
t = 0 is obtained from 


0.015 = 0.01 VA, 


or 
AY = 225m 
The equation for the system for t > 0 is 
-CdH = Qdt 
or 
dH_ _Q_ =001VH 
dt G 2 
Hence 
a = —0.005 dt 


Assume that, att = 1, H = 1.125 m. integrating both sides of this last equation, we obtain 
1.125 dH ty 
TH = | + (0.005) dt = —0.005t 
i Vi j : 


It follows that 


1.125 


2VH = 2V1.125 — 2V2.25 = —0.005¢, 


2.25 


or 
t, = 175.7 
Thus, the head becomes half the original value (2.25 m) in 175.7 sec. 


ook 


H 
| 


Capacitance C 
| | L Figure 3-41 
— + @  Liquid-level system. 
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A-3-14. 


Figure 3-42 
Liquid-level system. 
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Consider the liquid-level system shown in Figure 3-42. At steady state, the inflow rate and out- 
flow rate are both Qand the flow rate between the tanks is zero. The heads of tanks 1 and 2 are 
both #7. At t = 0, the inflow rate is changed from Oto Q+ q, where q is a small change in the in- 
flow rate. The resulting changes in the heads (h, and hz) and flow rates (q; and q2) are assumed 
to be small. The capacitances of tanks 1 and 2 are C and C2, respectively. The resistance of the 


valve between the tanks is R; and that of the outflow valve is R2. 


Derive mathematical models for the system when (a) q is the input and hz the output, (b) qg is 


the input and q2 the output, and (c) q is the input and A, the output. 


Solution. (a) For tank 1, we have 


C, dh, = q, at 
where 
ae hy ~hy 
1 R, 
Consequently, 
R,C, a +h, =h, 


For tank 2, we get 


C, dh, = (9 -— 4, — q) dt 


where 
h,-—h h 
‘ire ee 
It follows that 
dh R R 
RO + Re + hy = Rog + Rf 


By eliminating 4; from Equations (3-98) and (3-99), we have 


2 
dt 


(3-98) 


(3-99) 


d dh 
R,C,RoCy + (R,C, + RC, + R2C,) a + hy = RRC, “a +Rq (3-100) 


In terms of the transfer function, we have 
HAs) _ R,(R,C,s + 1) 
Q(s)  R,C,RoCys? + (R,C, + RC, + R,C,)s + 1 


Tank | 
H+h, H+h 
ree ee ee 
R R2 
Cc <— C2 
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Figure 3-43 
Liquid-level system. 


This is the desired mathematical model in which q is considered the input and A; is the output. 
(b) Substitution of h2 = Rog2 into Equation (3-100) gives 
2 


d°qy dqz dq 
+ (R,C, + RC, + R,C,) — + qa = RC, — + 
de (R,C, 2%2 2€)) dt 92 al 3s q 


RCC, 
This equation is a mathematical model of the system when gq is considered the input and qz is the 
output. In terms of the transfer function, we obtain 
Q.(s) _ R,Cis +1 
QO(s) RR, C,R,Cys* + (RC, + RC, + R,C,)s + 1 
(c) Elimination of hy from Equations (3-98) and (3-99) yields 
ah dh, 


KyCN2 > + (R,C, + RC, + RC) ii 


+h, = Rg 
which is a mathematical model of the system in which g is considered the input and A; is the out- 
put. In terms of the transfer function, we get 


Hy(s) _ R, 
Q(s) Ry C,R, Cys? + (RC, + RC, + R,C,)s + 1 


Consider the liquid-level system shown in Figure 3-43. In the system, QO; aud Q2 are steady-siate 
inflow rates and 7, and H2 are steady-state heads. The quantities qj, giz, 4, h2,q1, and go are con- 
sidered small. Obtain a state-space representation for the system when / and hz are the outputs 


and gi and qi2 are the inputs. 


Solution. The equations for the system are 


C,dh, = (4a — 91) at (3-101) 
hy = h, a 
ae (3-102) 
Cydhy = (a1 + Giz — 4,) dt (3-103) 
ua = Wo (3-104) 
ANg 


Elimination of gq; from Equation (3-101) using Equation (3-102) results in 


Oh a ners | (3-105) 


“at ~ C,\% R, 


01+,» =D a 02+ Ga 
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Eliminating qg; and q, from Equation (3-103) by using Equations (3-102) and (3-104) gives 


ae (a + 4ia- 4 (3-106) 
Define state variables x; and x2 by 
x, =h, 
X_ = hy 
the input variables uw: and u2 by 
ui qa 
uz =~ Giz 


and the output variables y; and y2 by 
yaHhax 
yz = hy = Xy 


Then Equations (3-105) and (3-106) can be written as 


; 1 1 1 1 
= + + 
pe Re fe acl oa 


In the form of the standard vector-matrix representation, we have 


r 7 r 71 
1 1 i 0 
xy s RC, RC, a Cc, uy 
X, 1 1 1 xy 1 |} wu, 
+ oz 
RC, RC, RC, 2 


which is the state equation, and 

yf =|g olf 
l2} 1° 1] 
which is the output equation. 


A-3-16. Considering small deviations from steady-state operation, draw a block diagram of the air heat- 
ing system shown in Figure 3-44. Assume that the heat loss to the surroundings and the heat 
capacitance of the metal parts of the heater are negligible. 


Figure 3-44 
Air heating system. 
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A-3-17. 


Solution. Let us define 


@ 
ll 


steady-state temperature of inlet air, °C 
= steady-state temperature of outlet air, °C 


8, 
G = mass flow rate of air through the heating chamber, kg/sec 
M 


mass of air contained in the heating chamber, kg 


roy 
ll 


specific heat of air, kcal/kg °C 


thermal resistance, °C sec/kcal 


R 
C = thermal capacitance of air contained in the heating chamber = Mc, kcal/°C 


Let us assume that the heat input is suddenly changed from H to H+ hand the inlet air tem- 
perature is suddenly changed fram ©; to @; + 4; Then the outlet air temperature will be changed 
from ©, to Oy + Go. 

The equation describing the system behavior is 


Cdé, = [h + Gce(6; — 0,)| dt 


or 
dé 
C—* =h-+ Gc(6; — 6,) 
dt 
Noting that 
1 
Ge = R 
we obtain 
dé 1 
c—*=h+—(6,-64 
7 R81 — 4) 
or 


Roe 4 6, = Rh +0, 
dt 


Taking the Laplace transforms of both sides of this last equation and substituting the initial con- 
dition that 6,(0) = 0, we obtain 


0.,(s) H(s) + 


R 1 
~ RCs +1 Ros +1 2) 


The block diagram of the system corresponding to this equation is shown in Figure 3-45. 


Consider the thin, glass-wall, mercury thermometer system shown in Figure 3-46. Assume that 
the thermometer is at a uniform temperature @°C (ambient temperature) and that at r = Oit is 
immersed in a bath of temperature © + 6,°C, where 6 is the bath temperature (which may 
be constant or changing) measured from the ambient temperature ©. Define the instantaneous 
thermometer temperature by © + 6°C so that @ is the change in the thermometer temperature 
satisfying the condition that 6(0) = 0. Obtain a mathematical model for the system. Also obtain 


an electrical analog of the thermometer system. 
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Figure 3-45 
Block diagram of the air heating sys- 
tem shown in Figure 3-44. 


8,(8) 


Thermometer 


5+ 6, Bath Figure 3-46 
Thin, glass-wall, mercury thermome- 
ter system. 


Solution. A mathematical model for the system can be derived by considering heat balance as 
follows: The heat entering the thermometer during dt sec is q dt, where q is the heat flow rate 
to the thermometer. This heat is stored in the thermal capacitance C of the thermometer, thereby 
raising its temperature by dé. Thus the heat-balance equation is 


Cdé = qdt (3-107) 
Since thermal resistance R may be wrilien as 
A 
pp — HAa) _ 40 
dq q 


heat flow rate g may be given, in terms of thermal resistance R, as 
_ @+6,)- (+6) _ 6-84 
4 R R 


where © + 6; is the bath temperature and © + 0is the thermometer temperature. Hence, we can 
rewrite Equation (3-107) as 


cdo _ % 4 
dt R 
or 
Ree +0=0, (3-108) 


Equation (3-108) is a mathematical model of the thermometer system. 
Referring to Equation (3-108), an electrical analog for the thermometer system can be writ- 
ten as 


rc Me +e, =@; 
dt 


An electrical circuit represented by this last equation is shown in Figure 3-47. 
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A-3-19. 


R 
: i Figure 3-47 


ej Cc €0 
Electrical analog of the thermome- 
ter system shown in Figure 3-46. 


Linearize the nonlinear equation 
Z= xy 


in the region 5 = x = 7,10 = y = 12. Find the error if the linearized equation is used to calculate 
the value of z when x = 5, y = 10. 


ered is given by S< x <7 
ered is given bYO SxS i 


W0<y=12 
6. Let us obtain a linearized equation for the nonlinear equation near a point 


choose ¥-— 6. 9-11 
= i4, CNOCSSe X o,¥ ake 


- 
me < 
i 
fon 


ing the higher-order terms, we have 


Z-Z=a(x —*) + bly - 5) 


where 
to) 
(xy) rte 
OX fanz yay 
to) 
he (ey) er 
dy x=K, yp 


Hence the linearized equation is 
z— 66 = 11(@@ — 6) + 6&(y — 11) 
or 
z= 11x + 6y — 66 
When x = 5, y = 10, the value of z given by the linearized equation is 
z= lly + 6y — 66 = 55 + 60 — 66 = 49 


The exact value of z is z = xy = 50. The error is thus 50 — 49 = 1. In terms of percentage, the 
error is 2%. 


Consider the liquid-level system shown in Figure 3-48. At steady state the inflow rate is Q; = Q, 
the outflow rate is Q. = Q,and head is H = H. If the flow is turbulent, then we have 


O;=O+4i 


eee Figure 3-48 


Liquid-level system. 
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O=-KV 


Assume that at ¢ = 0 the inflow rate is changed from Q; = O to QO; = O + q:. This change causes 
the head to change from H = H to H = H+ h, which, in turn, causes the outflow rate to change 
from QO, = Oto O, = O + qo. For this system we have 


c@ = 9,-0,=0,- KVH 


where C is the capacitance of the tank. Let us define 


1 KVH 
— = f(A, a Oe 3-109 
= fli, 0) = GO,- =F (3-109) 
Noite that the steady-state operating Pie is (A, 2) and H = H+h,Q;= O + q;. Since at 
steady-state operation dH/dt = 0, we have WE A, , 0) = = 0. 


Linearize Equation (3-109) near ine operating point (H, Q). 


Solution. Using the linearization technique presented in Section 3-10, a linearized equation for 
Equation (3-109) can be obtained as follows: 


2 es of = of ss 
— f(A, Q) == (A - AY + (9 - 3-110 
AAO) = 5H - +56 i 9) (3-110) 
where 
fH, Q) = 0 
af Ko Oren, - ao 
OF \H-f,0-0 2CVA VA 2CVA 2CH RC 
where we used the resistance R defined by 
2H 
R= 
Q 
Also, 
of | _ 
80; |n=0-0 © 
Then Equation (3-110) can be written as 
dH 
ate oH - A) +4(0,- Q) (3-111) 


Since H — H = hand Q; — O = qi, Equation (3-111) can be written as 


eee 
ie TRE ee 


or 
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Figure 3-49 
DY a ia ees 
tryuraune servu 
system. 


which is the linearized equation for the liquid-level system and is the same as Equation (3-69) 
that we obtained in Section 3-8. 


Consider the hydraulic servo system shown in Figure 3-49. Assuming that the load reaction 
forces are not negligible, derive a mathematical model of the system. Assume also that the mass 
of the power piston is included in the load mass m. 


Solution. In deriving a mathematical model of the system when the load reactive forces are not 
negligible, such effects as the pressure drop across the orifice, the leakage of oi] around the valve 
and around the piston, and the compressibility of the oil must be considered. 

The pressure drop across the orifice is a function of the supply pressure p, and the pressure 
difference Ap = pi — p2. Thus the flow rate g is a nonlinear function of valve displacement x and 
pressure difference Ap or 


q = f(x, Ap) 


Linearizing this nonlinear equation about the origin (x = 0, Ap = 0, g = 0), we obtain, referring 
to Equation (3-82), 


q = K,x — K, Ap (3-112) 
The flow rate g can be considered as consisting of three parts 
9= 4 7+ 4+ 4% (3-113) 


where go = useful flow rate to the power cylinder causing power piston to move, kg/sec 
qi. = leakage flow rate, kg/sec 
qc = equivalent compressibility flow rate, kg/sec 


Let us obtain specific expressions for go, gi, and gc. The flow qo at to the left-hand side of the 
power piston causes the piston to move to the right by dy. So we have 


Ag dy = qu dt 


where A (m7) is the power piston area, g (kg/m?) the density of oil, and dy (m) the displacement 
of the power piston. Then 
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qo = Ao (3-114) 
The leakage component qz can be written 
4, = LAp (3-115) 


where L is the leakage coefficient of the system. 
The equivalent compressibility flow rate gc can be expressed in terms of the effective bulk 
modulus K of oil (including the effects of entrapped air, expansion of pipes, etc.), where 
a 20a 
—aVviV 


(Here dV is negative and so —dV is positive.) Rewriting this last equation gives 


-dV = vd Ap 
or 
| za¥ _ eV dbp 
"dt Kat 
Noting that gc = @(—dV)/dt, we find 
Ic = a ate (3-116) 


where V is the effective volume of oil under compression (that is, approximately half the total 
power cylinder volume). 
Using Equations (3-112) through (3-116), 


d VdA 
q = Kyx ~ K, Ap = Ag+ Lap + SP 
or 
dy _ eV dAp 
== 45-4 (p+ = — 
Ags. + SF + (L + K,) Ap = Kix (3-117) 


The force developed by the power piston is A Ap, and this force is applied to the load elements. Thus 


dy 


dy 
<4 = = 
map b dt + ky =A Ap (3-118) 


Eliminating Ap from Equations (3-117) and (3-118) results in 
3 2 
evm dy fa , (b+ ae 


KA de KA A at 
tap + Ove 4 (E+ Kb] dy (Lt Kk _ 
[KAS A [dt A es 


This is a mathematical model of the system relating the valve spool displacement x and the power 
piston displacement y when the load reactive forces are not negligible. 
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B-3-1. Simplify the block diagram shown in Figure 3-50 _B-3-2. Simplify the block diagram shown in Figure 3-51 
and obtain the closed-loop transfer function C(s)/R(s). and obtain the transfer function C(s)/R(s). 


B-3-3. Simplify the block diagram shown in Figure 3-52 
and obtain the closed-loop transfer function C(s)/R(s). 


B-3-4. Obtain a state-space representation of the system 
shown in Figure 3-53. 


B-3-5. Consider the system described by 
yt3y+2y=u 


Derive a state-space representation of the system. 


Figure 3-52 Block diagram of a system. 
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Figure 3-53. Control system. 


B-3-6. Consider the system described by 


-P3 alli} 


Xo 
»| | 


Obtain the transfer function of the system. 


B-3-7. Obtain the transfer function X.(s\/Xi(s) of each of 
the three mechanical systems shown in Figure 3-54. In the 
diagrams, x; denotes the input displacement and x. denotes 
the output displacement. (Each displacement is measured 
from its equilibrium position.) 


B-3-8. Obtain mathematical models of the mechanical sys- 
tems shown in Figures 3-55(a) and (b). 


B-3-9. Obtain a state-space representation of the mechan- 
yeas de be a crew and marc 


eee | yaaa! Wee ut 8 ae and y ee 
LVALSYSLOCIT SMU WIT LD PIs ure YUU, WIIETe 1] AIIM 42 ale the ir 


puts and y, and y2 are the outputs. 


(0) () 


Figure 3-54 Mechanical systems. 


f=" x (Output) 


u(t) 
(Input force) 


No friction 
(a) 
x (Output) 
u(t) 
(Input force) 
PLSD LA ILI DAP HAS 
No friction 
(b) 


Figure 3-55 Mechanical systems. 
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Figure 3-56 
Mechanical system. 


B-3-10. Consider the spring-loaded pendulum system 
shown in Figure 3-57. Assume that the spring force acting 
on the pendulum is zero when the pendulum is vertical, or 


8-0. Assume also that the friction involved is negligible 


and the angle of oscillation @ is small. Obtain a mathemati: 
cal model of the system. 


B-3-11. Referring to Example 3-4, consider the inverted 
pendulum system shown in Figure 3-58. Assume that the 
mass of the inverted pendulum is m and is evenly distrib- 
uted along the length of the rod. (The center of gravity of 
the pendulum is located at the center of the rod.) Assuming 
that 6 is small, derive mathematical models for the system 
in the forms of differential equations, transfer functions, 
and state-space cquations. 


B-3-12. Derive the transfer function of the electrical sys- 
tem shown in Figure 3-59, Draw a schematic diagram of an 


tem $! Min Pigure o ascnemalic Glagralir 


analogous mechanical system. 


mg 


Figure 3-57 Spring-loaded pendulum system. 


Problems 


Figure 3-58 Inverted pendulum system. 


R, Cy 
o———_ww4——_$J 


Figure 3-59 Electrical system. 


B_2.12 Canaidonr tha + 
B-3-13. Consider the liquid level 


cross-sectional area of the tank is equal to 5 m?, obtain the 
time constant of the system at the operating point (#7 Q). 
Assume that the flow through the valve is turbulent. 


B-3-14. Consider the conical water tank system shown in 
Figure 3-61. The flow through the valve is turbulent and is 
related to the head H by 


O = 0.005 VH 


where Q is the flow rate measured in m/sec and H is in 
meters. 


Q+4: 
> 


O+ 4 
rad > 
= A 
Capacitance Resistance 
Figure 3-60 = Liquid-level system. 
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Figure 3-61 
system. 
Suppose that the head is 2 m at ¢ = 0. What will be the 
head at ¢ = 60 sec? 


B-3-15. Consider the liquid-level system shown in Fig- 
ure 3-62. At steady state the inflow rate is Oand the out- 
flow rate is also O. Assume that at ¢ = 0 the inflow rate is 
changed from Oto O + qi, where q; is a small quantity. The 
disturbance input is ga, which is also a smaii quantity. Draw 
a block diagram of the system and simplify it to obtain 42(s) 
as a function of Q;(s) and Qa(s), where Ho(s) = £[h2(d)], 
Qds) = £[qi(t)], and Qa(s) = L[qa(t)]. The capacitances of 
tanks 1 and 2 are C,; and C», respectively. 


B-3-16. A thermocouple has a time constant of 2 sec. A 
thermal well has a time constant of 30 sec. When the thermo- 


couple isi ‘ xy : i 
couple is inserted into the well, this temperature-measuring 


device can be considered a two-capacitance system. 


<I 


Conical water tank 


Determine the time constants of the combined thermo- 
couple—thermal well system. Assume that the weight of the 
thermocouple is 8g and the weight of the thermal well is 
40g. Assume also that the specific heats of the thermo- 
couple and thermal well are the same. 


B-3-17. Suppose that the flow rate Q and head H ina 
liquid-level system are related by 


OQ = 0.002 VH 


Obtain a linearized mathematical mode! relating the flow 
rate and head near the steady-state operating point (#f Q), 
where H = 2.25 m and Q= 0.003 m?/sec. 


B-3-18. Find a linearized equation for 
y =0.2x3 


about a point * = 2. 


Figure 3-62 Liquid-level system. 
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Oil 
under 


Drain pressure Drain 


t + 4 
rere 


Port I 


Power cylinder 
Figure 3-63 Schematic diagram of a hydraulic servomotor. 


B-3-19. Linearize the nonlinear equation 
z=x? + 4ry + 6y" 


in the region defined by8 =x =10,2Sy <4. 


Problems 


Pilot valve 


Port II 


B-3-20. Consider the hydraulic servomotor shown in Fig- 
ure 3-63. Derive the transfer function Y(s)/A(s). Assume 
that the inertia force due to the mass of power piston and 
shaft is negligible compared with the inertia force due to the 
load mass m and viscous friction force by. 
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Transient-Response 
Analysis 


4-1 INTRODUCTION 
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It was stated in Chapter 3 that the first step in analyzing a control system was to derive 
a mathematical model of the system. Once such a model is obtained, various methods 
are available for the analysis of system performance. 

In practice, the input signal to a control system is not known ahead of time but is 
random in nature, and the instantaneous input cannot be expressed analytically. Only 
in some special cases is the input signal known in advance and expressible analytically 
or by curves, such as in the case of the automatic control of cutting tools. 

In analyzing and designing control systems, we must have a basis of comparison 
of performance of various control systems. This basis may be set up by specifying par- 
ticular test input signals and by comparing the responses of various systems to these 
input signals. 

Many design criteria are based on such signals or on the response of systems to 
changes in initial conditions (without any test signals). The use of test signals can be 
justified because of a correlation existing between the response characteristics of a sys- 
tem to a typical test input signal and the capability of the system to cope with actual in- 
put signals. 


Typical test signals. The commonly used test input signals are those of step func- 
tions, ramp functions, acceleration functions, impulse functions, sinusoidal functions, 
and the like. With these test signals, mathematical and experimental analyses of control 
systems can be carried out easily since the signals are very simple functions of time. 


Which of these typical input signals to use for analyzing system characteristics may 
be determined by the form of the input that the system will be subjected to most fre- 
quently under normal operation. If the inputs to a control system are gradually chang- 
ing functions of time, then a ramp function of time may be a good test signal. Similarly, 
if a system is subjected to sudden disturbances, a step function of time may be a good 
test signal; and for a system subjected to shock inputs, an impulse function may be best. 
Once a control system is designed on the basis of test signals, the performance of the 
system in response to actual inputs is generally satisfactory. The use of such test signals 
enables one to compare the performance of all systems on the same basis. 


Transient response and steady-state response. The time response of a con- 


tel tases aneciote of tug 4 
trol system consists of two parts: the transient and the steady-state response. By tran- 


sient response, we mean that which goes from the initial state to the final state. By 
steady-state response, we mean the manner in which the system output behaves as f ap- 
proaches infinity. 


Absolute stability, relative stability, and steady-state error. In designing acon- 
trol system, we must be able to predict the dynamic behavior of the system from a knowl- 
edge of the components. The most important characteristic of the dynamic behavior of 
a control system is absolute stability, that is, whether the system is stable or unstable. A 
control system is in equilibrium if, in the absence of any disturbance or input, the output 
stays in the same state. A linear time-invariant control system is stable if the output even- 
tually comes back to its equilibrium state when the system is subjected to an initial con- 
dition. A linear time-invariant control system is critically stable if oscillations of the 
output continue forever. It is unstable if the output diverges without bound from its equi- 
librium state when the system is subjected to an initial condition. Actually, the output of 
a physical system may increase to a certain extent but may be limited by mechanical 
“stops,” or the system may break down or become nonlinear after the output exceeds a 
certain magnitude so that the linear differential equations no longer apply. 

{mportant system behavior (other than absolute stability) to which we must give 
careful consideration includes relative stability and steady-state error. Since a physical 
control system involves energy storage, the output of the system, when subjected to an 
input, cannot follow the input immediately but exhibits a transient response before a 
steady state can be reached. The transient response of a practical control system often 
exhibits damped oscillations before reaching a steady state. [f the output of a system at 
steady state does not exactly agree with the input, the system is said to have steady-state 
error. This error is indicative of the accuracy of the system. In analyzing a control sys- 
tem, we must examine transient-response behavior and steady-state behavior. 


Outline of the chapter. This chapter is concerned with system responses to 
aperiodic signals (such as step, ramp, acceleration, and impulse functions of time). The 
outline of the chapter is as follows: Section 4-1 has presented introductory material for 
the chapter. Section 4-2 treats the response of first-order systems to aperiodic inputs. 
Section 4—3 deais with the transient response of the second-order systems. Detailed 
analyses of the step response, ramp response, and impulse response of the second- 
order systems are presented. (The transient response analysis of higher-order systems 
is discussed in Chapter 5.) Section 4—4 gives an introduction to the MATLAB approach 
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to the solution of transient response. Section 4-5 presents an example of a transient- 
response problem solved with MATLAB. 


4-2 FIRST-ORDER SYSTEMS 


Figure 4-1 

(a) Block diagram of 
a first-order system; 
(b) simplified block 
diagram. 
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Consider the first-order system shown in Figure 4-1(a). Physically, this system may rep- 
resent an RC circuit, thermal system, or the like. A simplified block diagram is shown in 
Figure 4—1(b). The input-output relationship is given by 


Ce) sl 
R(s) ~ Ts +1 ee 


In the following, we shall analyze the system responses to such inputs as the unit-step, 
unit-ramp, and unit-impulse functions. The initial conditions are assumed to be zero. 

Note that all systems having the same transfer function will exhibit the same output 
in response to the same input. For any given physical system, the mathematical response 
can be given a physical interpretation. 


Unit-step response of first-order systems. Since the Laplace transform of the 
unit-step function is 1/s, substituting R(s) = 1/s into Equation (4-1), we obtain 


T 
Oe el. se SUD) oe) 


Taking the inverse Laplace transform of Equation (4-2), we obtain 
c(t) =1-— et, fort =0 (4-3) 


Equation (4-3) states that initially the output c(f) is zero and finally it becomes unity. 


States (Hal IMEtEAals PEO Ppurc’ Is ze 


One important characteristic of such an exponential response curve ‘c(t) i is thatatt= T 
the value of c(£) is 0.632, or the response c(t) has reached 63.2% of its total change. This 
may be easily seen by substituting f = Tin c(t). That is, 


c(T) =1-— | = 0.632 


Note that the smaller the time constant T, the faster the system response. Another im- 
portant characteristic of the exponential response curve is that the slope of the tangent 
line at t = 0 is 1/7, since 


R(s) <> E(s) Cs) R(s) 1 Cs) 
Od Ts +1 


ial 


(a) (b) 
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ee tT eae 
(cme aes re 4) 
The output would reach the final value at t = T if it maintained its initial speed of re- 
sponse. From Equation (4—4) we see that the slope of the response curve c(t) decreases 
monotonically from 1/7 at t = 0 to zero at t = ~. 
The exponential response curve c(t) given by Equation (4-3) is shown in Figure 4-2. 
In one time constant, the exponential response curve has gone from 0 to 63.2% of the fi- 
nal value. In two time constants, the response reaches 86.5% of the final value. At t = 37, 
4T, and 57, the response reaches 95%, 98.2%, and 99.3%, respectively, of the final value. 
Thus, for ¢ = 47, the response remains within 2% of the final value. As seen from Equa- 
tion (4-3), the steady state is reached mathematically only after an infinite time. In prac- 
tice, however, a reasonable estimate of the response time is the length of time the 
response curve needs to reach the 2% line of the final value, or four time constants. 
Consider the system shown in Figure 4-3. To determine experimentally whether or 
not the system is of first order, plot the curve log |c(t) — c(~)|, where c(t) is the system 
output, as a function of t. If the curve turns out to be a straight line, the system is of first 
order. The time constant T can be read from the graph as the time T that satisfies the 
following equation: 


c(T) — c(%) = 0.368 [c(0) — c(»)] 
Note that instead of plotting log |c(t) — c(~)| versus ¢ it is convenient to plot 


le(t) — c(%)\/|e(0) — c(%)| versus ¢ on semilog paper, as shown in Figure 4—4. 


Unit-ramp response of first-order systems. Since the Laplace transform of the 
unit-ramp function is 1/s?, we obtain the output of the system of Figure 4-1(a) as 


1 

C(s) = 7) 

(s) Ts + 15° 

c() 
1 
0.632 
Figure 4-2 
0 T oT 3T AT 5T + Exponential response curve. 


na t ° 
A general system. 
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36.8 -------- ~<— c(T) — c(*) = 0.368 [(0) — c(%)] 


le(t) — e()I 


Ic(O) — e(%)l 
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! 
t 
i} 
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Figure 4-4 
Plot of |c(t) — c(%)|/ 
jc(0) — c(~) versus t 9 2 4 4 7 3 10 12 t 
on semilog paper. T 


Expanding C(s) into partial fractions gives 


T2 
+ 
RY Ts +1 


C(s) = 5 = 

Taking the inverse Laplace transform of Equation (4-5), we obtain 
ct)=t-T+Te'™, fort=0 
The error signal e(¢) is then 
e(i) = r(é) — c(i) 
= Tee") 
As t approaches infinity, e-'/7 approaches zero, and thus the error signal e(?) approaches 
T or 
em) = T 


The unit-ramp input and the system output are shown in Figure 4—5. The error in fol- 
lowing the unit-ramp input is equal to 7 for sufficiently large ¢. The smaller the time con- 
stant T, the smaller the steady-state error in following the ramp input. 


Gnit-impulse response of first-order systems. For the unit-impulse input, 
R(s) = 1 and the output of the system of Figure 4—-1(a) can be obtained as 


os Ts + 1 
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rr) 
c(t) 


- Steady-state 
error 
a rH=t 
c(t) 
af 
“a Figure 4-5 
ee Unit-ramp response of the system 
0 2T 4T 6T t shown in Figure 4-1(a). 
or 
1 —t/T 
cA = ae, for t=0 (4-6) 
7 


The response curve given by Equation (4-6) is shown in Figure 4-6. 


An important property of linear time-invariant systems. In the analysis 
above, it has been shown that for the unit-ramp input the output c(f) is 
ct)=t-T+Te’?, for t=0 
For the unit-step input, which is the derivative of unit-ramp input, the output c(f) is 
cy=1-e"",  forr20 
Finally, for the unit-impulse input, which is the derivative of unit-step input, the out- 
put c(t) is 


1 
c(t) = 7 eT fort20 


c(t) 


1 
T 
=l wn 
ci) = F e 
Figure 4-6 
Unit-impulse response of the system 
0 T 2T 3T 4T , shown in Figure 4-1(a). 
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Comparison of the system responses to these three inputs clearly indicates that the re- 
sponse to the derivative of an input signal can be obtained by differentiating the re- 
sponse of the system to the original signal. It can also be seen that the response to the 
integral of the original signal can be obtained by integrating the response of the system 
to the original signal and by determining the integration constants from the zero out- 
put initial condition. This is a property of linear time-invariant systems. Linear time- 
varying systems and nonlinear systems do not possess this property. 


Consider the liquid-level control system shown in Figure 4—7(a). (The controller is assumed to 
be a proportional controller; that is, the output of the controller is proportional to the input 
of the controller.) We assume that all the variables, 7, qi, h, and qo are measured from their 
respective steady-state values R, Q, H, and Q. We also assume that the magnitudes of the vari- 
ables 7, gi, h, and q. are sufficiently smali so thai the sysiem can be approximated by a lincar 
mathematical model. 

Referring to Section 3-8, we can obtain the transfer function of the liquid-level system as 


H(s) _ R 
Q(s)  RCs+1 


Since the controller is a proportional controller, the change in inflow qi is proportional to the ac- 
tuating error e so that qi = KpKve, where K, is the gain of the controller and K, is the gain of the 
control valve. In terms of Laplace-transformed quantities, 


Qs) = K,K,E(s) 


A block diagram of this system is shown in Figure 4—7(b). A simplified block diagram is given in 
Figure 4-7(c), where X(s) = (1/K»n)R(s), K = KpKvRKz, and T = RC. 


(c) (ay 


Figure 4-7 
(a) Liquid-level control system; (b) block diagram; (c) simplified block diagram; (d) curve A(t) 
versus f. 
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In what follows we shall investigate the response /(£) to a change in the reference input. We 
shall assume a unit-step change in x(¢), where x(£) = (1/K»)r(t). The closed-loop transfer function 
between //(s) and X(s) is given by 


H(s) K 
Xs) Ts +1+K 


(4-7) 


Since the Laplace transform of the unit-step function is 1/s, substituting X(s) = 1/s into Equation 
(4-7) gives 
i K 1 
== 
(s) Ts+1+Ks 
Expanding H(s) into partial fractions gives 


K 1 K 1 
1+Ks 1+Ks+0+KjyT 


H(s) 


Taking the inverse Laplace transforms of both sides of this last equation, we obtain the following 
time solution A(#): 


= K _ oT, 
h(t) = rae rau ey, fort =0 (4-8) 
where 
T 
ip 
1 14+K 


The response curve A(f) is plotted in Figure 4-7(d). From Equation (4—8), notice that the 
time constant 7; of the closed-loop system is different from the time constant T of the feed- 
forward block. 

From Fquation (4-8), we see that as f approaches infinity the value of A(#) approaches 
Ki(1 + K), or 


AOD 4 ek 
Since x(«) = 1, there is a steady-state error of 1/(1 + K). Such an error is called offset. The value 
of the offset becomes smaller as the gain K becomes larger. 

Offset is a characteristic of the proportional control of a plant whose transfer function does 
not possess an integrating element. (In such a case we need a nonzero error to provide a nonzero 
output.) To eliminate such offset, we must add integral control action. (Refer to Section 5-3.) 


4-3 SECOND-ORDER SYSTEMS 


In this section, we shall obtain the response of a typical second-order control system to 
a slep inpul, ramp input, and impulse input. Here we consider a dc servomotor as an ex- 
ample of a second-order system. Conventional dc motors use mechanical brushes and 
commutators that require regular maintenance. Due to improvements that have been 
made in the brushes and commutators, however, many de motors used in servo systems 
can be operated almost maintenance free. Some de motors use electronic commutation. 
They are called brushless dc motors. 
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DC servomotors. There are many types of dc motors in use in industries. DC mo- 
tors that are used in servo systems are called dc servomotors. In dc servomotors, the ro- 
tor inertias have been made very small, with the result that motors with very high 
torque-to-inertia ratios are commercially available. Some dc servomotors have ex- 
tremely small time constants. DC servomotors with relatively small power ratings are 
used in instruments and computer-related equipment such as disk drives, tape drives, 
printers, and word processors. DC servomotors with medium and large power ratings 
are used in robot systems, numerically controlled milling machines, and so on. 

In de servomotors, the field windings may be connected in series with the armature 
or the field windings may be separate from the armature. (That is, the magnetic field is 
produced by a separate circuit.) In the latter case, where the field is excited separately, 
the magnetic flux is independent of the armature current. In some dc servomotors, the 
magnetic field is produced by a permanent magnet and, therefore, the magnetic flux is 
constant. Such dc servomotors are called permanent magnet de servomotors. DC servo- 
motors with separately excited fields, as well as permanent magnet dc servomotors, can 
be controlled by the armature current. Such a scheme to control the output of the de 
servomotor by the armature current is called armature control of dc servomotors. 

In the case where the armature current is maintained constant and the speed is con- 
trolled by the field voltage, the de motor is called a field-controlled de motor. (Some 
speed control systems use field-controlled de motors.) The requirement of constant ar- 
mature current, however, is a serious disadvantage. (Providing a constant current source 
is much more difficult than providing a constant voltage source.) The time constants of 
the field-controlled dc motor are generally large compared with the time constants of a 
comparable armature-controlled de motor. 

A dc servomotor may also be driven by an electronic motion controller, frequently 
called a servodriver, as a motor—driver combination. The servodriver controls the mo- 
tion of a dc servomotor and operates in various modes. Some of the features are point- 
to-point positioning, velocity profiling, and programmable acceleration. The use of 
an electronic motion controller using a pulse-width-modulated driver to control a de 
servomotor is frequently seen in robot control systems, numerical control systems, and 
other position and/or speed control systems. 

In what follows we shall discuss armature control of de servomotors. 


A servo system. Consider the servo system shown in Figure 4—8(a). The objec- 
tive of this system is to control the position of the mechanical load in accordance with 
the reference position. The operation of this system is as follows: A pair of potentiome- 
ters acts as an error-measuring device. They convert the input and output positions into 
proportional electric signals. The command input signal determines the angular position 
r of the wiper arm of the input potentiometer. The angular position r is the reference in- 
put to the system, and the electric potential of the arm is proportional to the angular 
position of the arm. The output shaft position determines the angular position c of the 
wiper arm of the output potentiometer. The difference between the input angular posi- 
tion r and the output angular position c is the error signal e, or 


(ae amen © 


The potential difference e, — ec = e, is the error voltage, where e, is proportional to r 
and é is proportional to c; that is, e, = Kor and e. = Koc, where Ko is a proportionality 
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Input device 
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| it 
os a 


t— Output potentiometer 
: Feedback signal 


K\K2 
S(LUS +R.) FS +b) + K2K 39 


(b) 


Figure 4-8 
(a) Schematic diagram of servo system; (b) block diagram for the system: (c) simplified block 
diagram. 


constant. The error voltage that appears at the potentiometer terminals is amplified by 
the amplifier whose gain constant is K1. The output voitage of this amplifier is applied 
to the armature circuit of the dc motor. (The amplifier must have very high input im- 
pedance because the potentiometers are essentially high impedance circuits and do not 
tolerate current drain. At the same time, the amplifier must have low output impedance 
since it feeds into the armature circuit of the motor.) A fixed voltage is applied to the 
field winding. If an error exists, the motor develops a torque to rotate the output load 
in such a way as to reduce the error to zero. For constant field current, the torque de- 
veloped by the motor is 


T = Kyi, 


where K, is the motor torque constant and i, is the armature current. 

Notice that if the sign of the current i, is reversed the sign of the torque T will be re- 
versed, which will result in the reversion of the direction of rotor rotation. 

When the armature is rotating, a voltage proportional to the product of the flux and 
angular velocity is induced in the armature. For a constant flux, the induced voltage ep 
is directly proportional to the angular velocity d6/dt, or 


dé 
e = KT (4-9) 


where ep is the back emf, K3 is the back emf constant of the motor, and @ is the angular 
displacement of the motor shaft. 
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The speed of an armature-controlled dc servomotor is controlled by the armature 
voltage é,. (The armature voltage e, = Kie, is the output of the amplifier.) The differ- 
ential equation for the armature circuit is 


i 
Lan + R,i, + €y = ey 
or 
di, d@ 
Ly Gt + Rule + Ks = Kit, (4-10) 


The equation for torque equilibrium is 


a6 dé 
Joat+b =T=K,i 4-11 
0 dt’ 0 dt 2' ( ) 
where Jo is the inertia of the combination of the motor, load, and gear train referred to 
the motor shaft and bo is the viscous-friction coefficient of the combination of the mo- 
tor, load, and gear train referred to the motor shaft. The transfer function between the 
motor shaft displacement and the error voltage is obtained from Equations (4-10) and 


(4 -11) : 
(4.21) as‘follows: 


Os) = K,K, (4 12) 
E,(s) s(L,s + R,)(gs + bo) + K,K3s 
where @(s) = £[0(t)] and E,(s) = £[e.(1)]. We assume that the gear ratio of the gear 


train is such that the output shaft rotates n times fur each revolution of the motor 


shaft. Thus, 

C(s) = nO(s) (4-13) 
where C(s) = £[c(t)] and c(t) is the angular displacement of the output shaft. The rela- 
tionship among E,(s), R(s), and C(s) is 

E,(s) = K[R(s) — C(s)] = KoE(s) (4-14) 
where R(s) = £[r(#)]. The block diagram of this system can be constructed from Equa- 


tions (4-12), (4-13), and (4-14), as shown in Figure 4—8(b). The transfer function in the 
feedforward path of this system is 


Gi =< 22 OB) KK Kan 
O(s) E,(s) Es) s[(Lqs + Ras + bo) + K2Ks] 
Since La is usually small, it can be neglected, and the transfer function G(s) in the feed- 
forward path becomes 
Kj K,K2n 
s[Ra(hs + bo) + K,K3] 


G(s) 


= ars (4-15) 
hs? + @ + 2 ‘) 


a 
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The term [bo + (K2K3/R.)]s indicates that the back emf of the motor effectively in- 
creases the viscous friction of the system. The inertia Jp and viscous friction coefficient 
bo + (K2K3/Rz) are referred to the motor shaft. When Jp and bo + (K2K3/R,) are multi- 
plied by 1/n?, the inertia and viscous-friction coefficient are expressed in terms of the 
output shaft. Introducing new parameters defined by 


J = J,/n? = moment of inertia referred to the output shaft 
B = [b, + (K,K,/R,)\/n’ = viscous-friction coefficient referred to the output shaft 
K = K,K,K,/nR, 

the transfer function G(s) given by Equation (4-15) can be simplified, yielding 


G Lc Some 
(s) Js* + Bs 
or 
K 
G2 4-16 
= hs + C78) 
where 
as K ae J _ RJ 
Km = "Be tm BRB, + KK, 


The block diagram of the system shown in Figure 4—8(b) can thus be simplified as 
shown in Figure 4—8(c). 

In the following, we shall investigate the dynamic responses of this system to unit- 
step, unit-ramp, and unit-impulse inputs. 

From Equations (4-15) and (4-16), it can be seen that the transfer functions involve 
the term 1/s. Thus, this system possesses an integrating property. In Equation (4-16), no- 
tice that the time constant of the motor is smaller for a smaller R, and smaller Jy. With 
small Jo, as the resistance R, is reduced, the motor time constant approaches zero, and 
the motor acts as an ideal integrator. 


Effect of load on servomotor dynamics. Most important among the character- 
istics of the servomotor is the maximum acceleration obtainable. For a given available 
torque, the rotor moment of inertia must be a minimum. Since the servomotor oper- 
ates under continuously varying conditions, acceleration and deceleration of the rotor 
occur from time to time. The servomotor must be able to absorb mechanical energy as 
well as to generate it. The performance of the servomotor when used as a brake should 
be satisfactory. 

Let J, and b,, be, respectively, the moment of inertia and viscous-friction coefficient 
of the rotor, and let J; and by, be, respectively, the moment of inertia and viscous- 
friction coefficient of the load on the output shaft. Assume that the moment of inertia 
and viscous-friction coefficient of the gear train are either negligible or included in J, 
and br, respectively. Then, the equivalent moment of inertia Jeg referred to the motor 
shaft and equivalent viscous-friction coefficient beg referred to the motor shaft can be 
written as (for details, refer to Problem A-4-4) 
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Jog = In + WS, 
Beg = by Bo nf, 


where n(n < 1) is the gear ratio between the motor and load. If the gear ratio 1 is small 
and J» > n2J;,, then the moment of inertia of the load referred to the motor shaft is neg- 
ligible with respect to the rotor moment of inertia. A similar argument applies to the 
load friction. In general, when the gear ratio n is small, the transfer function of the elec- 
tric servomotor may be obtained without taking into account the load moment of iner- 
tia and friction. If neither J, nor n2/, is negligibly small compared with the other, 
however, then the equivalent moment of inertia J., must be used for evaluating the 
transfer function of the motor—load combination. 


Step response of second-order systems. ‘The closed-loop transter function of 
the system shown in Figure 4—8(c) is 


CG) - 


= 4-17 
Ris) Js + Bs + K ( ) 
which can be rewritten as 
K 
C J 
Se (4-18) 
R(s) ++ /(F)-4 eee ae 
25 2J J 25 2/ J 
The closed-loop poles are complex if BR? — 47K <0, and they are real if B? — 4JK = 0. 
In transient-response analysis, it is convenient to write 
K B 
7 = On Pa es 


where g is called the attenuation; w,, the undamped natural frequency; and C, the damp- 
ing ratio of the system. The damping ratio € is the ratio of the actual damping B to the 
critical damping B. = 2VJK or 


poe 
~ B, 2VIK 


In terms of & and wp, the system shown in Figure 4—8(c) can be modified to that shown 
in Figure 49, and the closed-loop transfer function C(s)/R(s) given by Equation (4-18) 
can be written 


C(s) wr 
Sp 4-19 
R(s)  s? + 2Ca,5 + w re 


RY) KOE) oe C(s) 
© ies 
| | Figure 4-9 
Second-order system. 
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The dynamic behavior of the second-order system can then be described in terms of two 
parameters € and w,.If0 < ¢ <1, the closed-loop poles are complex conjugates and lie 
in the left-half s plane. The system is then called underdamped, and the transient re- 
sponse is oscillatory. If € = 1, the system is called critically damped. Overdamped sys- 
tems correspond to ¢ > 1.The transient response of critically damped and overdamped 
systems do not oscillate. If € = 0, the transient response does not die out. 

We shall now solve for the response of the system shown in Figure 4—9 to a unit-step 
input. We shall consider three different cases: the underdamped (0 < & < 1), critically 
damped (¢ = 1), and overdamped (€ > 1) cases. 


(1) Underdamped case (0 < ¢ < 1): In this case, C(s)/R(s) can be written 

Cs) _ Or 

Rs) (s + bay + jou)(s + Ee, — jos) 
where wa = @,V 1 — &. The frequency wa is called the damped natural frequency. For 
a unit-step input, C(s) can be written 


Ww 
>t 4-20 
(9? + 25m, s + w2)s ( ) 


u,4 


C(s) = 


The inverse Laplace transform of Equation (4-20) can be obtained easily if C(s) is writ- 
ten in the following form: 


1 st 2ow 
Cis) = 7-5 1 ae a ae, 
§ ST 1 26,5 1 Wy, 
_1_ s+ Co, fw, 
S  (s+la,) +05 (s+ ba,)? + w 


In Chapter 2 it was shown that 


S+ Cw 

go ee eee = @ Sx! cos Qt 
(s + w,)° + 0%, 
u 


(#2) 5 
-laeral = eo at sin @jt 
s+ bo, wo, 


Hence the inverse Laplace transform of Equation (4-20) is obtained as 


£"[C(s)] = c(t) 
& g : 
= 1 -— &™#( cos at + ts sin w,t 
d A /y = a ‘a 
—tou VI-F 
é : = 
=1- VI-B sin [ow + tan aes ; fort =0 (4-21) 
This result can be obtained directly by using a table of Laplace tra ae From Equa- 


5. 
tion (4-21), it can be seen that the frequency of transient oscillation is the damped natu- 
ral frequency wa and thus varies with the damping ratio 6. The error pater: for this 
system is the difference between the input and output and is 
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e(t) = r(@) — e(4) 


e bet [os Wat + Wo sin v4 for: = 0 


This error signal exhibits a damped sinusoidal oscillation. At steady state, or at f= ~, 
no error exists between the input and output. 

If the damping ratio is equal to zero, the response becomes undamped and oscil- 
lations continue indefinitely. The response c(t) for the zero damping case may be ob- 
tained by substituting € = 0 in Equation (4-21), yielding 


c(t) = 1 — cos a,f, fort =0 (4-22) 


lt 


Thus, from Equation (4-22), we see that w, represents the undamped natural frequency 
of the system. That is, w, is that frequency at which the system would oscillate if the 
damping were decreased to zero. If the linear system has any amount of damping, the 
undamped natural frequency cannot be observed experimentally. The frequency that 
may be observed is the damped natural frequency wa, which is equal to w, 1 — ¢. This 
frequency is always lower than the undamped natural frequency. An increase in € would 
reduce the damped natural frequency wa. If ¢ is increased beyond unity, the response 
becomes overdamped and will not oscillate. 


(2) Critically damped case (€ = 1): If the two poles of C(s)/R(s) are nearly equal, the 
system may be approximated by a critically damped one. 
For a unit-step input, R(s) = 1/s and C(s) can be written 


wo 


C(s) = ——*—- (4-23) 


‘ (s + w,)’s 
The inverse Laplace transform of Equation (4-23) may be found as 
ce) = 1-— e (1 + a, 2), for t= 0 (4-24) 
This result can be obtained by letting ¢ approach unity in Equation (4-21) and by us- 


n th followin lim 


LLOWINE ab nit: 


. SiN @gt _ sina,V1— Ct 
lim lim ——_——__ = 0, 


mt Vin Gal V1- 6 % 


(3) Overdamped case (¢ > 1): In this case, the two poles of C(s)/R(s) are negative real 
and unequal. For a unit-step input, R(s) = 1/s and C(s) can be written 


w 
C(s) = 7 
(s) (s + So, + w,Ve? — 1s + So, — 0, VE — 1)s 
The inverse Laplace transform of Equation (4-25) is 


ef = 1 4+ = u === # 
4 aver -— 116 + VE 1) 


(4-25) 


(E+ VE=1) aye 


1 (EVE lege 
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Figure 4-10 


Unit-step response 
curves of the system 


shown in Figure 4-9, 


Sipe Oe EEE), sag (4-26) 
2VveE-1\ s sy, ] 
where 5, = (€ + V & — laa and s2 = (€ — V & — 1)an. Thus, the response c(#) in- 
cludes two decaying exponential terms. 

When € is appreciably greater than unity, one of the two decaying exponentials de- 
creases much faster than the other, so the faster decaying exponential term (which corre- 
sponds to a smaller time constant) may be neglected. That is, if —s2 is located very much 
closer to the jw axis than —s; (which means |s2| << |s,|), then for an approximate solution we 
may neglect —s,. This is permissible because the effect of —s; on the response is much 
smaller than that of —s2, since the term involving s; in Equation (4-26) decays much faster 
than the term involving 52.Once the faster decaying exponential term has disappeared, the 
response is similar to that of a first-order system, and C(s)/R(s) may be approximated by 


CO)... 40,270, Ve ad 52 


RS) s+ fo,-0,VC-1 sts 


This approximate form is a direct consequence of the fact that the initial values and fi- 
nal values of both the original C(s)/R(s) and the approximate one agree with each other. 

With the approximate transfer function C(s)/R(s), the unit-step response can be 
obtained as 


Cs) = Cw 1} 
(s + w, ~ w,VC° — 1)s 
The time response c(t) is then 
ce) =1—e VED fort = 0 

This gives an approximate unit-step response when one of the poles of C(s)/R(s) can 
be neglected. 

A family of curves c(t) with various values of € is shown in Figure 4—10, where the 
abscissa is the dimensionless variable w,t. The curves are functions only of §. These 


c(t) 


0 12 3 4 5 6 7 8 9 10 11 12 
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curves are obtained from Equations (4-21), (4-24), and (4-26). The system described 
by these equations was initially at rest. 

Note that two second-order systems having the same € but different w, will exhibit 
the same overshoot and the same oscillatory pattern. Such systems are said to have the 
same relative stability. 

It is important to note that, for second-order systems whose closed-loop transfer 
functions are different from that given by Equation (4-19), the step-response curves 
may look quite different from those shown in Figure 4-10. 

From Figure 4-10, we see that an underdamped system with ¢ between 0.5 and 0.8 
gets close to the final value more rapidly than a critically damped or overdamped sys- 
tem. Among the systems responding without oscillation, a critically damped system ex- 
hibits the fastest response. An overdamped system is always sluggish in responding to 
any inputs. 


Definitions of transient-response specifications. In many practical cases, the 
desired performance characteristics of control systems are specified in terms of time- 
domain quantities. Systems with energy storage cannot respond instantancously and 
will exhibit transient responses whenever they are subjected to inputs or disturbances. 

Frequently, the performance characteristics of a control system are specified in 
terms of the transient response to a unit-step input since it is easy to generate and is suf- 
ficiently drastic. (If the response to a step input is known, it is mathematically possible 
to compute the response to any input.) 

The transient response of a system to a unit-step input depends on the initial condi- 
tions. For convenience in comparing transient responses of various systems, it is a com- 
mon practice to use the standard initial condition that the system is at rest initially with 
output and all time derivatives thereof zero. Then the response characteristics can be 
easily compared. 

The transient response of a practical control system often exhibits damped oscilla- 
tions before reaching steady state. In specifying the transient-response characteristics 
of a control system to a unit-step input, it is common to specify the following: 


1. Delay time, ta 

2. Rise time, ¢; 

3. Peak time, tp 

4. Maximum overshoot, Mp 
5. Settling time, , 


These specifications are defined in what follows and are shown graphically in Fig- 
ure 4-11. 


1. Delay time, tg: The delay time is the time required for the response to reach half the 
final value the very first time. 


Bek gee Bu Romten tae tha Ps 
2. Rise timic, ¢-: ine rise timc is the timc required for the onse to rise rom 10% to 


90%, 5% to 95%, or 0% to 100% of its final value. For tide damped second-order 
systems, the 0% to 100% rise time is normally used. For overdamped systems, the 
10% to 90% rise time is commonly used. 
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Figure 4-11 
Unit-step response 
curve showing fu, t,, 
tp, Mp, and f,. 


c(t) 


Allowable tolerance 


ty) — |} 
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3. Peak time, ¢,: The peak time is the time required for the response to reach the first 
peak of the overshoot. 
4. Maximum (percent) overshoot, Mp: The maximum overshoot is the maximum peak 


the response differs from unity, then it is common to use the maximum percent over- 
shoot. It is defined by 


= Cl) — A) 190% 
c(*) 
The amount of the maximum (percent) overshoot directly indicates the relative sta- 
bility of the system. 

5. Settling time, 7: The settling time is the time required for the response curve to reach 
and stay within a range about the final value of size specified by absolute percentage 
of the final value (usually 2% or 5%). The settling time is related to the largest time 
constant of the control system. Which percentage error criterion to use may be de- 
termined from the objectives of the system design in question. 


The time-domain specifications just given are quite important since most control 
systems are time-domain systems; that is, they must exhibit acceptable time responses. 
(This means that the control system must be modified until the transient response is sat- 
isfactory.) Note that if we specify the values of tg ¢,, tp, t, and M,, then the shape of the 
response curve is virtually determined. This may be seen clearly from Figure 4-12. 

Note that not all these specifications necessarily apply to any given case. For ex- 
ample, for an overdamped system, the terms peak time and maximum overshoot do not 
apply. (For systems that yield steady-state errors for step inputs, this error must be kept 
within a specified percentage level. Detailed discussions of steady-state errors are post- 
poned until Section 5-10.) 


A few comments on transient-response specifications. Except for certain 
applications where oscillations cannot be tolerated, it is desirable that the transient 
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Figure 4-12 
Transient-response 
specifications. 
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c(t) 


For t > t,, response 
remains within this strip. 


i) 
wvl=2 | 
' 


-o 
-+| co, 


Figure 4-13 
Definition of the 
angle f. 


These points are specified. 
0.5 


response be sufficiently fast and be sufficiently damped. Thus, for a desirable transient 
response of a second-order system, the damping ratio must be between 0.4 and 0.8. 
Small values of £ (& < 0.4) yield excessive overshoot in the transient response, and a sys- 
tem with a large value of ¢ (€ > 0.8) responds sluggishly. 

We shall see later that the maximum overshoot and the rise time conflict with 
each other. In other words, both the maximum overshoot and the rise time cannot be 
made smaller simultaneously. If one of them is made smaller, the other necessarily 
becomes larger. 


Second-order systems and transient-response specifications. In the follow- 
ing, we shall obtain the rise time, peak time, maximum overshoot, and settling time of 
the second-order system given by Equation (4-19). These values will be obtained in 
terms of £ and wn. The system is assumed to be underdamped. 


Rise time t,; Referring to Equation (4-21), we obtain the rise time ¢, by letting c(t,) = 1 or 
= g : 
ct, =1=1-e (cos w,t, + Vie sin w,t, (4-27) 


Since e-S¢x- # 0, we obtain from Equation (4-27) the following equation: 


cos wt, + oF sin w,t, = 0 


or 
V1 - c o 
tan w,t, = —— -_— 
a (7 
Thus, the rise time #, is 
1 7) a 
t, = — tan (—*} = ee (4-28) 
W, —o Q; 
where @ is defined in Figure 4-13. Clearly, for a small value of ¢,, a must be large. 


Peak time ¢,: Referring to Equation (4-21), we may obtain the peak time by differenti- 
ating c() with respect to time and letting this derivative equal zero. Since 
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a) 
~tw,t : d 
+ eh (0 sin wt — Vi-& cos v4) 


and the cosine terms in this last equation cancel each other, dc/dt, evaluated at t = t),can 
be simplified to 


This last equation yields the following equation: 
sin w,t, = 0 
or 
wt, = 0, 1,27, 37,... 
Since the peak time corresponds to the first peak overshoot, watp = a. Hence 


,a (4-29) 


Wy 


The peak time 4 corresponds to one-half cycle of the frequency of damped oscillation. 


Maximum overshoot M,: The maximum overshoot occurs at the peak time or at 
t = tp = A/a. Thus, from Equation (4-21), M, is obtained as 


M, = c(t,) — 1 
= em cosa + To sin "| 
= polnga — Viz B a (4-30) 


The maximum percent overshoot is e—@/a)* K 100%. 


Settling time ¢: For an underdamped second-order system, the transient response is 
obtained from Equation (4-21) as 


ett Viz 
a grea OSE eee = ‘ for r= 0 


The curves 1 + (e~%«'/V 1 — €) are the envelope curves of the transient response for 
a unit-step input. The response curve c(t) always remains within a pair of the envelope 
curves, as shown in Figure 4-14. The time constant of these envelope curves is 1/Cawn. 

The speed of decay of the transient response depends on the value of the time con- 
stant 1/Gw,. For a given wy, the settling time ¢, is a function of the damping ratio ¢. From 
Figure 4-10, we see that for the same w, and for a range of € between 0 and 1 the set- 
tling time ¢, for a very lightly damped system is larger than that for a properly damped 
system. For an overdamped system, the settling time #, becomes large because of the 
sluggish start of the response. 
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Figure 4-14 

Pair of envelope 
curves for the unit- 
step response curve 
of the system shown 
in Figure 4-9. 
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The settling time corresponding toa +2% or +5% tolerance band may be measured 
in terms of the time constant T = 1/fw,, from the curves of Figure 4-10 for different val- 
ues of £. The results are shown in Figure 4-15. For 0 < ¢ < 0.9, if the 2% criterion is 
used ¢, is approximately four times the time constant of the system. If the 5% criterion 
is used, then ¢, is approximately three times the time constant. Note that the settling time 
reaches a minimum value around € = 0.76 (for the 2% criterion) or € = 0.68 (for the 
5% criterion) and then increases almost linearly for large values of ¢. The disconti- 
nuities in the curves of Figure 4—15 arise because an infinitesimal change in the value 
of ¢ can cause a finite change in the settling time. 

For convenience in comparing the responses of systems, we commonly define the 
setiling time fs to be 


4 
t,=4T=—= 2% criterion 4-31 
a tts ( ) (4-31) 
or 
t,=3T = 2 = ges 5% criterion) (4-32) 
Ss oO Cw, ( - 


Note that the settling time is inversely proportional to the product of the damping 
ratio and the undamped natural frequency of the system. Since the value of € is usually 
determined from the requirement of permissible maximum overshoot, the settling time 
is determined primarily by the undamped natural frequency w,.. This means that the du- 
ration of the transient period may be varied, without changing the maximum overshoot, 
by adjusting the undamped natural frequency @,. 
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5% Tolerance band 


03 04 05 06 07 08 09 10 Figure 4-15 
g Settling time 4, versus ¢ curves. 


From the preceding analysis, it is evident that for rapid response w, must be large. 
To limit the maximum overshoot M, and to make the settling time small, the damping 
ratio € should not be too small. The relationship between the maximum percent over- 
shoot M, and the damping ratio € is presented in Figure 4-16. Note that if the damping 
ratio is between 0.4 and 0.8 then the maximum percent overshoot for step response is 
between 25% and 2.5%. 


Cs) _ wn 
Rs) 82 + 2ays + 2 


M,: Maximum overshoot 


Figure 4-16 
M, versus € curve. 
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EXAMPLE 4-2 


156 


Consider the system shown in Figure 4-9, where € = 0.6 and w» = 5 rad/sec. Let us obtain the rise 
time #,, peak time f,, maximum overshoot M,, and settling time t; when the system is subjected to 
a unit-step input. 

From the given values of ¢ and wp, we obtain wa = nV 1 — @ =4 anda = Can = 3. 


Rise time f,: The rise time is 


m— 3.14 — B 
t = 
4 4 
where f is given by 
B = tan! at ates 0.93 rad 
a 
The rise time ¢, is thus 
3.14 — 0.93 
t, = ———— = 0.55 sec 
Peak time tp: The peak time is 
3.14 
t, = = = == = 0.785 sec 
Wy 4 


Maximum overshoot M,: The maximum overshoot is 


M, = e7 (olan = eA) X3.14 = 0.095 


The maximum percent overshoot is thus 9.5% 


Settling time 1,: For the 2% criterion, the settling time is 


Servo system with velocity feedback. The derivative of the output signal can 
be used to improve system performance. In obtaining the derivative of the output posi- 
tion signal, it is desirable to use a tachometer instead of physically differentiating the 
output signal. (Note that the differentiation amplifies noise effects. In fact, if discontin- 
uous noises are present, differentiation amplifies the discontinuous noises more than 
the useful signal. For example, the output of a potentiometer is a discontinuous voltage 
signal because, as the potentiometer brush is moving on the windings, voltages are in- 
duced in the switchover turns and thus generate transients. The output of the poten- 
tiometer therefore should not be followed by a differentiating element.) 

Consider the servo system shown in Figure 4-17(a). In this device, the velocity sig- 
nal, together with the positional signal, is fed back to the input to produce the actuating 
error signal. In any servo system, such a velocity signal can be easily generated by a 
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Figure 4-17 

(a) Biock diagram 
of a Servo system, 
(b) simplified block 
diagram. 


EXAMPLE 4-3 


Rs) K> K Cs) 
© 


(b) 


tachometer. The block diagram shown in Figure 4—17(a) can be simplified, as shown in 
Figure 4-17(b), giving 


Cs) _ - 


R(s) Js? + (B+ KK,)s + K ee) 


Comparing Equation (4-33) with Equation (4-17), notice that the velocity feedback 
has the effect of increasing g damping. The damping ratio & becomes 
B+ KK, 
pace aati 3 = 
C= V/KI (4-34) 


The undamped natural frequency w, = V K/J is not affected by velocity feedback. Not- 
ing that the maximum overshoot for a unit-step input can be controlled by controlling 


the value of the damping ratio €, we can reduce the maximum overshoot by adjusting 
the velocity feedback constant K;, so that £ is between 0.4 and 0.7. 


LHe VELOCITY 12 OCCURS COMSAT By, SO Lildal & is VCEWEeh US An 


Remember that velocity feedback has the effect of increasing the damping ratio 
without affecting the undamped natural frequency of the system. 


For the system shown in Figure 4-17(a), determine the values of gain K and velocity feedback 
constant K, so that the maximum overshoot in the unit-step response is 0.2 and the peak time is 
1 sec. With these values of K and Kz, obtain the rise time and settling time. Assume that J = 1 
kg-m?2 and B = 1 N-m/rad/sec. 


Determination of the values of K and Ky: The maximum overshoot M, is given by Equation 
(4-30) as 


M =e OVIR-@ 
D 


This value must be 0.2. Thus, 
e OVI-O zt = 0.2 
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or 


ox 
SS = 1.61 
Vee 
which yields 
& = 0.456 


The peak time ¢, is specified as 1 sec; thercforc, from Equation (4-29), 


i= a =1 
or 
Wg = 3.14 
Since & is 0.456, an is 
@, = aan = 3.53 


Since the natural frequency w, is equal to V K/J, 
K = Jw? = w? = 12.5 N-m 
Then, K;, is, from Equation (4-34), 
2VKIE-—B_ 2 -1 
K, = eve 2 vce = 0.178 sec 


Rise time ¢,; From Equation (4-28), the rise time f, is 


i= uae 
Og 
where 
B = tan? 24 = tan 1.95 = 1.10 
o 
Thus, f, is 
t, = 0.65 sec 
Settling time t,: For the 2% criterion, 
4 
t, = — = 2.48 sec 
a 
For the 5% criterion, 
3 
t, = — = 1.86sec 
a 


Impulse response of second-order systems. For a unit-impulse input r(¢), the 
corresponding Laplace transform is unity, or R(s) = 1. The unit-impulse response C(s) 
of the second-order system shown in Figure 4—9 is 
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Figure 4-18 
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system shown in 
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OO) et 
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The inverse Laplace transform of this equation yields the time solution for the response 
c(t) as follows: 


ForO0=¢€<1, 
o 
c(t) = ——* e ' sina, V1 — £74, fort =0 4-35 
For € = 1, 
c(t) = wte', = fort =0 (4-36) 
For £>1, 
2) @ 
t) = — ee eV Ty — Ong EVAR tor t= 0 4-37 
Be Saal WEa1 ee 


Note that without taking the inverse Laplace transform of C(s) we can also obtain 
the time response c(t) by differentiating the corresponding unit-step response since the 
unit-impulse function is the time derivative of the unit-step function. A family of unit- 
impulse response curves given by Equations (4-35) and (4-36) with various values of 
€ is shown in Figure 4-18. The curves c(#)/w, are plotted against the dimensionless vari- 
able w,f, and thus they are functions only of ¢. For the critically damped and over- 
damped cases, the unit-impulse response is always positive or zero; that is, c(t) = 0. This 
can be seen from Equations (4-36) and (4-37). For the underdamped case, the unit- 
impulse response c(¢) oscillates about zero and takes both positive and negative values. 

From the foregoing analysis, we may conclude that if the impulse response c(t) does 
not change sign, the system is either critically damped or overdamped, in which case the 
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Figure 4-19 
Unit-impulse re- 
sponse curve of the 
system shown in 
Figure 4-9. 


c(t) 


Unit-impulse response 


1+M, 


corresponding step response does not overshoot but increases or decreases monotoni- 
cally and approaches a constant value. 

The maximum overshoot for the unit-impulse response of the underdamped sys- 
tem occurs at 


tan? Mies 


= So where0<€<1 


and the maximum overshoot is 


3 fees are ad lene 
C(t) max = Pn exo Ee tan! z 


\ 


) where 0 << 1 


Since the unit-impulse response function is the time derivative of the unit-step re- 
sponse function, the maximum overshoot M, for the unit-step response can be found 
from the corresponding unit-impulse response. That is, the area under the unit-impulse 
response curve from ft = 0 to the time of the first zero, as shown in Figure 4-19, is 
1+ M,, where M, is the maximum overshoot (for the unit-step response) given by 
Equation (4-30).The peak time ¢, (for the unit-step response) given by Equation (4-29) 
corresponds to the time that the unit-impulse response first crosses the time axis. 
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Introduction. In this section we present the computational approach to the 
transient-response analysis with MATLAB. Those readers who are as yet unfamiliar 
with MATLAB may wish to read Appendix before studying this section. 

As stated earlier in this chapter, transient responses (such as the step response, im- 
pulse response, and ramp response) are used frequently to investigate the time-domain 
characteristics of control systems. 


MATLAB representation of linear systems. The transfer function of a system 
is represented by two arrays of numbers. Consider the system 


Cis) _ 5 
R(s) s2 + 4s + 25 ) 
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This system is represented as two arrays each containing the coefficients of the poly- 
nomials in decreasing powers of s as follows: 


num= [0 O 25] 
den=[1 4 25] 


Note that zeros are padded where necessary. 
If num and den (the numerator and denominator of the closed-loop transfer func- 
tion) are known, commands such as 


step(num,den), step(num,den,t) 


will generate plots of unit-step responses. (tin the step command is the user-specified time.) 

For a control system defined in a state-space form, where state matrix A, control ma- 
trix B, output matrix C, and direct transmission matrix D of state-space equations are 
known, the command 


step(A,B,C,D) 


will generate piots of unit-step responses. The time vector is automatically determined 
when t is not explicitly included in the step commands. 
Note that when step commands have left-hand arguments such as 


[y,x,t] = step(num,den,t) 
[y,x,t] = step(A,B,C, D,iu) 
[y,x,t] = step(A,B,C,D,iu,t) (4-39) 


no plot is shown on the screen. Hence it is necessary to use a plot command to see the 
response curves. The matrices y and x contain the output and state response of the sys- 
tem, respectively, evaluated at the computation time points t. (y has as many columns as 
outputs and one row for each element in t. x has as many columns as states and one row 
for each element in t.) 

Note in Equation (4-39) that the scalar iu is an index into the inputs of the system 
and specifies which input is to be used for the response, and t is the user-specified time. 
If the system involves multiple inputs and multiple outputs, the step command, such as 
given by Equation (4-39), produces a series of step response plots, one for each input 
and output combination of 


x = Ax + Bu 
y = Cx + Du 
(For details, see Example 4—4.) 
Obtaining the unit-step response of the transfer-function system. Let us 
consider the unit-step response of the system given by Equation (4-38). MATLAB Pro- 


gram 4-1 will yield a plot of the unit-step response of this system. A plot of the unit- 
step response curve is shown in Figure 4-20. 
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Unit-Step Response of G(s) = 25/(s*2+4s+25) 


Figure 4-20 ! 
Unit-step response 15 3 
curve. Time (sec) 
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Obtain the unit-step response curves. 
Although it is not necessary to obtain the transfer function expression for the system to ob- 


tain the unit-step response curves with MATLAB, we shall derive such an expression for refer- 
ence. For the system defined by 
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x= Ax+ Bu 
y= Cx + Du 
the transfer matrix G(s) is a matrix that relates Y(s) and U(s) as follows: 
Y(s) = G(s)U(s) 


Taking Laplace transforms of the state-space equations, we obtain 


sX(s) — x(0) = AX(s) + BU(s) (4-40) 
Y(s) = CX(s) + DU(s) (4-41) 

In deriving the transfer matrix, we assume that x(0) = 0. Then, from Equation (4-40), we get 
X(s) = (sf — AY'BU(s) (4-42) 


Substituting Equation (4-42) into Equation (4—41), we obtain 
¥(s) = [C(sI — A)'B + DJU(s) 
Thus the transfer matrix G(s) is given by 
G(s) = C(sI — A)'B+D 
The transfer matrix G(s) for the given system becomes 


G(s) = CGI — Ay'B 
Li. 0] seer’ aya a 
“lo 1]]| -65 s{ |1 0 


= 1 Ss -1 
~ 2 45465165 st] 


7 1 s-1 Ry 
P+st+65/s4+75 65 
Hence 
[ s—1 s ] 
Y,9)]_ |S +5465  s?+s+65]1U(s) 
Y,(s) st+75 6.5 U,(s) 


S+ts+65 r+s+65 


Since this system involves two inputs and two outputs, four transfer functions may be defined 
depending on which signals are considered as input and output. Note that, when considering the 
signal wz, as the input, we assume that signal uz is zero, and vice versa. The four transfer functions are 


YG) s-1 ¥,(s) os +: 72.5 
Us) S+s+65’ Us) 8S +s+65 
¥G@)__ os = YL) _ _—i6S 


Us) st+s+65’ Us) st+st+65 


The four individual step-response curves can be plotted by use of the command 


step(A,B,C,D) 
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Figure 4-21 
Unit-step response 
curves. 
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MATLAB Program 4-2 produces four such step-response curves. The curves are shown in 


Figure 4-21. 


MATLAB Program 4-2 


A={[-1 -1;65 0}; 
B=[1 1;1 OF; 
C={[1 0,0 I} 
D={[0 0;0 O}; 
step(A,B,C,D) 


To plot two step-response curves for the input u; in one diagram and two step-response curves 
for the input u2 in another diagram, we may use the commands 


step(A,B,C,D,1) 


and 


step(A,B,C,D,2) 


respectively. MATLAB Program 4-3 is a program to plot two step-response curves for the input 
u, in one diagram and two step-response curves for the input u2 in another diagram. Figure 4—22 
shows the two diagrams, each consisting of two step-response curves. 
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MATLAB Program 4-3 


% —--——- Step-response curves for system defined in state 
% space ~-------—- 


% ***** In this program we plot step-response curves of a system 
% having two inputs (u1 and u2) and two outputs (y1 and y2) ***** 


% ***** We shall first plot step-response curves when the input is 
% ul. Then we shall plot step-response curves when the input is 
% u2 slate daca 


% ***** Enter matrices A, B, C, and D ***** 


A=[-1 —1j6.5 Of 
B=[1 1:31 OL 
C=[1 00 1]; 
D=[0 00 O|; 


% ***** To plot step-response curves when the input is u1, enter 
% the command ‘step(A,B,C,D,1)’ ***** 


step(A,B,C,D,1) 

grid 

title (‘Step-Response Plots: Input = ul (u2 = 0)’) 
text(3.4,—0.06,’Y1’) 

text(3.4,1.4,'¥2’) 


% ***** Next, we shall plot step-response curves when the input 
% is u2. Enter the command ‘step(A,B,C,D,2)' ***** 


step(A,B,C,D, 2); 

grid 

title(‘Step-Response Plots: Input = u2 (ul = 0)’) 
text(3,0.14,'¥1') 

text(2.8,1.1,'Y2’) 


Writing text on the graphics screen. ‘To write text on the graphics screen, enter, 
for example, the following statements: 


text(3.4,—0.06,'Y1’) 
and 
text(3.4,1.4,/Y2’) 
The first statement tells the computer to write *Y1" beginning at the coordinates x = 3.4, 


y = —0.06. Similarly, the second statement tells the computer to write *Y2° beginning at 
the coordinates x = 3.4, y = 1.4. [See MATLAB Program 4-3 and Figure 4-22(a).] 
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Figure 4-22 
Unit-step response 
curves. (a) 1 is the 
input (u2 = 0); (b) wz 
is the input (u = 0). 
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Step-Response Plots: Input = v1 (u2 =0) 


Time (sec) 


(a) 


Step-Response Piots: Input = uZ (ui = 0) 


Time (sec) 


(b) 


Impulse response. The unit-impulse response of a control system may be ob- 
tained by use of one of the following MATLAB commands: 


impulse(num,den) 

impulse(A,B,C,D) 

ly,x,t] = impulse (num,den) 

ly,x,t] = impulse(num,den,t) (4-43) 
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[y,x,t] = impulse(A,B,C,D) 
ly,x,t] = impulse(A,B,C,D, iu) (4-44) 
[y,x,t] = impulse (A,B,C,D,iu,t) (4-45) 


The command “impulse(num,den)” plots the unit-impulse response on the screen. The 
command “impulse(A,B,C.D)” produces a series of unit-impulse-response plots, one 
for each input and output combination of the system 


x = Ax + Bu 
y = Cx+ Du 


with the time vector automatically determined. Note that in Equations (4—44) and 
(4—45) the scalar iu is an index into the inputs of the system and specifies which input 
to be used for the impulse response. 

Note also that in Equations (4-43) and (4—45) tis the user-supplied time vector. The 
vector t specifies the times at which the impulse response is to be computed. 

If MATLAB is invoked with the left-hand argument [y,x,t], such as in the case 
of [y,x,t] = impulse(A,B,C,D), the command returns the output and state responses of 
the system and the time vector t. No plot is drawn on the screen. The matrices y and x 
contain the output and state responses of the system evaluated at the time points t. (y 
has as many columns as outputs and one row for each element in t. x has as many 
columns as state variables and one row for each element in t.) 


Obtain the unit-impulse response of the following system: 


ESI-L4 lle} Lh 
y=[1 0] a + [0}e 


A possible MATLAB program is shown in MATLAB Program 4—4. The resulting response curve 
is shown in Figure 4-23. 


MATLAB Program 4-4 


yeu) [2 eae Beg A 

B = [0,1]; 

c=f[1 0); 

D = [01; 

impulse(A,B,C,D); 

grid; 

title((Unit-Impulse Response’) 
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a Unit-Impulse Response 


05 


Amplitude 
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EXAMPLE 4-6 = Obtain the unit-impulse response of the following system: 
C(s) 1 


Rs) CO) = 3402541 


MATLAB Program 4-5 will produce the unit-impulse response. The resulting plot is shown in 
Figure 4-24. 


Alternative approach to obtain impulse response. Note that when the initial 
conditions are zero the unit-impulse response of G(s) is the same as the unit-step re- 
sponse of sG(s). 

Consider the unit-impulse response of the system considered in Example 4—6. Since 
R(s) = 1 for the unit-impulse input, we have 


CS) be: a 1 

poe O35 01 
i eS 
+02s+1s 


We can thus convert the unit-impulse response of G(s) to the unit-step response of sG(s). 
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Unit-Impulse Response of G(s) = 1/(s*2+0,2s+1) 


7) 
Tc 
=) 
= 
< 
0.2 
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Figure 4—24 
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If we enter the following num and den into MATLAB, 


num=[0 1. O 
den =[1 0.2 1] 


and use the step-response command, as given in MATLAB Program 4—6, we obtain a 
plot of the unit-impulse response of the system as shown in Figure 4-25. 


1 Ol; 
02 MA; 


title(‘Unit-Step Response of sG(s) = s/(s42 + 0.2s + 1)’) 


Notice in Figure 4-25 (and many others) that the x axis and y axis labels are auto- 
matically determined. If it is desired to label the x axis and y axis differently, we need to 
modify the step command. For example, if it is desired to label the x axis as ‘t Sec’ and 
the y axis as ‘Input and Output,’ then use step-response commands with left-hand ar- 


guments, such as 
c = step(num,den,t) 
or, more generally, 
[y,x,t] = step(num,den,t) 
See MATLAB Program 4-7. 
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Unit-Step Response of sG(s) = s/(s*2+0.2s+1) 


Figure 4-25 
Unit-impulse re- 
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Figure 4-26 
Unit-ramp response 
curve. 


Ramp response. There is no ramp command in MATLAB. Therefore, we need 
to use the step command to obtain the ramp response. Specifically, to obtain the ramp 
response of the transfer-function system G(s), divide G(s) by s and use the step- 
response command. For example, consider the closed-loop system 


2 a 
R(s) st +s41 


For a unit-ramp input, R(s) = 1/(s?). Hence 


C(s) 1 1 1 1. 
Ss 
set+tst+1s? (2% +54+1)s5 
To obtain the unit-ramp response of this system, enter the following numerator and 


t-ra 1 
denominator into the MATLAB program, 


num= [0 0 O 1]; 
den=[1 1 1 Oj; 


and use the step-response command. See MATLAB Program 4-7. The plot obtained 
by using this program is shown in Figure 4-26. 


nit-ramp response of a system definedin state space. Next, we shall treat the 
unit-ramp response of the system in state-space form. Consider the system described by 
x = Ax + Bu 
y= Cx+ Du 


In what follows, we shall consider a simple example to explain the method. Let us 
assume that 


Unit-Ramp Response Curve for System G(s) = 1/(s42+s+1) 


Input and Output 
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When the initial conditions are zeros, the unit-ramp response is the integral of the unit- 
step response. Hence the unit-ramp response can be given by 


t 
z= { yadt (4-46) 
0 
From Equation (4-46), we obtain 
t= y= X (4-47) 
Let us define 
Z =X 
Then Equation (4—47) becomes 
Xy = xX (4-48) 
Combining Equation (4—48) with the original state-space equation, we obtain 
x, 0 1 O}} x, 0 
x)=|-1 —-1 Of}x}+]1fu 
Xs; 1 0 O}} x; 0 
x; 
z=f0 O I]Iix, 
X3 


which can be written as 


x = AAx + BBu 
z=CCx+ DDu 


where 
0 1 0 : 0 
AA=]-1 -1 O/= ae 
1 0 0 im) 


0 


Note that x3 is the third element of x. A plot of the unit-ramp response curve z(f) 
can be obtained by entering MATLAB Program 4-8 into the computer. A plot of 
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MATLAB Program 4-8 


% ---------- Unit-ramp response ---------- 


% **** The unit-ramp response is obtained by adding a new 
% state variable x3. The dimension of the state equation 
% is enlarged by one ***** 


% ***** Enter matrices A, B, C, and D of the original state 
% equation and output equation ***** 


A=[0 1;-1 
B = [0;1]; 
C=f1 Of}; 
D = [0}; 


=); 


% ***** Enter matrices AA, BB, CC, and DD of the new, 
% enlarged state equation and output equation ***** 


AA =IA_ zeros(2,1);C OJ; 
BB = [B;0}; 

Cc=[0 O 1); 

DD = [0]; 


% ***** Enter step-response command: [z,x,t] = step(AA,BB,CC,DD) ***** 


[z,x,t] = step(AA,BB,CC,DD); 


% ***** In plotting x3 add the unit-ramp input t in the plot 
% by entering the following command: plot(t,x3,’0’,t,t,-') ***** 


x3 =[0 O 1)*x’; plot(t,x3,’0',t,t,~’) 
grid 

title(“(Unit-Ramp Response’) 

xlabel(‘t Sec’) 
ylabel(‘Input and Output’) 


the unit-ramp response curve obtained from this MATLAB program is shown in 
Figure 4-27. 


Response to initial condition (transfer-function approach). In what follows 
we shall present a method for obtaining the response to an initial condition by use of 
an example. 
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Figure 4-27 
Unit-ramp response 
curve. 


| EXAMPLE 4-7 
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Fe 


Figure 4-28 


Mechanical system. 


Unit-Ramp Response 


Input and Output 


In this example, we shall consider a system subjected only to an initial condition. 

Consider the mechanical system shown in Figure 4-28, where m = 1 kg, b = 3 N-sec/m, and 
k =2 N/m. Assume that at ¢=0 the mass m is pulled downward such that x(0) = 0.1 m and 
x(0) = 0.05 m/sec. Obtain the motion of the mass subjected to the initial condition. (Assume no 
external forcing function.) 

The system cquation is 

mx + bx + kx =0 

with the initial conditions x(0) = 0.1 m and x(0) = 0.05 m/sec. The Laplace transform of the sys- 
tem equation gives 


mIs*X(s) — sx(0) — x(0)] + bfsX(s) — x(0)] + kX(s) = 0 
or 
(ms? + bs + k)X(s) = mx(0)s + mx(0) + bx(0) 
Solving this last equation for X(s) and substituting the given numerical values, we obtain 


x) = Os + mx(0) + bx(0) 


ms? + bs +k 


_ O1s + 0,35 
s+3s+2 
This equation can be written as 


O.1s? + 0.355 1 


As) = +3st+2s 


Hence the motion of the mass m may he obtained as the unit-step response of the following 


0.15? + 0.35s 
2 5542 
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MATLAB Program 4—9 will give a plot of the motion of the mass, The plot is shown in Figure 


4-29. 
MATLAB Program 4-9 


% ---------- Response to initial conditions -----—--—- 


% ***** System response to initial conditions is converted to 
% a unit-step response by modifying the numerator polynomial ***** 


% ***** Enter the numerator and denominator of the transfer 
% function G(s) ***** 


num = [0.1 
den = [1 


0.35 O01; 
x 21; 


% ***** Enter the following step-response command ***** 


step(num,den) 


% ***** Enter grid and title of the plot ***** 


grid 
title(‘Response of Spring-Mass-Damper System to Initial Conditions’) 


Response to initial condition (state-space approach, case 1). Consider the 
system defined by 


x= Ax, = x(0) = xp (4-49) 


Let us obtain the response x(¢) when the initial condition x(0) is specified. (There is no 
external input function acting on this system.) Assume that x is an n-vector. 


Response of Spring-Mass-Damper System to Initial Conditions 
2 


0.1 

0.1 

0.08 

3 

2 

0.06 

E 

< 

0.04 
Figure 4-29 0.02 
Response of the me- 
chanical system con- 0 
sidered in Example OF EOS” Ti Se 2e 28h So 5584 Ae 5 
4-7. Time (sec) 


Section 4-4 / Transient-Response Analysis with MATLAB 175 


176 


First, take Laplace transforms of both sides of Equation (4-49). 
sX(s) — x(0) = AX(s) 


This equation can be rewritten as 


sX(s) = AX(s) + x(0) (4-50) 
Taking the inverse Laplace transform of Equation (4—50), we obtain 
x = Ax + x(0) 6() (4-51) 


(Notice that by taking the Laplace transform of a differential equation and then by tak- 
ing the inverse Laplace transform of the Laplace-transformed equation we generate a 
differential equation that involves the initial condition.) 

Now define 


z=x (4-52) 
Then Equation (4-51) can be written as 
z= Az+t+ x(0) 6(t) (4-53) 
By integrating Equation (4-53) with respect to 1, we obtain 
Az + x(O)1(f) = Az + Bu (4-54) 
where 
B = x(0), u = 1(f) 
Referring to Equation (4-52), the state x(t) is given by z(t). Thus, 
x=z=Az+ Bu (4-55) 


Equation (4-55) gives the response to the initial condition. 
Summarizing, the response of Equation (4-49) to the initial condition x(0) is ob- 
tained by solving the following state-space equations: 


z= Az + Bu 
x = Az + Bu 
where 
B = x(0), u=1(t 
MATLAB commands to obtain the response curves in one diagram are given next. 
[x,z,t] = step(A,B,A,B); 


x1=[1 O 0... O0]*x’; 
x2=[0 1 O...O0]*x’; 


xn=[0 0 O...11*x’; 
plot(t,x1,t,x2, ... ,t,xn) 
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EXAMPLE 4-8 


Response to initial condition (state-space approach, case 2). Consider the 
system defined by 


x = Ax, x(0) = Xp (4-56) 
y= (Cx (4-57) 


(Assume that x is an n-vector and y is an m-vector.) 
Similar to case 1, by defining 


we can obtain the following equation: 
z= Az+ x(0)1(@) = Az + Bu (4-58) 
where 
B — x(0), “u=1(t) 


Noting that x =z, Equation (4-57) can be written as 


y= Cz (4-59) 
By substituting Equation (4-58) into Equation (4-59), we obtain 
y = C(Az + Bu) = CAz + CBu (4-60) 


The solution of Equations (4-58) and (4-60) gives the response of the system to a given 
initial condition. MATLAB commands to obtain the response curves (output curves y1 
versus t, y2 versus t, ..., ym versus t) are shown next. 


[y,z,t] = step(A,B,C*A,C*B) 


yli=fl O O...0I*y; 
y2=[0 1 0... 0I*y; 


ym=[0 O OQ... 1)*y’; 
plot(,y1,ty2 ...,tym) 


Obtain the response of the system subjected to the given initial condition. 
X%{ | O-| Lffxy x,(0)| {2 
Xy -10 —5]}x,/ x,(0) 1 


x= Ax, x(0) = x, 


or 


Obtaining the response of the system to the given initial condition becomes that of solving the 
unit-step response of the following system: 


z= Az+ Bu 
x= Az+ Bu 
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where 
B = x(0), u=1(0 


Hence a possible MATLAB program for obtaining the response may be given as shown in MAT- 
LAB Program 4-10. The resulting response curves are shown in Figure 4—30. 


MATLAB Program 4—10 


A= [0 1;=10 —35); 

B= [2,1]; 

Ix,z,t] = step(A,B,A,B); 

xXi= [1 OfFx’ 

x2=[0 1)*x’; 
plot(t,x1,'0’,.x2,'-’) 

grid 

title(’Response to Initial Condition’) 
xlabel(‘t Sec’) 
ylabel(‘x1 x2’) 


Response to Initial Condition 


ante 


Figure 4—30 
Response of system 
in Example 4-8 to 
initial condition. 


4-5 AN EXAMPLE PROBLEM SOLVED WITH MATLAB 


The purpose of this section is to present a MATLAB solution of the response of a me- 
chanical vibratory system. The mathematical model of the system is first developed, 
then the system is simulated using MATLAB for a continuous-time and a discrete-time 
approach, and response curves are generated for each approach. 


Mechanical vibratory system. Consider the mechanical vibratory system shown 


in Figure 4~31(a). A wheel has a spring-mass-damper system hanging from it. The 
wheel is in a track that contains a flat (horizontal) portion, a slanted (downward at 45°) 
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Figure 4-31 

(a) Wheel with hang- 
ing mass-damper 
system; (b) dynamic 


response of the 


system. 


Push off edge 
to start 


t Sec 
(b) 


portion, and another flat (horizontal) portion. We start the motion of the system by 
nudging the wheel over the edge of the ramp. As the wheel drops down the ramp for a 
total of 0.707 m (vertically measured), the mass m hanging from the spring and damper 
drops with it, and the mass gains momentum that dissipates gradually. In this problem 
the wheel is assumed to slide on the slanted portion of the track without friction. On the 
second flat portion of the track, the wheel slides and rolls. The wheel continues to move 
on the flat portion of the track until it is stopped by an external means. 
Assume the Spe: numerical values for m, b, and k: 


= 4kg, b = 40 N-sec/m, k = 400 N/m 


masa, Oh 
Assume also that the mass m, of the wheel is negligible compared with the mass 77. Ob- 


tain x(t), the vertical motion of the wheel. Then obtain Y(s), the Laplace transform of 
y(t), which represents the up and down motion of mass m. The coordinate y is attached 
to the spring-mass—damper system as shown in Figure 4-31 and is measured from the 
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Figure 4-32 

(a) Wheel with mass 
m Slides on inclined 
plane; (b) curve x(t) 
versus ¢. 
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equilibrium position of the system. The initial conditions are that y(0) = 0 and y(0) = 0. 
Note that in this problem we are interested only in the vertical motions of the 
spring—mass—damper system. Note also that the system is frictionless with the exception 
of the damper, which relies on viscosity for its operation. 

As the spring-mass—damper component travels down the ramp, it will undergo an 
acceleration produced as a result of the gravity force. When the spring-mass—damper 
reaches the level region at the bottom of the ramp, a shock will immediately be imposed 
on the spring—mass—damper component. It will, however, eventually come to a state of 
equilibrium following the impact due to the settling effects of the damper and spring. 
The dynamic response of this system is shown in Figure 4—31(b). 

Determination of x(t). The system starts wit 
track. The input to the system is the vertical position x along the track, and the output 
is the vertical position y of the mass. Since we assume no sliding friction, referring to 
Figure 4—32(a) we have in the z direction the following equation: 


and f. 
ai 


goed initial volocity 
ZCTO initia. velocity an Hows.t 


fe) 
16) 


mzZ = mg sin 45° 


or 


Z = 9.81 x 0.707 = 6.9357 


VLOTLLLATLALAT SSL, 


mgs 


(b) 
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Let us define the time it takes for the wheel to move from z = 0 to z = 1 mast. Then 


2 


t 
z= 6.9357 =1 
2 


which yields 
t, — 0.537 sec 
Thus x(¢) can be given as follows: 
x(t) = 0.707z = 0.707 X 3.4678 t2 = 2.452 #?, for 0 <= t = 0.537 
= 0.707, for 0.537 < t 


It follows that from ¢ = 0.537 sec to tf = © we have an input defined by a constant of 
0.707. The position x at the end of the ramp is 0.707 and it takes approximately 0.537 sec 
to get there. A curve x(f) versus fis shown in Figure 4-32(b). Note that the positive di- 
rection of x(t) is vertically downward. 

To get a better picture of the events taking place in the system, we need to look at 
the input, shown in Figure 4-32(b). The effects of gravity do not allow us to model the 


behavior of the system with an ordinary r ramp, but rather a parabolic function, which is 


followed by a constant input. 


Determination of Transfer Function Y(s)/X(s)._ Next, we shall first obtain the 
equation of motion for the system and then the transfer function Y(s)/X(s). Since y is 


| eee 
measured from the equilibrium p position, the s system cquation oecomes 


my + b(y —x) + k(y— x) =0 
or 
my + by + ky = bx + kx 


where x is the input to the system and y is the output. By substituting the given numer- 
ical values for m, b, and k, we obtain 


4y + 40y + 400y = 40% + 400x 
or 

y + 10y + 100y = 10% + 100x (4-61) 
The transfer function for the system can now be given by 


Y(s) 10s + 100 
he er 4-62 
X(s) s* + 10s + 100 aie 
where the input x(t) is given by 

x(t) = 2.45207, 0<1f<0.537 


= 0.707, 0.537<1 cee) 
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Our problem here is to use MATLAB to find the inverse Laplace transform of Y(s) 
given by Equation (4-62). In what follows we consider two approaches. One is to work 
in the continuous-time domain using the step command. The other is to work in the 
discrete-time domain using the filter command. We shall first present the continuous- 
time approach and then the discrete-time approach. 


Computer simulation (continuous-time approach). In the continuous-time 
approach we separate the time region into two parts; 0 = ¢ = 0.537 and 0.537 <1. 


For 0 = t S 0.537: 
x,(t) = 2.4527 
Hence 


2.452 X 2 4.904 
X,(s) = e a Ee 
The output Y(s) can then be given by 


10s + 100 4.904 


¥(s) ==—— 
G2 aor ei 
49.045 + 490.4 1 
an oan mers a ean TT dati, 4- 
s* + 10s? + 100s? 5 et) 
For 0.537 <t: 
x,(t) = 0.707 
Since 
¥,(s) 10s + 100 


X,(s) 8? + 10s + 100 
the corresponding differential equation becomes 
y. + 10¥, + 100v, = 10x, + 100x, 
The Laplace transform of this last equation becomes 


[s*¥,(s) — sy2(0) ~ ¥2(0)] + 10[s¥,(s) — y.(0)] + 100¥,(s) 
= 10[sX,(s) — x,(0)] + 100X,(s) 
or 
(s? + 10s + 100)¥,(s) = (10s + 100)X,(s) + sy2(0) 
+ y,(0) + 10y2(0) — 10x,(0) 
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Hence 
10s + 100 
s? + 10s + 100 


4 S00) 1 YAO) + 10y,(0) — 10x,(0) 
s* + 10s + 100 


Y,(s) = X,(s) 


The initial conditions are found from y2(0) = yi(0.537) and yx(0) = y(0.537). Therefore, 


10s + 100 0.707 


a s+10s+100 s 
, 710.537) + Lr00. 531) + 1Wy,(0.537) — 10(0.707)]s 1 
s? + 10s + 100 Ss 
or 
10s + 100 0.707 
Eel s*+10s+100 s 
_ ©1137] + [yldot(s37) + 10y1(537) ~ 7.07] 1 om 
s* + 10s + 100 5 

where 


y1(537) = y\(0.537), _ yldot(537) = (0.537) 


A MATLAB program to obtain the response y(t) based on the continuous-time ap- 
proach is given in MATLAB Program 4-11. The resulting response curve y(¢) versus /, 
as well as the input x(r) versus ¢, is shown in Figure 4-33. 


MATLAB Program 4—11 


% 
% ***** Obtain y1 and yidot ***** 


num1=[0 0 O 49.04 490.4]; 
dent =[1 10 100 0 Oj; 

tl = 0:0.001:0.537; 

y1 = step(num1,dent1 ,t1); 
num2=[0 0 49.04 490.4]; 
den2=[1 10 100 OQ); 

yldot = step(num2,den2,t1); 


% ***** Determine the initial values of y1(537) and y1dot(537) 
% for the second part. The initial values for the second 
% part are output y2_ini = y1(537) and y2dot_ini = y1dot(537) ***** 


---- Continuous-time approach ---------- 
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Figure 4-33 

Input x(t) and output 
y(t) obtained by the 
continuous-time 


approach. 
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Response of System (Continuous-Time Approach) 


Input x and Output y 
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It is noted that when plotting multiple curves on one diagram we may use the “hold” 
command. If we enter the command “hold” in the computer, the screen will show 


hold 


Current plot held 


To release the held plot, enter the command “hold” again. Then the current plot will be 
released as shown next. 


hold 
Current plot held 


hold 


Current plot released 


Computer simulation (discrete-time approach). The continuous-time transfer 
function may be converted to a pulse transfer function (discrete-time transfer function) 
using general formulas. The simpler method is to convert the continuous-time transfer 
function to a pulse transfer function using MATLAB commands. The first step is to con- 
vert the continuous-time transfer function to a continuous-time set of state-space equa- 
tions using the MATLAB command [A,B,C,D] = tf2ss(num,den). The state-space 
equations can then be converted from continuous-time to discrete-time using the com- 
mand [G,H] = c2d(A,B,Ts), where Ts is the desired time step (sampling period). The 
discrete-time state-space equations are converted to a pulse transfer function with the 
command [numz,denz] = ss2tt(G,H,C,D). 

In the present case we choose T = 0.001 sec. The input function x(¢) must first be 
discretized. The continuous-time input function was determined to be 


Note that we define x as an array of points in MATLAB. This array initially follows 
x(t) = 2.452 and, after t = 0.537 sec, follows x(t) = 0.707. We assume that the time 
region is0 <¢ <1.5. 

The acceleration input in the first part can be written as 


k1 = 0:537; 
x1 = [2.452*(0.001*k1).A2] 


where k1 represents a time count and x1 is the first part of the complete input function. 


(There are 538 caicuiation points from the initiai position untii the input reaches 
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0.707 m.) For the second part of the input, we need a step function with magnitude 0.707. 
After time 0.537 sec, 


k2 = 538:1500; 
x2 = [0.707*ones(size(k2))] 


(There are 963 points from 0.538 sec through 1.5 sec, inclusive.) The next step is to trans- 
form both inputs to one complete input: 


x = [x1 x2]; 


(The two input equations are transformed into a single vector in order to appear as a 
single entry in the filter command argument.) 
Now we can use the filter command, assigning a variable y, 


y = filter(numz,denz,x); 


and plot the response y(t), as well as the original input itself, x(t), taking care with the 
time intervals using t: 


t = 0:1500; 
plot(t/1000,—y,’.’,t/1000,—x,’-’) 


(We divide t by 1000 because the time step is 0.001 sec.) Note also that the plotted in- 
put and output functions are negated. (Otherwise, we would have a positive accelera- 
tion input and response, which would be incorrect.) 

A possible MATLAB program using the discrete-time approach is shown in MAT- 
LAB Program 4-12. The resulting response curves x(t) versus ¢ and y(t) versus ¢ are 
shown in Figure 4—34. 


MATLAB Program 4—12 


% ***** Convert continuous-time transfer function to discrete-time 
% transfer function (pulse transfer function) by choosing the time 
% step (sampling period) to be 0.001 sec ***** 


num={[0 10 100]; 
den=[1 10 100]; 
[A,B,C,D] = tf2ss(num,den); 
[G,H] = c2d(A,B,0.601); 
[numz,denz] = ss2tf(G,H,C,D); 


% ***** Enter the inputs x1 and x2 ***** 
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Figure 4-34 

Input x(t) and output 
v(t) obtained by the 
discrete-time 
approach. 


A-4-1. 


k1 = 0:537; 

x1 = [2.452*(0.001*k1).42]; 
k2 = 538:1500; 

x2 = [0.707*ones(size(k2))]; 
x= [x1 x2]; 


% ***** Using the filter command, obtain the response y ***** 


y = filter(numz,denz,x); 

t = 0:1500; 

plot(t /1000,—y,’.”,t/1000,—x,’-’) 

grid 

title(/Response of System (Discrete-Time Approach)’) 
xlabel(‘t Sec’) 

ylabel(‘Input x and Output y’) 
text(0.2,—0.54,'Input x’) 

text(0.47,—0.25, ‘Output y’) 


Response of System (Discrete-Time Approach) 


—} 


beegs 


Input x and Output y 


S 


S 


| 
S 
o 


2 


Sec 


EXAMPLE PROBLEMS AND SOLUTIONS 


In the system of Figure 4—35, x(t) is the input displacement and @(f) is the output angular dis- 
placement. Assume that the masses involved are negligibly small and that all motions are re- 
stricted to be small; therefore, the system can be considered linear. The initial conditions for x and 
@ are zeros, or x(0—) = 0 and @(0—) = 0. Show that this system is a differentiating element. Then 
obtain the response @(t) when x(f) is a unit-step input. 


Solution. The equation for the system is 
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Figure 4—35 
YY Mechanical system. 


b(x — LO) = kL@ 


or 


And so 


Os) 1 Ss 
X(s) Ls + (kb) 


Thus the system is a differentiating system. 
For the unit-step input X(s) = I/s, the output @(s) becomes 


i. at 
oo ae eT 


The inverse Laplace transform of @(s) gives 
A(t) = 1 tuys 
L 
Note that if the value of k/b is large the response @(4) approaches a pulse signal as shown in Fig- 


ure 4-36. 


A-4-2. Consider the mechanical system shown in Figure 4-37. Suppose that the system is at rest initially 
[x(0) = 0, ¥(0) = OJ, and at ¢ = 0 it is set into motion by a unit-impulse force. Obtain a mathe- 
matical model for the system. Then find the motion of the system. 


Solution. The system is excited by a unit-impulse input. Hence 


188 Chapter 4 / Transient-Response Analysis 


A-4-3. 


x(t} 


L 
Figure 4-36 
oo Unit-step input and the response 
of the mechanical system shown in 
0 1 Figure 4-35. 
Eee A 
Impulsive \ 
force ra 


5(t) 


Figure 4-37 
Mechanical system. 


mi + kx = d(t) 


‘Lhis is a mathematical model tor the system. 
Taking the Laplace transform of both sides of this last equation gives 


mIs?X(s) — sx(0) — x(0)] + kX(s) = 1 


By substituting the initial conditions x(0) = 0 and x(0) = 0 into this last equation and solving for 
xX 


ff ears Be ee 
(Ss), we UDLAlIL 


AO) ie 


The inverse Laplace transform of X(s) becomes 


1 k 
X(t) = sin [~t 
@ Vink m 
The oscillation is a simple harmonic motion. The amplitude of the oscillation is 1/\/mk. 


Obtain the closed-loop transfer function for the positional servo system shown in Figure 4-38. 
Assume that the input and output of the system are the input shaft position and the output shaft 
position, respectively. Assume the following numerical values for system constants: 


r = angular displacement of the reference input shaft, radians 
c = angular displacement of the output shaft, radians 
6 = angular displacement of the motor shaft, radians 

K, = gain of the potentiometric error detector = 24/m V/rad 
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Figure 4-38 
Positional servo 
system. 
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ip = constant 


K, = amplifier gain = 10 V/V 


e, = armature voltage, V 
e, = back emf, V 
R, = armaturc-winding resistance = 0.2 22 


L, = armature-winding inductance = negligible 
i, = armature-winding current, A 

K, = back emf constant = 5.5 X 10°? V-sec/rad 

K, = motor torque constant = 6 x 107° N-m/A 

= moment of inertia of the motor referred to the motor shaft = 1 X 107 kg-m? 
m = viscous-friction coefficient of the motor referred to the motor shaft = negligible 

J, = moment of inertia of the load referred to the output shaft = 4.4 x 107° kg-m? 

oO, = viscous-friction cocfficicnt of the load réferredto the output s shaft — 4 * 107 2N-m/rad/sec 


n = gear ratio N,/N, = 5 


ow 
3 
| 


Solutiou. The equivalent moment of inertia Jo and equivalent viscous friction coefficient bo re- 
ferred to the motor shaft are, respectively, 


Jy = Jy + hy 
1xX10°4+44x10°5=54x10% 
by = 6, + Wb, 

=4x107 


Referring to Equation (4-16), we obtain 


Cis) __ Km 
E(s)  s(T,,5 + 1) 
where 
— KoK,K,n 7.64 x 10x 6x 10° x 0.1 2 
™ — R,by + KoKy  (0.2)(4 X 1074) + (6 X 10°°)(5.5 X 10-7) 
RJ, (0.2)(5.4X 105) Bere 
OF R aby + KyKy (0.24 x 1074) + (6 10%)(5.5 X 107) 
Thus, 
C 5.5 
a (4-66) 


E(s)  s(0.13s + 1 


ww 


Using Equation (4-66), we can draw the block diagram of the system as shown in Figure 4—39. 
The closed-loop transfer function of the system is 
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Figure 4-40 
Gear train system. 


5.5 C(s) 
5(0.138 + 1) 


Figure 4-39 
Block diagram of the system shown 
in Figure 4-38. 


Cls) _ 5.5 42.3 
R(s) 0.138? +5 +5.5 5? + 7.695 + 42.3 


Gear trains are often used in servo systems to reduce speed, to magnify torque, or to obtain the 
most efficient power transfer by matching the driving member to the given load. 

Consider the gear train system shown in Figure 4— 40. In this system, a load is driven by a mo- 
tor through the gear train. Assuming that the stiffness of the shafts of the gear train is infinite 
(there is neither backlash nor elastic deformation) and that the number of teeth on each gear is 
proportional to the radius of the gear, obtain the equivalent moment of inertia and equivalent 
viscous-friction coefficient referred to the motor shaft and referred to the load shaft. 

In Figure 4—40 the numbers of teeth on gears 1,2,3, and 4 are M1, No, N3, and Ng, respectively. 
The angular displacements of shafts, 1,2, and 3 are 01, @2, and 63, respectively. Thus, 02/0; = Ni/N2 
and 03/62 = N3/N4.The moment of inertia and viscous-friction coefficient of each gear train com- 
ponent are denoted by Ji, b1; J2, bo: and Js, bs; respectively, (/3 and b3 include the moment of iner- 
tia and friction of the load.) 


Solution. For this gear train system, we can obtain the following three equations: For shaft 1, 


J,6,+6,6,+ 7, = T,, (4-67) 
where 7 is the torque developed by the motor and 7; is the load torque on gear | due to the rest 
of the gear train. For shaft 2, 

J,6, + b,0,+ T, = T, (4-68) 


where T> is the torque transmitted to gear 2 and 73 is the load torque on gear 3 due to the rest of 
the gear train. Since the work done by gear 1 is equal to that of gear 2, 


N2 


T,0,= Ty, of 1T,= 7,2 
N, 


Gear | 


Input torque 
from motor 
Tm (t) 


Gear 4 ~~, Oi 
torque 
Ty (t) 

N4 
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If N\/N2 < 1, the gear ratio reduces the speed as well as magnifies the torque. For the third shaft, 


J,6, + b,6, + T, = T, (4-69) 
where T, is the load torque and 7, is the torque transmitted to gear 4. 7; and 74 are related by 
N. 
T, = T;—4 
N, 
and @3 and @; are related by 
N N,N. 
6,.=6,—=9,23 
3 Pa N, 'N, N, 


Elimination of T), To, 73, and T4 from Equations (4-67), (4-68), and (4-69) yields 


“s sat UNA: : N,N ., = yk ; 
10, + 6,0, + md (1,6, + b>) + ats (J,0; + 6,0, + T,) = T, 


DENA 


Eliminating 62 and 63 from this last equation and writing the resulting equation in terms of 6; and 
its time derivatives, we obtain 


N,\2 N,\2(N3\2_ | 
J+ (Re) e+ (Fe) (Ge) fs 
Np Nz} \Na} >| 


L \ / \ NO 


N,\? N,\°{N3\2_ | - N,\{N. 
+ |b, +/—] 6, + {+} (—) 6,46, +(S)}(2 |,=7, (4-70) 
N, Ny} \N4 NiJA\N4 


Thus, the equivalent moment of inertia and viscous-friction coefficient of the gear train referred 
to shaft 1 are given, respectively, by 


N,\? N,\?{N,\? 
Freq = a + (* Jot (*) (*) J; 
2 2 4 


N,\ N,\7(N,\" 
Pieg = 01 + (*) b, 4 (*} (*2) bs 
2 2 4 


Similarly, the equivalent moment of inertia and viscous-friction coefficient of the gear train re- 
ferred to the load shaft (shaft 3) are given, respectively, by 


N,\ N,\7{N,\ 
ee (*s) ma (*) (*) 1, 
3 1 3 
N,\ N,\?(N,\" 
bag = b+ (%} 0+ (%) (= b, 
3 1 3 


The relationship between Jieq and J3eq is thus 


and that between dyeq and b3eq iS 


a (MV (Na? , 
leq \W,/ \N,/ 3eq 


The effect of /2 and J/3 on an equivalent moment of inertia is determined by the gear ratios Ni/N2 
and N3/Na. For speed-reducing gear trains, the ratios N,/N2 and N3/N4 are usually less than unity. 
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A-4-6, 


If Ni/N2 < 1 and N3/N4 < 1, then the effect of /2 and J3 on the equivalent moment of inertia Jieq 
is negligible. Similar comments apply to the equivalent viscous-friction coefficient bjeq of the gear 
train. In terms of the equivalent moment of inertia /jeq and equivalent viscous-friction coefficient 
bjeq, Equation (4~70) can be simplified to give 

Freq + Oye + nT, = T, 


m 


where 


oe Ns 
N,N, 


n 


Show that the torque-to-inertia ratios referred to the motor shaft and to the load shaft differ from 
each other by a factor of n. Show also that the torque squared-to-inertia ratios referred to the mo- 
tor shaft and to the load shaft are the same. 


Solution. Suppose that Tmax is the maximum torque that can be produced on the motor shaft. 
Then the torque-to-inertia ratio referred to the motor shaft is 


T, 


max 
Jn t Wd, 


where Jj, = moment of inertia of the rotor 
J, = moment of inertia of the load 
n= gear ratio 


The torque-to-inertia ratio referred to the load shaft is 


‘an 
n = NL pax 
J, J + n°, 
Dea 


re 


Clearly, they differ from each other by a factor of n. Hence, in comparing torque-to-inertia ratios 
of motors, we find it necessary to specify which shaft is the reference. 
Note that the ratio of torque squared to inertia referred to the motor shaft is 


and that referred to the load shaft is 


These two ratios are clearly the same. 


When the system shown in Figure 4—41(a) is subjected to a unit-step input, the system output re- 
sponds as shown in Figure 4—41(b). Determine the values of K and T from the response curve. 


Solution. The maximum overshoot of 25.4% corresponds to € = 0.4. From the response curve 
we have 


Consequently, 
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c(t) 
1 [fn __ ee 
A Figure 4-41 


t (a) Closed-loop system; (b) unit-step 
response curve. 


Oy OO, Vi ~@  w,V1 — 0.4 
It follows that 


w,, = 1.14 
From the block diagram we have 
C(s) _ K 
R(s) Ts +s+K 


from which 


Therefore, the values of T and K are determined as 


1 1 
= In, 2xX04X114— ae 


K = wT = 1.14" x 1.09 = 1.42 


n 


A-4-7, Determine the values of K and k of the closed-loop system shown in Figure 4-42 so that the max- 
imum overshoot in unit-step response is 25% and the peak time is 2 sec. Assume that J = 1 kg-m?. 


Solution. The closed-loop transfer function is 


a 
R(s) Js? + Kks + K 


By substituting J = 1 kg-m2 into this last equation, we have 


C(s) _ K 
R(s) 9? + Kks + K 
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Figure 4-42 
Closed-loop system. 


Note that 


o,= VK, 2w, = Kk 


-e 


= ep bulvV 
M, =e 
which is specified as 25%. Hence 
e iNT = 0.25 


from which 
ox a ee, Oe 
3 = 1.7600 
Vi-€ 
or 
& = 0.404 
The peak time ¢p is specificd as 2 sec. And so 
a 
iS ee 
Od 
or 
@y = 157 
Then the undamped natural frequency w,, is 
Og 1.57 


@ 


" V7t-@ V1i—-0408 | 
Therefore, we obtain 
K = @2 = 1.72? = 2.95 N-m 


2k, 20.404 x 1.72 
K 2.95 


k= = 0.471 sec 


A-4-8. What is the unit-step response of the system shown in Figure 4—43? 
Solution. The closed-loop transfer function is 


C(s) _ 10s + 10 
R(s) s?. + 10s + 10 


For the unit-step input [R(s) = 1/s], we have 
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Figure 4-44 

(a) Mechanical vibra- 
tory system; (b) step- 
response curve. 
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Figure 4—43 
Closed-loop system. 


10s +10 1 
SOs s? + 10s +105 
s 10s + 10 
(s +5 4+ Vi5\(s + 5 — V15)s 
-4 - VI5 1 =44+V15 1 


1 


+ 
34+V15 s+54+v15 
The inverse Laplace transform of C(s) gives 


c(t) = At NAS | -sivisy 4 4A-VI5 
34+ V15 -3+ V15 


= -1.1455e8*" + 0.1455e 19" 4 J 


e (S-VI5)e +] 


+ 
3-VI5 s+5-V15 


Ss 


Clearly, the output will not exhibit any oscillation. The response curve exponentially approaches 


the final value c(%) = 1. 


Figure 4—44(a) shows a mechanical vibratory system. When 2 lb of force (step input) is applied 
to the system, the mass oscillates, as shown in Figure 4—44(b). Determine m, b, and k of the sys- 
tem from this response curve. The displacement « is measured from ihe equilibrium position, 


Solution. The transfer function of this system is 


X(s) f 1 
P(s) ms? +bst+k 
Since 
2 
P(s) =— 
6) =* 
x(t) 


P(2-Ib force) 


0.0095 ft 


0.1 
ft ! 
x 
b I 
- | 
Aen es Eee eee eee er 
me OL Be ee aa 5 
WY 
(a) (b) 
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we obtain 


2 


ne s(ms* + bs + k) 


It follows that the steady-state value of x is 
: 2 
x(6) = lim sX(s) = rie 0.1 ft 
st 


Hence 
k = 20 1b,/ft 
Note that M, = 9.5% corresponds to € = 0.6. The peak time fy is given by 


IE Gia IE 


he = JE rae 
: Og o,V1 s, & 0.8u,, 


d 


The experimental curve shows that t) — 2 sec. Therefore, 


3.14 
On Fs oa 1.96 rad/sec 
Since w2 = k/m = 20/m, we obtain 
20 20 
= Z= = §.2sl = 1661b 
oe 1,96 ees 8 


n 


(Note that 1 slug = | lb;-sec?/ft.) Then 6 is determined from 
2g, = 2 
m 

or 


b = 2a,m = 2X 0.6 X 1.96 X 5.2 = 12.2 lb,/ft/sec 


A-4-10. Assuming that the mechanical system shown in Figure 4—45 is at rest before excitation force 
P sin ot is given, derive the complete solution x(t) and the steady-state solution x.5(f), The dis- 
placement x is measured from the equilibrium position. Assume that the system is underdamped. 


Solution. The equation of motion for the system is 


mx + bx + kx = P sin wt 


Noting that x(0) = 0 and x(0) = 0, the Laplace transform of this equation is 


P sin wt 


(ms? + bs + k)X(s) = PS ae 


Or 


Pao 1 


X(s) = - 

(ew) nse eB ER 

THE. Since the system is underdamped. X(s) can be written as follows: 
Fignre 4-45 Po 1 1 


X(s) = where0<¢< 1 


Mechanical system. m s? +a 9° + 2o,8 + wr” 
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A-4-11. 


where wn = Vk/m and € = b/(2\/mk). X(s) can be expanded as 


toe as+c —ast+d 
m\s+w? 8? + 2f0,5 + wo 
By simple calculations it can be found that 
— 2fm,, c (w? — w’*) 4&?w2 — (w2 — w?) 
a= : = : - 
(w2 w*)? + 46702? (w% — 07)? + 46 w2w* (w% — w?)? 1 407%w2a? 
Hence 
_ Pw 1 — 2,8 + (ws, — w) 
AG) =~ 7a ae |  2a.ar 
m (wi - w*) + 4orw s+o 


|, 2wn(s + bw,) + 2620? ~ (w} ~ 0”) 
s° + 26m,8 + we 
The inverse Laplace transform of X(s) gives 


Po 
~ mi(w2 — w)? + 460207] 


sin wt 


2 2 
x(t) Geo) 


|-20. cos wt + 
20% — (w, — 0°) 


ay Se & rs En 
+ 20,e °" cosw, V1 Gai 
aV1 — t 


buat ac ee | 
er" sina, Vil — m4 


At steady state (t > ©) the terms involving e—$»' approach zero. Thus at steady state 


Po ( wo, \ 
X,<(0) = alae So Paes —2fu,, cos wt + 7] Sin wt 
n 
Po ‘ Pn k-mw’ . ; 
= cos wt + ————— sin w 
(k — mw’)? 1 b0* wo 


Pe RA, eee Ae Sone 
Vik — ma’y + bw? i. an kk — mo 


Consider the unit-step response of the second-order system 


C(s) _ we 


n 


R(s) 5? + 20,5 + 2 


The amplitude of the exponentially damped sinusoid changes as a geometric series. At time 
t = ft) = a/wa, the amplitude is equal to e~@a, After one oscillation, or at ¢ = tp + 27/wa = 
3a/wa, the amplitude is equal to e-(/«)3, after another cycle of oscillation, the amplitude is 
e-(/ea)5, The logarithm of the ratio of successive amplitudes is called the logarithmic decre- 
ment. Determine the logarithmic decrement for this second-order system. Describe a method 
for experimental determination of the damping ratio from the rate of decay of the oscillation. 


Solution. Let us define the amplitude of the output oscillation at f= 4 to be x;, where 4 = 
tp + (i - 1)T(T = period of oscillation). The amplitude ratio per one period of damped oscillation is 
eo (Ow) 


= aa = Ao/w)a = ota NI-P 
e Gf any 37 


x4 
x2 
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Figure 4-46 
Spring-mass—damper 
system. 


Thus, the logarithmic decrement 6 is 


6 =n = 
x VI-@ 
It is a function only of the damping ratio ¢. Thus, the damping ratio ¢ can be determined by use 
of the logarithmic decrement. 
In the experimental determination of the damping ratio ¢ from the rate of decay of the oscil- 


lation, we measure the amplitude x; at f = ¢, and amplitude x, at f = f + (n — 1)7. Note that it is 
necessary to choose n large enough so that the ratio x,/x, is not near unity. Then 


Ah Lola —egav TF 


xX, 
or 
26 
Vif \ 2 See = 
vie =(n—- 1) Lae 
Hence 
u In 
c= n-1 x, 


In the system shown in Figure 4—46, the numerical values of m, b, and k are given as m = 1 kg, 
b = 2 N-sec/m, and k = 100 N/m. The mass is displaced 0.05 m and released without initial ve- 


Woes ak te SUR ate Nn, Et te as Cake, Ne a, cae ae Be Bey Ce Pe Cnn SoC CNDS FF: Io Seana oem ly, VORP Fe ERC: NORRT -A OT ROR ENS SOO 
IOCILY. PING UIC MCQUCHey GLSCiveU Il UIC VIUTALIUL, 1 GUUINOH, HU Lue aipMluUe Loui LYLICS 
later. The displacement x is measured from the equilibrium position. 
Solution. The equation of motion for the system is 

mx + bx + kx =0 
Substituting the numerical values for m, b, and k into this equation gives 

¥ + 2x + 100x = 0 


where the initial conditions are x(0) = 0.05 and ¥(0) = 0. From this last equation the undamped 
natural frequency w, and the damping ratio ¢ are found to be 


ow, = 10, €=0.1 
The frequency actually observed in the vibration is the damped natural frequency wa. 
Wg = 0,V1 — 2 = 10V1 — 0.01 = 9.95 rad/sec 


In the present analysis, x(0) is given as zero. Thus, solution x(t) can be written as 


x(t) = x(O)e7 bn" [os awyt + 2 sin va) 
It follows that at ¢ = n7, where T = 22/wa, 
x(nT) = x(O)e enn? 
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Consequently, the amplitude four cycles later becomes 
XAT) = x(O)e CAT = x(D)e7 ONE LAN0.6315) 


= 0.05¢77576 = 0,05 x 0.07998 = 0.004 m 


A-4-13. Consider a system whose closed-loop poles and closed-loop zero are located in the s plane ona 
line parallel to the jw axis, as shown in Figure 4-47. Show that the impulse response of such a sys- 
tem is a damped cosine function. 


Figure 4-47 

Closed-loop pole—zero configuration 
of system whose impulse response is 
a damped cosine function. 


Solution. The closed-loop transfer function is 


C(s) _ K(s + 0) 


R(s) (s + o + jug(s + o — jw) 
For a unit-impulse input, R(s) = 1 and 


C(s) = _K(s +o) 


(s + of + w 
The inverse Laplace transform of C(s) is 
c(t) = Ke‘ cos wat, fort=0 
which is a damped cosine function. 


A-4-14, | Consider the liquid-level control system shown in Figure 4-48. The controller is of the propor- 
tional type. The set point of the controller is fixed. 
Draw a block diagram of the system, assuming that changes in the variables are small. Obtain 
the transfer function between the level of the second tank and the disturbance input gz. Obtain 
the steady-state error when the disturbance qq is a unit-step function. 


Solution. Figure 4—49(a) is a block diagram of this system when changes in the variables are 
small. Since the set point of the controller is fixed, 7 = 0. (Note that r is the change in set point.) 
To investigate the response of the ievei of the second tank subjected to a unit-step disturbance 
qa, we find it convenient to modify the block diagram of Figure 4—-49(a) to the one shown in Fig- 
ure 4—49(b). 
The transfer function between H2(s) and Qa(s) can be obtained as 
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Figure 4-48 
Liquid-level control 
system. 


Proportional 
controller 


KR2 
(RiCis + 1) (R2Cos + 1) 


(a) (h) 
Figure 4-49 
(a) Block diagram of the system shown in Figure 4-48; (b) modified block diagram. 


Hs) _ RR, Cis + 1) 
Qs) (R,C\s + 1)(RoC)s + 1) + KR, 


From this equation, the response H2(s) to the disturbance Q,(s) can be found: The effect of the 
controller is seen by the presence of K in the denominator of this last equation. 
For the unit-step disturbance Qa(s), we obtain 


R 
halo) = 1+ KR 
2, 


or 


Ry 


Steady-state error = — ———— 
1+ KR, 


The system exhibits offset in the response to a unit-step disturbance. 
Note that the characteristic equation for the disturbance input and that for the reference in- 
put are the same. The characteristic equation for this system is 


(R,C\s + 1)(R,C,s + 1) + KR, =0 
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Liquid-level control 


which can be modified to 


: (45 + 7&2) 1+ KR, 
se st ean 
RC RC, RC RC, 


The undamped natural frequency w, and the damping ratio ¢ are given by 


1+ KR; t RC, + RC, 
a, = fang ed tase ’ i 
RC\RzC, 2VR,C,R,C, V1 + KR, 


Both the undamped natural frequency and the damping ratio depend on the value of the gain K. 
This gain must be adjusted so that the transient responses to both the reference input and dis- 
turbance input show reasonable damping and reasonable speed. 


Consider the liquid-level control system shown in Figure 4-50. The inlet valve is controlled by a 
hydraulic integral controller. Assume that the steady-state inflow rate is O and steady-state out- 
flow rate is also Q the steady-state head is H, steady-state pilot valve displacement is X= 0, and 
steady-state valve position is ¥. We assume that the set point R corresponds to the steady-state 
head H. The set point is fixed. Assume also that the disturbance inflow rate qu, which is a small 
quantity, is applied to the water tank at ¢ = U. This disturbance causes the head to change from H 
to H+ h. This change results in a change in the outflow rate by q,. Through the hydraulic con- 
troller, the change in head causes a change in the inflow rate from O to 0+ q,.(The integral con- 
troller tends to keep the head constant as much as possible in the presence of disturbances.) We 
assume that all changes are of small quantities. 
Assuming the following numerical values for the system, 


C=2m’, R = 0.5 sec/m’, K, = 1 m’/sec 


v 


a=025m, 6 =0.75m, K, = 4sec'! 


_- C (Capacitance) 


O+ do 


D 
rae 


(Resistance) 
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obtain the response A(t) when the disturbance input gu is a unit-step function. Also obtain this 
response A(¢) with MATLAB. 


Solution. Since the increase of water in the tank during dr seconds is equal to the net inflow to 
the tank during the same di seconds, we have 


C dh = (4; — qo + qa) Ht (4-71) 
where 
h 
== 7 
Io= R (4-72) 


For the feedback lever mechanism, we have 


a 


<= 
a+b 


(4-73) 


We assume that the velocity of the power piston (valve) is proportional to pilot valve dis- 
placement x, or 


where K] is a positive constant. We also ass 
proportional to the change in the valve opening y, or 


qi = —Kyy (4-75) 
where Ky, is a positive constant. 
Now we obtain the cquations for the system as follows: From Equations (1-71), (4-72), and 
(4-75), we get 
dh h 
aU YO RT 4 (4-76) 
From Equations (4-73) and (4-74), we have 
dy K,a 
Y= (4-77) 
at a+b 


By substituting the given numerical values into Equations (4-76) and (4-77), we obtain 


dh 
2--=-y-2h+ 
dt y da 


Taking the Laplace transforms of the preceding two equations, assuming zero initial condi- 
tions, we obtain 


No 
io 
z 
wn 
ied 

ll 


-¥(s) — 2H(s) + Quls) 


sY¥(s) = As) 
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By eliminating Y(s) from the last two equations and noting that the disturbance input is a unit- 
step function, or Q.(s) = 1/s, we get 
0.5 


oa is (s + 0.5)? + 0.5" 


need St 
2s? +2s+15 
The inverse Laplace transform of H(s) gives the time response A(f). 
h(t) = e © sin 0.5t 


Notice that the unit-step disturbance input g, caused a transient error in the head which be- 
comes zero at steady state. The integral controller thus climinated the error caused by the dis- 
turbance input qu. 


Plotting the response curve h(t) with MATLAB. Since the response //(s) is given by 


s l 


SD So aerans eval 


MATLAB Program 4-13 may be used to obtain the response to the unit-step disturbance input. 
The resulting response curve is shown in Figure 4-51. 


MATLAB Program 4-13 


% ---------- Unit-step response ---------- 


% ***** Enter numerator and denominator of the transfer 
% function ***** 


num={[0 1. Ol]; 
den=(2 2 1]; 


% ***** Enter step command ***** 


step(num,den) 
grid 
title(‘Unit-Step Response’) 


A-416. Consider the impulse response of the standard second-order system defined by 


ao See 
R(s) s* + 2bw,s + a 
For a unit-impulse input, R(s) = 1. Thus 
= w, wes 1 
C(s) — SA oe = SA Bil oe ae 
27+ 2tws+or s+ 2tust+wis 


Consider the normalized system where w, = 1. Then 


Ss 1 


cd Aaaiee  ra 
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Figure 4-51 
Response to unit- 
step disturbance 
input. 


Unit-Step Response 


Amplitude 


Time (sec) 


MATLAB Program 4—14 


% ---------~ Unit-impulse response ---------- 


% ***** Unit-impulse response curves for the normalized 
% second-order system G(s) = 1/[s42 + 2(zeta)s + 1] ***** 


% ***** The unit-impulse response is obtained as the 
% unit-step response of sG(s) ***** 


% ***** The values of zeta considered here are 0.1, 0.3, 
% 0.5, 0.7, and 1.0 ***** 


% ***** Enter the numerator and denominator of sG(s) for 
% zeta = 0.1 **** 


num=[0 1 O]; 
deni =[1 0.2 1]; 


% ***** Specify the computing time points (such as t = 0:0.1:10). 
% Then enter the step-response command step(num,den,t) and text 
% command text(, ,’’) ***** 


Example Problems and Solutions 


Consider five different values of zeta: € = 0.1, 0.3, 0.5, 0.7, and 1.0. Obtain the unit-impulse re- 
sponse curves for each zeta with MATLAB. 


Solution. A MATLAB program for plotting the five unit-impulse response curves in one dia- 
gram is given in MATLAB Program 4—14. The resulting diagram is shown in Figure 4—52. 
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t = 0:0.1:10; 
step(num,den1,t); 
text(2.2,0.88,’Zeta = 0.1’) 


% ***** Hold this plot and add other unit-impulse response 
% curves to it ***** 


hold 
Current plot held 


% ***** Enter denominators of sG(s) for zeta = 0.3, 0.5, 
$6'0.7,,and 1,0: ***** 


den2=[1 0.6 1];den3=[1 1 1)];den4=[1 1.4 1]; 
den5=[1 2 1]; 


% ***** Superimpose on the held plot the unit-impulse response 
% curves for zeta = 0.3, 0.5, 0.7, and 1.0 by entering 

% successively the step-response command step(num,den,t) 

% and text command text(, ,’") ***** 


step(num,den2,1); 
text(1.33,0.72,/0.3’) 
step(num,den3,t); 
text(1.15,0.58,'0.5’) 
step(num,den4,t); 
text(1.1,0.46,'0.7’) 
step(num,den5,0); 
text(0.8,0.28,'1.0') 


% ***** Enter grid and title of the plot ***** 


grid 
title(Impulse-Response Curves for G(s) = 1/ls®2 + 2(zeta)s + 1]’) 


% ***** Clear hold on graphics ***** 


hold 


Current plot released 


From the unit-impulse response curves for different values of zeta,we may conclude that if the 
impulse response c(t) does not change sign the system is cither critically damped or overdamped, 
in which case the corresponding step response does not overshoot, but increases or decreases mo- 
notonically and approaches a constant value, 
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Impulse-Response Curves for G(s) = I/[s42+2(zeta)s+1] 


Zeta = 0.1 


Amplitude 


Figure 4-52 


0.8 1a oe 1 4 1 Ra caeneaer 
Unit-impulse re- 0 1 2 3 4 5 6 7 & 9 10 
sponse curves. Time (sec) 
PROBLEMS 


B-4-1. A thermometer requires 1 min to indicate 98% of 
the response to a step input. Assuming the thermometer to 
be a first-order system, find the time constant. 

If the thermometer is placed in a bath, the temperature 
of which is changing linearly at a rate of 10°/min, how much 
error does the thermometer show? 


B-4-2. Consider the system shown in Figure 4-53. An 
armature-controlled de servomotor drives a load consist- 
ing of the moment of inertia /;. The torque developed by 
the motor is 7 The angular displacements of the motor 
rotor and the load element are @,, and 6, respectively. 
The gear ratio is 1 — 4/2 Obtain th 


the 
ane Bear ratio Given SZOtdIn Ine 


O(s\/Ei(s). 


B-4-3, Consider the system shown in Figure 4—-54(a). The 
damping ratio of this system is 0.158 and the undamped nat- 


orefoe fun ating 
transfer function 


Figure 4-53 
Armature-controlled 
dc servomotor 
system. 


Problems 


ural frequency is 3.16 rad/sec. To improve the relative sta- 
bility, we employ tachometer feedback. Figure 4~54(b) 
shows such a tachometer-feedback system. 

Determine the value of Ky, so that the damping ratio of 
the system is 0.5. Draw unit-step response curves of both the 
original and tachometer-feedback systems. Also draw the er- 
ror-versus-time curves for the unit-ramp response of both 
systems. 


B-4-4, Obtain the unit-step response of a unity-feedback 
system whose open-loop transfer function is 


B-4-5. Consider the unit-step response of a unity-feedback 
control system whose open-loop transfer function is 
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Figure 4-54 

(a) Control system; 
(b) control system 
with tachometer 
feedback. 


Obtain the rise time, peak time, maximum overshoot, and 
settling time. 


Syst 


a0) 0 


s? + 26,5 + w2 


ystem given by 
= 7 


Determine the values of € and w, so that the system re- 
sponds to a step input with approximately 5% overshoot 
and with a settling time of 2 sec. (Use the 2% criterion.) 

B-4-7. Figure 4-55 is a biock diagram of a space-vehicie at- 
titude-control system. Assuming the time constant T of the 


R(s) 


Figure 4-55 
Space-vehicle atti- 
tude-control system. 


Impulsive 
force 


si) > 
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controller to be 3 sec and the ratio of torque to inertia K/J 
to be #rad2/sec?, find the damping ratio of the system. 


B-4-8. Consider the system shown in Figure 4-56. The sys- 
tem is initially at rest. Suppose that the cart is set into mo- 
tion by an impulsive force whose strength is unity. Can it be 
stopped by another such impulsive force? 


B-4-9. Obtain the unit-impulse response and the unit- 
step response of a unity-feedback system whose open-loop 
transfer function is 


25 +1 
G(s) = a 


= x (ha Bred eas eis te aes pune ee en 
B-4-10. Consider the system shown in Figure 4-57. Show 


that the transfer function Y(s)/X(s) has a zero in the right- 


vehicle 


Figure 4-56 
Mechanical system. 
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half s plane. Then obtain y(t) when x(t) is a unit step. Plot 
y(t) versus ¢. 


B-4-11. An oscillatory system is known to have a transfer 


function of the following form: 
w 
ee a 
Gis) 5? + 2fw,8 + w 


Assume that a record of a damped oscillation is available as 
shown in Figure 4-58. Determine the damping ratio ¢ of the 
system from the graph. 


B-4-12. Referring to the system shown in Figure 4-59, de- 
termine the values of K and & such that the system has a 
damping ratio ¢ of 0.7 and an undamped natural frequency 


o, of 4 rad/sec. 
i (\ Nn aw 
ty 


Figure 4-59 
Closed-loop system. 


Figure 4-57 
System with zero in the right-half 
s plane. 


B-4-13. Consider the system shown in Figure 4—60. Deter- 
mine the value of k such that the damping ratio ¢ is 0.5.Then 
obtain the rise time t,, peak time fp, maximum overshoot M,, 
and settling time #; in the unit-step response. 


B-4-14, Using MATLAB, obtain the unit-step response, 
unit-ramp response, and unit-impulse response of the fol- 
lowing system: 


C(s) _ 10 

R(s) s* + 2s + 10 
where R(s) and C(s) are Laplace transforms of the input r(t) 
and output c(f), respectively. 


B-4-15. Using MATLAB, obtain the unit-step response, 
unit-ramp response, and unit-impulse response of the 


Figure 4-58 
Decaying oscillation. 


Figure 4-60 
Block diagram of 
a system. 


Problems 
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following system: where uw is the input and y is the output. 


x,|  |-l —-O5S])x, 0.5 B-4-16. Consider the same problem as discussed in Prob- 
Xp “| 4 0 X> as 0 if lem A-4-16. It is desired to use different marks for different 
curves (such as ‘0’, ‘X’, ‘--’, ©’, °°), Modify MATLAB Pro- 
x, gram 4-14 for this purpose. 
Po. OM: 
2 
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Basic Control Actions 
and Response of 
Control Systems 


5-1 INTRODUCTION 


An automatic controller compares the actual value of the plant output with the refer- 
ence input (desired value), determines the deviation, and produces a control signal that 
will reduce the deviation to zero or to a small value. The manner in which the automatic 
controller produces the control signal is called the control action. 

In this chapter we shall first discuss the basic control actions used in industrial con- 
trol systems. Then we shall discuss the effects of integral and derivative conirol actions 

n the system response. We shall next consider the response of higher-order systems. 
Any physical system will become unstable if any of the closed-loop poles lies in the 
right-half s plane. To check the existence or nonexistence of such right-half plane poles, 
the Routh stability criterion is useful. We shall include discussions of this stability cri- 
terion in this chapter. 

Many industrial automatic controllers are electronic, hydraulic, pneumatic, or their 
combinations. In this chapter we present principles of pneumatic controllers, hydraulic 
controllers, and electronic controllers. 

The outline of this chapter follows: Section S—1 has presented introductory material. 
Section 5—2 gives the basic control actions commonly used in industrial automatic con- 
trollers. Section 5-3 discusses the effects of integral and derivative control actions on 
system performance. Section 5—4 deals with higher-order systems, and Section 5—5 treats 
Routh’s stability criterion. Sections 5-6 and 5—7 discuss pneumatic controllers and hy- 
draulic controllers, respectively. Here we introduce the principle of operation of pneu- 
matic and hydraulic controllers and methods for generating various control actions. 
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Section 5—8 treats electronic controllers using operational amplifiers. Section 5—9 dis- 
cusses phase lead and phase lag in sinusoidal response. We derive the sinusoidal trans- 
fer function and show phase lead and phase lag that may occur in the sinusoidal 
response. Finally, in Section 510 we treat steady-state errors in system responses. 


5-2 BASIC CONTROL ACTIONS 


Figure 5-1 

Block diagram of an 
industrial control sys- 
tem, which consists of 
an automatic con- 
troller, an actuator, a 
plant, and a sensor 
(measuring element). 
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In this section we shall discuss the details of basic control actions used in industrial ana- 
log controllers. We shall begin with classifications of industrial analog controllers. 

Ciassifications of industrial controllers. Industri 
according to their control actions as: 


5 
aQ 
° 
= 
a 
° 


1. Two-position or on-off controllers 

2. Proportional controllers 

3. Integral controllers 

4. Proportional-plus-integral controllers 

§. Proportional-plus-derivative controllers 

6. Proportional-plus-integral-plus-derivative controllers 


Most industrial controllers use electricity or pressurized fluid such as oil or air as 
power sources. Controllers may also be classified according to the kind of power em- 
ployed in the operation, such as pneumatic controllers, hydraulic controllers, or elec- 
tronic controllers. What kind of controller to use must be decided based on the nature 
of the plant and the operating conditions, including such considerations as safety, cost, 
availability, reliability, accuracy, weight, and size. 


Automatic controller, actuator, and sensor (measuring element). Figure 5—] 
is a block diagram of an industrial control system, which consists of an automatic con- 
troller, an actuator, a plant, and a sensor (measuring element). The controller detects 
the actuating error signal, which is usually at a very low power level, and amplifies it to 
a sufficiently high level. The output of an automatic controller is fed to an actuator, such 
as a pneumatic motor or valve, a hydraulic motor, or an electric motor. (The actuator is 


Automatic controller 


Reference 
input 


i) 
i) 
1 
| 
' 
1 
, Actuator 
| 
1 
i 
1 
i 
i 
Sensor 
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Actuating 
error signal 


a power device that produces the input to the plant according to the control signal so 
that the output signal will approach the reference input signal.) 

The sensor or measuring element is a device that converts the output variable into 
another suitable variable, such as a displacement, pressure, or voltage, that can be used 
to compare the output to the reference input signal. This element is in the feedback 
path of the closed-loop system. The set point of the controller must be converted to a 
reference input with the same units as the feedback signal from the sensor or measur- 
ing element. 


Self-operated controllers. In most industrial automatic controllers, separate 
units are used for the measuring element and for the actuator. In a very simple one, how- 
ever, such as a self-operated controller, these elements are assembled in one unit. Self- 
operated controliers utilize power developed by the measuring eiement and are very 
simple and inexpensive. An example of such a self-operated controller is shown in Fig- 
ure 5—2. The set point is determined hy the adjustment of the spring force. The con- 
trolled pressure is measured by the diaphragm. The actuating error signal is the net 
force acting on the diaphragm. Its position determines the valve opening. 

The operation of the self-operated controller is as follows: Suppose that the output 
pressure is lower than the reference pressure, as determined by the set point. Then the 


downward spring force is greater than the upward p pressure force , resulting i in a down- 


ward movement of the diaphragm. This increases the flow rate and raises the output 
pressure. When the upward pressure force equals the downward spring force, the valve 
plug stays stationary and the flow rate is constant. Conversely, if the output pressure is 
higher than the reference pressure, the valve opening becomes small and reduces the 


d controlicris: 


ot va AA ad fa 
ow rate through the val Si aicG cOntroucr is widcly uscd 107 


flo W Tate through wie vaive opening, 


water and gas pressure control. 


Two-position or on-off control action. In a two-position control system, the ac- 
tuating element has only two fixed positions, which are, in many cases, simply on and 
off. Two-position or on-off control is relatively simple and inexpensive and, for this rea- 
son, is very widely used in both industrial and domestic control systems. 

Let the output signal from the controller be u(t) and the actuating error signal be 
e(t). In two-position control, the signal u(t) remains at either a maximum or minimum 
value, depending on whether the actuating error signal is positive or negative, so that 


Set point 


Diaphragm en 
es | : 


Figure 5-2 
Valve plug Self-operated controller. 
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Figure 5-3 

(a) Block diagram of 
an on-off controller; 
(b) block diagram of 
an on-off controller 
with differential gap. 
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u(t) = U,, for e(t) > 0 


U2, for e(t) < 0 


where U; and U2 are constants. The minimum value U; is usually either zero or — Uj. 
Two-position controllers are generally electrical devices, and an electric solenoid- 
operated valve is widely used in such controllers. Pneumatic proportional controllers 
with very high gains act as two-position controllers and are sometimes called pneumatic 
two-position controllers. 

Figures 5-3 (a) and (b) show the block diagrams for two-position controllers. The 
range through which the actuating error signal must move before the switching occurs 
is called the differential gap.A differential gap is indicated in Figure 5—3(b). Such a dif- 
ferential gan causes the controller output u(t) to maintain its present value until the 
actuating error signal has moved slightly beyond the zero value. In some cases, the 
differential gap is a result of unintentional friction and lost motion; however, quite 
often it is intentionally provided in order to prevent too frequent operation of the 
one-off mechanism. 

Consider the liquid-level control system shown in Figure 5—4(a), where the electro- 
magnetic valve shown in Figure 5—4(b) is used for controlling the inflow rate. This valve 
is either open or closed. With this two-position control, the water inflow rate is either a 
positive constant or zero. As shown in Figure 5-5, the output signal continuously moves 
between the two limits required to cause the actuating element to move from one fixed 


Differential gap , 
<r ¢ Ui u é i 
Q+| |, Q+}-7 


(a) (b) 
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(a) (b) 


Figure 5-4 
(a) Liquid-level control system; (b) electromagnetic valve. 
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AiO 


Differential 
gap 


Figure 5-5 
Level A(t) versus t curve for the sys- 
0 t tem shown in Figure 5~4(a). 


position to the other. Notice that the output curve follows one of two exponential 
curves, one corresponding to the filling curve and the other to the emptying curve. Such 
output oscillation between two limits is a typical response characteristic of a system un- 
der two-position control. 

Frum Figure 5—5, we notice thal the amplitude of the output oscillation can be re- 
duced by decreasing the differential gap. The decrease in the differential gap, however, 
increases the number of on-off switchings per minute and reduces the useful life of the 
component. The magnitude of the differential gap must be determined from such con- 
siderations as the accuracy required and the life of the component. 


Proportional control action. For a controller with proportional control action, 
the relationship between the output of the controller u(f) and the actuating error sig- 
nal e(?) is 


or, in Laplace-transformed quantities, 


Us) _ 
E(s) —? 


where K; is termed the proportional gain. 

Whatever the actual mechanism may be and whatever the form of the operating 
power, the proportionai coniroiier is essentialiy an amplifier with an adjustabie gain. A 
block diagram of such a controller is shown in Figure 5-6. 


Integral control action. In a controller with integral control action, the value of 
the controller output u(r) is changed at a rate proportional to the actuating error signal 
e(t). That is, 


du(t) _ 
i K,e(t) 


E(s) Us) 
Se 
Figure 5-6 
Block diagram of a proportional 
controller. 
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or 


t 
u(t) = K, | e(t) dt 
0 
where K; is an adjustable constant. The transfer function of the integral controller is 


UG) _ Ki 


E(s) ss 


If the value of e(t) is doubled, then the value of u(z) varies twice as fast. For zero actu- 
ating error, the value of u(t) remains stationary. The integral control action is sometimes 
called reset control. Figure 5-7 shows a block diagram of such a controller. 


Proportional-plus-integral control action. The control action of a proportional- 
plus-integral controller is defined by 


u(t) = K,e(t) + ae e(t) dt 


or the transfer function of the controller is 


ares / 1 \ 
U(s) _ 1 

E(s) K,l1 i Ts) 
where K;j is the proportional gain, and 7; is called the integral time. Both K, and T; are 
adjustable. The integral time adjusts the integral control action, while a change in the 
value of K, affects both the proportional and integral parts of the control action. The 
inverse of the integral time T; is called the reset rate. The reset rate is the number of 
times per minute that the proportional part of the control action is duplicated. Reset 
rate is measured in terms of repeats per minute. Figure 5-8 (a) shows a block diagram 
of a proportional-plus-integral controller. If the actuating error signal e(f) is a unit-step 
function as shown in Figure 5-8(b), then the controller output u(¢) becomes as shown 


in Figure 5-8(c). 


Proportional-plus-derivative control action. The control action of a proportional- 
plus-derivative controller is defined by 


u(t) = K,e(t) + KT 


and the transfer function is 


U(s 
a K,( + Ts) 


Bs) (K, Ue) 


Figure 5-7 
Block diagram of an integral 
controller. 
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Figure 5-8 


Kp (1 + Tjs) 
T;s 


u(t) 


PI control action 


e(t) Unit step 


(a) (b) (c) 


(a) Block diagram of a proportional-plus-integral controller; (b) and (c) diagrams depicting a unit-step input and the 


controller output. 


Figure 5-9 


Kp(1 + Tas) 


(a) 


where K, is the proportional gain and 7, is a constant called the derivative time. Roth 
Ky and Tz, are adjustable. The derivative control action, sometimes called rate control, 
is where the magnitude of the controller output is proportional to the rate of change of 
the actuating error signal. The derivative time 74 is the time interval by which the rate 
action advances the effect of the proportional control action. Figure 5-9(a) shows a 
block diagram of a proportional-plus-derivative controller, If the actuating error signal 
e(é) is a unit-ramp function as shown in Figure 5-9(b), then the controller output u(t) 
becomes as shown in Figure 5—9(c). As may be seen from Figure 5—9(c), the derivative 
control action has an anticipatory character. As a matter of course, however, derivative 
control action can never anticipate any action that has not yet taken Place. 


nt at hang tha 
While derivative control action has the advantage of being a anticipatory y, it mas tc 


disadvantages that it amplifies noise signals and may cause a saturation effect in the 
actuator. 

Note that derivative control action can never be used alone because this control 
action is effective only during transient periods. 


Proportional-plus-integral-plus-derivative control action. The combination of 
proportional control action, intearal control action. and derivative control action is 


MAE AR AAR CME AO, Peed COTO. acon, abe Cerivauve COmrO: action is 


termed proportional-plus- intepral- plus-derivative control action. This combined action 


u(t) 


PD control 


action “ 


e(t) 


Unit ramp 


Ne 


(b) (c) 


(a) Block diagram of a proportional-plus-derivative controller; (b) and (c) diagrams depicting a unit-ramp input and the 


controller output. 
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Figure 5-10 

(a) Block diagram 

of a proportional- 
plus-integral-plus- 
derivative controller; 
(b) and (c) diagrams 
depicting a unit-ramp 
input and the con- 
troller output. 
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has the advantages of each of the three individual control actions. The equation of a con- 
troller with this combined action is given by 


u(t) = K,e(t) + al e(t) dt + K,T, 7,2 


or the transfer function is 


Fo = x1 “75+ Ta] 


£ 


where K, is the proportional gain, 7; is the integral time, and Tz is the derivative time. 
The block diagram of a proportional-plus-integral-plus-derivative controller is shown 
in Figure 5-10(a). If e(¢) is a unit-ramp function as shown in Figure 5-10(b), then the 
controller output u(t) becomes as shown in Figure 5 10(c). 


Effects of the sensor (measuring element) on system performance. Since 
the dynamic and static characteristics of the sensor or measuring element affect the 
indication of the actual value of the output variable, the sensor plays an important 
role in determining the overall performance of the control system. lhe sensor usu- 
ally determines the transfer function in the feedback path. If the time constants of 
a sensor are negligibly small compared with other time constants of the control sys- 
tem, the transfer function of the sensor simply becomes a constant. Figures 5-11(a), 
(b), and (c) show block diagrams of automatic controllers having a first-order sen- 
sor, an overdamped second-order sensor, and an underdamped second-order sensor, 
respectively. The response of a thermal sensor is often of the overdamped second- 
order type. 
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Figure 5-11 

Block diagrams of 
automatic controllers 
with (a) first-order 
sensor; (b) over- 
damped sccond- 
order sensor; 

(c) underdamped 
second-order sensor. 
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5-3 EFFECTS OF INTEGRAL AND DERIVATIVE CONTROL 
ACTIONS ON SYSTEM PERFORMANCE 


In this section, we shall investigate the effects of integral and derivative control 
actions on the system performance. Here we shall consider only simple systems so that 
the effects of integral and derivative control actions on system performance can be 
clearly seen. 


Integral control action. In the proportional control of a plant whose transfer 
function does not possess an integrator 1/s, there is a steady-state error, or offset, in the 
response to a step input. Such an offset can be eliminated if the integral control action 
is included in the controller. 

In the integral control of a plant, the control signal, the output signal from the con- 
troller, at any instant is the area under the actuating error signal curve up to that instant. 
The control signal u(t) can have a nonzero value when the actuating error signal e(r) is 
zero, as shown in Figure 5—12(a). This is impossible in the case of the proportional con- 
troller since a nonzero control signal requires a nonzero actuating error signal. (A 
nonzero actuating error signal at steady state means that there is an offset.) Figure 
5-12(b) shows the curve e(t) versus t and the corresponding curve u(t) versus t when the 
controller is of the proportional type. 

Note that integral control action, while removing offset or steady-state error, may 
lead to oscillatory response of slowly decreasing amplitude or even increasing ampli- 
tude, both of which are usually undesirable. 


Integral control of liquid-level control systems. In Section 4-2, we found that 
the proportional control of a liquid-level system will result in a steady-state error with 
a step input. We shall now show that such an error can be eliminated if integral control 
action is included in the controller. 
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Figure 5-12 

(a) Plots of e(t) and 
u(t) curves showing 
nonzero control signal 
when the actuating er- 
ror signal is zero (inte- 
gral control); (b) plots 
of e(¢) and u(t) curves 
showing zero control 
signal when the actu- 
ating error signal is 
zero (proportional 
control). 


O+q; —> 


Figure 5-13 


Figure 5-13(a) shows a liquid-level control system. We assume that the controller is 
an integral controller. We also assume that the variables x, q, 4, and qo, which are mea- 
sured from their respective steady-state values X, Q, H, and Q, are small quantities so that 
the system can be considered linear. Under these assumptions, the block diagram of the 
system can be obtained as shown in Figure 5-13(b). From Figure 5-13(b), the closed- 


e(t) 


Qo 
~ 


u(t) 


oQ 
~ 


(a) 


e(t) 


o 
™ 


uy) 


o 
~ 


(b) 


loop transfer function between H(s) and X(s) is 


Hence 


Since the system is stable, the steady-state error for the unit-step response is obtained 


KR 


X(s) RCs? +5+KR 


E(s) _ X(s) — H(s) 
Xs) Xs) 
RCs +5 


~ RCs? +5 + KR 


by applying the final-value theorem, as follows: 


(a) 


p< O+4 


(a) Liquid-level control system; (b) block diagram of the system. 
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(b) 


é,, = lim sE(s) 
530 


‘ s(RCs? +s) 1 
= lim 7 
so0 RCs +54 KR 5 


=0 


Integral control of the liquid-level system thus eliminates the steady-state error in the 
response to the step input. This is an important improvement over the proportional con- 
trol alone, which gives offset. 


Response to torque disturbances (proportional control). Let us investigate 
the effect of a torque disturbance occurring at the load element. Consider the system 
shown in Figure 5-14. The proportional controller delivers torque T to position the load 
element, which consists of moment of inertia and viscous friction. Torque disturbance 
is denoted by D. 

Assuming that the reference input is zero or R(s) = 0,the transfer function between 
C(s) and D(s) is given by 


Hence 


Es) _ _ Cs) 1 
Dis) Dis) Js? + bs + K, 


The steady-state error due to a step disturbance torque of magnitude Ty is given by 


é,; = limsE(s) 


s30 
= tim ——>—- 4 
‘s 0 Js? + bs + K, Ss 
1 
aaa 


Dp 


At steady state, the proportional controller provides the torque — 74, which is equal 
in magnitude but opposite in sign to the disturbance torque 7,4. The steady-state output 
due to the step disturbance torque is 


D 
R x E | re T Be | Cc 
P 
Figure 5-14 
Control system with 
a torque disturbance. 
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TQ 
Css on Ess mate 
K, 
The steady-state error can be reduced by increasing the value of the gain K,. Increas- 
ing this value, however, will cause the system response to be more oscillatory. 


Obtaining responses with MATLAB. In what follows, we shall obtain the re- 
sponse curves of the system shown in Figure 5-14 when it is subjected to a unit-step dis- 
turbance. Specifically, we shall obtain step-response curves for a small value of K, and 
a large value of Kp. 


Consider two cases: 


Case l: J=1,b=0.5,K,=1 (system 1): 
es) 
Dis) s? +055 +1 


Case2: J=1,b =0.5,K,=4 (system 2): 


&s)_ 
Dos) s+055 +4 


For system 2 


num2=[0 0O 1] 
den2 = [i 0.5 4] 


In MATLAB Program 5-1 we have used notations y1 and y2 for the response. y1 is the 
response c(t) of system 1, and y2 is the response c(t) of system 2. 

In MATLAB Program 5-1, note that we have used the plot command with multiple 
arguments, rather than using the hold command. (We get the same result either way.) 
To use the plot command with multiple arguments, the sizes of the y1 and y2 vectors 
need not be the same. However, it is convenient if the two vectors are of the same length. 
Hence, we specify the same number of computing points by specifying the computing 
time points (such as t = 0:0.1:20). The step command must include this user-specified 
time t. Thus, in MATLAB Program 5-1 we have used the following step command: 


ly, x, Y = step(num, den,l) 


The unit-step response curves obtained by use of MATT.AB Program 5-1 are shown in 
Figure 5-15. 


Chapter 5 / Basic Control Actions and Response of Control Systems 


Figure 5-15 
Unit-step response 
curves. 
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MATLAB Program 5-1 


% --------—- Plotting two step-response curves on one 
% diagram -— 


% *****Enter numerators and denominators of two 
% transfer functions***** 


num1=[0 O 1]; 
deni =[1 0.5 1); 
num2=[0 0O 1]; 
den2=[1 0.5 4]; 


% ***** To plot two step-response Curves y1 versus t 
% and y2 versus t on one diagram and write texts 

% ‘System 1‘ and ‘System 2’ to distinguish two curves, 
% enter the following commands ***** 


t = 0:0.1:20; 

[y1,x1,t] = step(num1,den1 ,t); 

ly2,x2,t] = step(num2,den2,1); 

plot(t,y1,t,y2) 

grid 

text(11,0.75,’System 1’), text(11.2,0.16,’System 2’) 


% ***** Add title of the plot, xlabel, and ylabel ***** 


title(‘Step Responses of Two Systems’) 
xlabel(‘t Sec’) 
ylabel(‘Outputs y1 and y2’) 


Step Responses of Two Systems 
1.5 


Outputs y1 and y2 


0 2 4 6 & 10 12 14 16 18 20 
tSec 
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Figure 5-16 
Proportional-plus- 
integral control of 

a load element con- 
sisting of moment 

of inertia and viscous 
friction. 
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Response to torque disturbances (proportional-plus-integral control). To 
eliminate offset due to torque disturbance, the proportional controller may be replaced 
by a proportional-plus-integral controller. 

If integral control action is added to the controller, then, as long as there is an error 
signal, a torque is developed by the controller to reduce this error, provided the control 
system is a stable one. 

Figure 5-16 shows the proportional-plus-integral control of the load element, con- 
sisting of moment of inertia and viscous friction. 

The closed-loop transfer function between C(s) and D(s) is 


Cs) _ s 
D(s) 


r3 1 he? 12 ww ea 
J TPS FT INDY OT 


In the absence of the reference input, or r(f) = 0, the error signal is obtained from 


E(s) = -————= D6) 


3 2 P 
Js’ + bs ee aera 


If this control system is stable, that is, if the roots of the characteristic equation 


steady-state error i 


a e int 
turbance torque can be obtained by applying the final- 


th 
aie theater stollows: 
5 = lim sE(s) 
530 
eZ 1 
= lim * = 
Ss 


K 
$70 753 4 bs? +K,s+—2 


=0 


Thus steady-state error to the step disturbance torque can be eliminated if the con- 
troller is of the proportional-plus-integral type. 

Note that the integral control action added to the proportional controller has con- 
verted the originally second-order system to a third-order one. Hence the control sys- 
tem may become unstable for a large value of Kp since the roots of the characteristic 
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Figure 5-17 


Integral control of a 

load element consist- 
ing of moment of in- 
ertia and viscous 


friction. 


equation may have positive real parts. (The second-order system is always stable if the 
coefficients in the system differential equation are all positive.) 

It is important to point out that if the controller were an integral controller, as in Fig- 
ure 5-17, then the system always becomes unstable because the characteristic equation 


Js + bse +K=0 


will have roots with positive real parts. Such an unstable system cannot be used in practice. 

Note that in the system of Figure 5-16 the proportional control action tends to sta- 
bilize the system, while the integral control action tends to eliminate or reduce steady- 
state error in response to various inputs. 


Derivative control action. Derivative control action, when added to a propor- 
tional controller, provides a means of obtaining a controller with high sensitivity. An 
advantage of using derivative control action is that it responds to the rate of change 
of the actuating error and can produce a significant correction before the magnitude 
of the actuating error becomes too large. Derivative control thus anticipates the actu- 
ating error, initiates an early corrective action, and tends to increase the stability of 
the system. 

Although derivative control does not affect the steady-state error directly, it adds 
damping to the system and thus permits the use of a larger value of the gain K, which 
will result in an improvement in the steady-state accuracy. 

Because derivative control operates on the rate of change of the actuating error and 
not the actuating error itself, this mode is never used alone. It is always used in combi- 
nation with proportional or proportional!-plus-integral control action. 


Proportional control of systems with inertia load. Before we discuss the effect 
of derivative control action on system performance, we shall consider the proportional 
control of an inertia load. 

Consider the system shown in Figure 5—18(a). The closed-loop transfer function is 
obtained as 


C(s) Kp 
R(s) Js? + K, 
Since the roots of the characteristic equation 
Js? + K= 0 


are imaginary, the response to a unit-step input continues to oscillate indefinitely, as 
shown in Figure 5-18(b). 
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(a) 


! Lr a —f— Figure 5-18 
(a) Proporticona! ntrol of yotem 


| / \ / N A (ay £rOoporiona 


0 t with inertia load; (b) response to a 
(b) unit-step input. 


Control systems exhibiting such response characteristics are not desirable. We shall 
see that the addition of derivative control will stabilize the system. 


Proportional-plus-derivative control of a system with inertia load. Let us 
modify the proportional controller to a proportional-plus-derivative controller whose 
transfer function is K,(1 + Tas). The torque developed by the controller is proportional 
to K,(e + Taé). Derivative control is essentially anticipatory, measures the instanta- 
neous error veluciiy, and predicis the large overshoui ahead of time and produces an 
appropriate counteraction before too large an overshoot occurs. 

Consider the system shown in Figure 5-19(a). The closed-loop transfer function 
is given by 

Cs) K,(1 + 7s) 


R(s) Js? + K,T,s + K, 


The characteristic equation 
Js? + K,Ts + K, = 0 


now has two roots with negative real parts for positive values of J, Kp, and Ty. Thus de- 
rivative control introduces a damping effect. A typical response curve c(t) to a unit-step 
input is shown in Figure 5—19(b). Clearly, the response curve shows a marked improve- 
ment over the original response curve shown in Figure 5-18(b). 


Proportional-plus-derivative control of second-order systems. A compro- 
mise between acceptable transient-response behavior and acceptable steady-state be- 
havior may be achieved by use of proportional-plus-derivative control action. 

Consider the system shown in Figure 5-20. The closed-loop transfer function is 


C(s) is K, + Kys 
R(s) Js’ + (B+K,)s + K, 
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C(s) c(t) 
K,( + Tys) Sa 1 


0 t 
(a) (b) 
Figure 5-19 
(a) Proportional-plus-derivative control of a system with inertia load; (b) response to a unit- 
step input. 


The steady-state error for a unit-ramp input is 
B 
eS 
Ss K, 
The characteristic equation is 
Js’ + (B+ K,)s + K, = 0 


The effective damping coefficient of this system is thus B + Kg rather than B. Since the 
damping ratio ¢ of this system is 


ble to make both the steady-state e = x 
overshoot for a step input small by making B small, Kp large, and Ka large enough so 
that ¢ is between 0.4 and 0.7. 

In the following, we shall examine the unit-step response of the system shown in Fig- 
ure 5-20. Let us define 


K, K, 
= —2 = 2 
na i 7 K, 


The closed-loop transfer function can then be written 


C(s) _ @; st+z 


n 


Rs) zs? + 26,5 + w 


When a second-order system has a zero near the closed-loop poles, the transient- 
response behavior becomes considerably different from that of a second-order system 
without a zero. 


1 


Figure 5-20 
Control system. 
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c(t) 1.Oh... 


Figure 5-21 
Unit-step response curves of the 
second-order system 


2 
C(s) _ @, st+z 
R(s) z+ 2w,8 + w? 
€=05 
Te Bi sk ee et se akin aff. 1 —£ th eee EES Re TT 
Hi tne zero at s = ie is located close to tne jw axis, the effect of tn © Zero O11 tne Uilit- 


step response is quite significant. Typical step-response curves of this system with 
€ = 0.5 and various values of zw) are shown in Figure 5-21. 
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In this section, we shall first discuss the unit-step response of a particular type of 
higher-order system. We shall then present a transient response analysis of higher- 
order systems in general terms, Finally, we shall present a discussion of stability analy- 
sis in the complex plane. 


Transient response of higher-order systems. Consider the system shown in 
Figure 5-22. The closed loop transfer function is 


Cs) ___ GO) iss 
R(s) 1 + G(s)H(s) 
In general, G(s) and H(s) are given as ratios of polynomials in s, or 
G(s) = p(s) and A(s) = ae) 
qs) (s) 
where p(s), q(s), n(s), nomial The closed-loop transfer function 


an 
given by Equation (5—1) may then be written 
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Figure 5-22 
Control system. 


CW) p(s)d(s) 


Rs) g(s)d(s) + p(s)n(s) 


_ bos + bys | +++ + bs + By 
1 : 
AS" tas" +++ +4, 18 +4, 


The transient response of this system to any given input can be obtained hy a com- 
puter simulation (see Section 4—4). If an analytical expression for the transient re- 
sponse is desired, then it is necessary to factor the denominator polynomial. [MATLAB 
may be used for finding the roots of the denominator polynomial. Use the command 
roots(den).] Once the numerator and the denominator have been factored, C(s/R(s) 


can be writtcn as 
C(s) _ Kv + z)(6 + 22) (+ Z,) 
R(s) (5 + py(s + P2) + (8 + P,) 


Let us examine the response behavior of this system to a unit-step input. Consider 
tirst the case where the closed-ioop poies are aii reai and distinct. For a unit-step input, 
Equation (5-2) can be written 


(5-2) 


H 


C(s) = = eS zi (5-3) 


Sot p 


where a; is the residue of the pole at s = —p;. 

If allclosed-loop poles lie in the left-half.s plane, the relative magnitudes of the residues 
determine the relative importance of the components inthe expanded form of C(s). Ifthere 
is a closed-loop zero close to a closed-loop pole, then the residue at this pole is small and 
the coefficient of the transient-response term corresponding to this pole becomes small. 
A pair of closely located poles and zeros will effectively cancel cach other. If a pole is 
located very far from the origin, the residue at this pole may be small. The transients cor- 
responding to such a remote pole are small and last a short time. Terms in the expanded 
form of C(s) having very small residues contribute little to the transient response, and these 
terms may be neglected. If this is done, the higher-order system may be approximated by a 
lower-order one. (Such an approximation often enables us to estimate the response char- 
acteristics of a higher-order system from those of a simplified one.) 

Next, consider the case where the poles of C(s) consist of real poles and pairs of 
complex- -conjugate poles. A pair of complex-conjugate poles yields a second-order term 


Since the factored form of the higher-order characteristic eauation cansists of first- 


ins. since the ractorea form OF tne itt ACTOPISTIC COMA Te Gare 


and second-order terms, Equation (5— 3) can be rewritten 
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K Il (2) 
C(s) = = SS (5-4) 


THo+ le + 2,0,8 + wi’) 


where q + 2r = n. If the closed-loop poles are distinct, Equation (5-4) can be expanded 
into partial fractions as follows: 


is + S40) + 4,1 — &% 


se + 26,05 + wy 


From this last equation, we see that the response of a higher-order system is composed 
of a number of terms involving the simple functions found in the responses of first- and 
second-order systems. The unit-step response c(f), the inverse Laplace transform of C(s), 
is then 


q r 
c(t) =a t+ Si aeh! + > beh cos a, V1 — ot 
= a 
r 
+Soceh'sina,V1— ot,  fort=0 (555) 
k=l 


Thus the response curve of a stable higher-order system is the sum of a number of ex- 
ponential curves and damped sinusoidal curves. 

If all closed-loop poles lie in the left-half s plane, then the exponential terms and the 
damped exponential terms in Equation (5—5) will approach zero as time t increases. The 
stcady-state output is then c() = a. 

Let us assume that the system considered is a stable one. Then the closed-loop 
poles that are located far from the jw axis have large negative real parts. The expo- 
nential terms that correspond to these poles decay very rapidly to zero. (Note that 
the horizontal distance from a closed-loop pole to the jw axis determines the set- 
iling imme of transients due io thai pole. The smalier the distance is, the longer the 
settling time.) 

Remember that the type of transient response is determined by the closed-loop 
poles, while the shape of the transient response is primarily determined by the closed- 
loop zeros. As we have seen earlier, the poles of the input R(s) yield the steady-state re- 
sponse terms in the solution, while the poles of C(sVR(s) enter into the exponential 
transient-response terms and/or damped sinusoidal transient-response terms. The zeros 
of C(s)/R(s) do not affect the exponents in the exponential terms, but they do affect the 
magnitudes and signs of the residues. 


Dominant closed-loop poles. The relative dominance of closed-loop poles is de- 
termined by the ratio of the real parts of the closed-loop poles, as well as by the relative 


m Al 1 Tha wma tud af tha 
magnitudes of the residues evaluated at the closed-loop poles. The magnitudes of the 


residues depend on both the closed-loop poles and zeros. 
If the ratios of the real parts exceed 5 and there are no zeros nearby, then the closed- 
loop poles nearest the jw axis will dominate in the transient-response behavior because 
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these poles correspond to transient-response terms that decay slowly. Those closed-loop 
poles that have dominant effects on the transient-response behavior are called domi- 
nant closed-loop poles. Quite often the dominant closed-loop poles occur in the form of 
a complex-conjugate pair. The dominant closed-loop poles are most important among 
all closed-loop poles. 

The gain of a higher-order system is often adjusted so that there will exist a pair 
of dominant complex-conjugate closed-loop poles. The presence of such poles in a 
stable system reduces the effect of such nonlinearitics as dead zone, backlash, and 
coulomb friction. 

Remember that, although the concept of dominant closed-loop poles is useful for 
estaung the dynamic behavior of a closed-loop system, we must be careful to see that 


the underlying assumptions are met hefore using it 
me underying assumpuons are met oerore using i. 


Stability analysis in the complex plane. The stability of a linear closed-loop 
system can be determined from the location of the closed-loop poles in the s plane. If 
any of these poles lie in the right-half s plane, then with increasing time they give rise 
to the dominant mode, and the transient response increases monotonically or oscil- 
lates with increasing amplitude. This represents an unstable system. For such a system, 
as soon as the power is turned on, the output may increase with time. If no saturation 
takes place in the system and no mechanical stop is provided, then the system may 
eventually be subjected to damage and fail since the response of a real physical sys- 
tem cannot increase indefinitely. Therefore, closed-loop poles in the right-half s plane 
are not permissible in the usual linear control system. If all closed-loop poles lie to the 
left of the jm axis, any transient response eventually reaches equilibrium. This repre- 
sents a stable system. 

Whether a linear system is stable or unstable is a property of the system itself and 
does not depend on the input or driving function of the system. The poles of the input, 
or driving function, do not affect the property of stability of the system, but they con- 
tribute only to steady-state response terms in the solution. Thus, the problem of absolute 
stability can be solved readily by choosing no closed-loop poles in the right-half s plane, 
including the jw axis. (Mathematically, closed-loop poles on the jw axis will yield oscil- 
lations, the amplitude of which is neither decaying nor growing with time. In practical 
cases, where noise is present, however, the amplitude of oscillations may increase at a 
rate determined by the noise power level. Therefore, a control system should not have 
closed-loop poles on the jw axis.) 

Note that the mere fact that all closed-loop poles lie in the left-half s plane does 
not guarantee satisfactory transient-response characteristics. If dominant complex- 
conjugate closed-loop poles lie close to the jw axis, the transient response may exhibit 
excessive oscillations or may be very slow. Therefore, to guarantee fast, yet well- 
damped, transient-response characteristics, it is necessary that the closed-loop poles of 
the system lie in a particular region in the complex plane, such as the region bounded 
by the shaded area in Figure 5-23. 

Since the relative stability and transient performance of a closed-loop control sys- 
tem are directiy reiated to the closed-loop poie—zero configuration in the s plane, it is 
frequently necessary to adjust one or more system parameters in order to obtain suit- 
able configurations. The effects of varying system parameters on the closed-loop poles 
will be discussed in detail in Chapter 6. 
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The most important problem in linear control systems concerns stability. That is, under 
what conditions will a system become unstable? If it is unstable, how should we stabi- 
lize the system? In Section 5—4 it was stated that a control system is stable if and only 
if all closed-loop poles lie in the left-half s plane. Since most linear closed-loop systems 
have closed-loop transfer functions of the form 


C(s) _ bos™ + bys™ 1 +--+ +b, 9 +b, — BOs) 
R(s) sags" +ays" |} +--- +a, 48+a, Als) 


where the a’s and b’s are constants and m = n, we must first factor the polynomial A(s) 
in order to find the closed-loop poles. A simple criterion, known as Routh’s stability cri- 
terion, enables us to determine the number of closed-loop poles that lie in the right-half 


gal ath oust how a 1 
s plane without having to factor the polynomial. 


Routh’s stability criterion. Routh’s stability criterion tells us whether or not 
there are unstable roots in a polynomial equation without actually solving for them. This 
stability criterion applies to polynomials with only a finite number of terms. When the 
criterion is applied to a control system, information about absolute stability can be ob- 
tained directly from the coefficients of the characteristic equation. 

The procedure in Routh’s stability criterion is as follows: 


1, Write the polynomial in s in the following form: 

ays" +a"! +-+-+a4 

where ihe coefficients are real quantities. We assume that a, 4 0; that is, any zero root 
has been removed. 


2. If any of the coefficients are zero or negative in the presence of at least one posi- 
tive coefficient, there is a root or roots that are imaginary or that have positive real parts. 
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Therefore, in such a case, the system is not stable. If we are interested in only the ab- 
solute stability, there is no need to follow the procedure further. Note that all the coef- 
ficients must be positive. This is a necessary condition, as may be seen from the following 
argument: A polynomial in s having real coefficients can always be factored into linear 
and quadratic factors, such as (s + @) and (s? + bs + c), where a, b, and c are real. The 
linear factors yield real roots and the quadratic factors yield complex roots of the poly- 
nomial. The factor (s? + bs + c) yields roots having negative real parts only if b and c 
are both positive. For all roots to have negative real parts, the constants a, b, c, and so 
on, in all factors must be positive. The product of any number of linear and quadratic 
factors containing only positive coefficients always yields a polynomial with positive 
coefficients. It is important to note that the condition that all the coefficients be posi- 
tive is not sufficient to assure stability. The necessary but not sufficient condition for 
stability is that the coefficients of Equation (5-6) all be present and all have a positive 
sign. (If all a’s are negative, they can be made positive by multiplying both sides of the 
equation by —1.) 

3. If all coefficients are positive, arrange the coefficients of the polynomial in rows 
and columns according to the following pattern: 


s” ado @2 a4 a6 
stl ay a3. as a7 
s’-2 by bp by by 
S'-3 ¢, C2 C3 C4 


sa-4 d, dy dz dy 


Ss? e1 e2 
sl fi 
50 £i 


The coefficients 51, b2, b3, and so on, are evaluated as follows: 


— Ga, — Anas 
a 
ay 
jo Se 
2 
ay 
jy, = fils = Atty 
3 a, 


The evaluation of the 5’s is continued until the remaining ones are all zero. The same 
pattern of cross-multiplying the coefficients of the two previous rows is followed in 
evaluating the c’s, d’s, e’s, and so on. That is, 
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EXAMPLE 5-1 


EXAMPLE 5-2 
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= jj 
1 
= an a,b; 
1 
6 = ae a,b, 
1 
and 
d, = a BiCo 
1 
dy = C,b3 - bics 
1 


This process is continued until the mth row has been completed. The complete array of 
coefficients is triangular. Note that in developing the array an entire row may be divided 
or multiplied by a positive number in order to simplify the subsequent numerical cal- 
culation without altering the stability conclusion. 

Routh’s stability criterion states that the number of roots of Equation (5-6) with 
positive real parts is equal to the number of changes in sign of the coefficients of the 
first column of the array. It should be noted that the exact values of the terms in the first 
column need not be known; instead, only the signs are needed. The necessary and suf- 
ficient condition that all roots of Equation (5-6) lie in the left-half s plane is that all the 
coefficients of Equation (5—6) be positive and all terms in the first column of the array 
have positive signs. 


Let us apply Routh’s stability criterion to the following third-order polynomial: 
aos? + as* + as +a,=0 
where all the coefficients are positive numbers. The array of coefficients becomes 


Ss ay a 


AY a, 


Consider the following polynomial: 


st +2593 4+ 357 +45+5=0 
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Let us follow the procedure just presented and construct the array of coefficients. (The first two 
rows can be obtained directly from the given polynomial. The remaining terms are obtained from 
these. If any coefficients are missing, they may be replaced by zeros in the array.) 


st 1 3 5 s4 1 3 #5 

5 2 4 O s3 24 @ The second row is divided 
1 2 0O by 2. 

sz 1 5 s 1. 5 

sl —6 si —3 

So 5 0 5 


In this example, the number of changes in sign of the coefficients in the first column is 2. This 
means that there are two roots with positive real parts. Note that the result is unchanged when 
L 


the coefficients of any row are multiplied or divided by a positive number in ord 


computation. 


Special cases. Ifa first-column term in any row is zero, but the remaining terms 
are not zero or there is no remaining term, then the Zero term is replaced by a very small 
positive number e€ and the rest of the array is evaluated. For example, consider the fol- 
lowing equation: 


+2 +s5s+2=0 (5-7) 
The array of coefficients is 
ss 1 1 
go De DO 
s| O~€ 
sf 2 


If the sign of the coefficient above the zero (€) is the same as that below it, it indicates 
that there are a pair of imaginary roots. Actually, Equation (5-7) has two roots ats = +). 
If, however, the sign of the coefficient above the zero (€) is opposite that below it, it 


+ + bh oo. FE: ecxyamn f, th ation 
ndicates that there is one sign change. For cxample, for the equation 


s—-3s+2=(s-1)(s+2)=0 


the array of coefficients is 


s3 1 -—3 

One sign change: st Owe 2 
sl a= g 
€ 


One sign change: C 
5? 2 


There are two sign changes of the coefficients in the first column. This agrees with the 
correct result indicated by the factored form of the polynomial equation. 


TE oll the ancfhiniantein anu derive A enc nen geen a dinates that there ere 


ai Gu tnc COcilicicnts in any der ived row are fcr Vy it indicates tat there are roots of 
equal magnitude lying radially opposite in the s plane, that is, two real roots with equal 
magnitudes and opposite signs and/or two conjugate imaginary roots. In such a case, the 
evaluation of the rest of the array can be continued by forming an auxiliary polynomial 
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with the coefficients of the last row and by using the coefficients of the derivative of this 
polynomial in the next row. Such roots with equal magnitudes and lying radially oppo- 
site in the s plane can be found by solving the auxiliary polynomial, which is always even. 
For a 2n-degree auxiliary polynomial, there are n pairs of equal and opposite roots. For 
example, consider the following equation: 


s° + 2s* + 24s? + 48s? — 25s — 50 = 0 


The array of coefficients is 


s 1 24 -25 
st 2 48 -50 <—Auxiliary polynomial P(s) 
sf 0 0 


The terms in the s? row are all zero. The auxiliary polynomial is then formed from the 
coefficients of the s4 row. The auxiliary polynomial P(s) is 
P(s) = 2s* + 48s? — 50 


which indicates that there are two pairs of roots of equal magnitude and opposite sign. 
These pairs are obtained by solving the auxiliary polynomial equation P(s) = 0. The 


tuntiva Af Diavunth eaenaatt 
dP(s) 


= 23 
ae 85° + 96s 


The terms in the s3 row are replaced by the coefficients of the last equation, that is, 
8 and 96. The array of coefficients then becomes 


2 1 24 —25 


s 

s 2 48 —S0 

s° 8 96 <—Coefficients of dP(s)/ds 
2A = 80 

sh 112.7 0 

50 


We see that there is one change in sign in the first column of the new array. Thus, the 
original equation has one root with a positive real part. By solving for roots of the aux- 
iliary polynomial equation, 


257 + 48s? — 50 = 0 
we obtain 

v=, gs = —25 
or 

s= +1, s=tj5 


These two pairs of roots are a part of the roots of the original equation. As a matter of 
fact, the original equation can be written in factored form as follows: 


(s + 1)(s — 1)(s + j5)(s — j5)(s + 2) = 0 
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Clearly, the original equation has one root with a positive real part. 


Relative stability analysis. Routh’s stability criterion provides the answer to the 
question of absolute stability. This, in many practical cases, is not sufficient. We usually 
require information about the relative stability of the system. A useful approach for ex- 
amining relative stability is to shift the s-plane axis and apply Routh’s stability criterion. 
That is, we substitute 


s=$-0 (o = constant) 


into the characteristic equation of the system, write the polynomial in terms of %, and 
apply Routh’s stability criterion to the new polynomial in §. The number of changes of 
sign in the first column of the array developed for the polynomial in fis equal to the 
number of roots that are located to the right of the vertical line s = —o. Thus, this test 
reveals the number of roots that lie to the right of the vertical line s = —o. 


Application of Routh’s stability criterion to control system analysis. Routh’s 
stability criterion is of limited usefulness in linear control system analysis mainly be- 
cause it does not suggest how to improve relative stability or how to stabilize an unsta- 
ble system. It is possible, however, to determine the effects of changing one or two 
parameters of a system by examining the vaiues that cause instability. In the foiiowing, 
we shall consider the problem of determining the stability range of a parameter value. 

Consider the system shown in Figure 5—24. Let us determine the range of K for sta- 
bility. The closed-loop transfer function is 


Cs) K 
EAS) 


R(s) s(s@ +5 + DG +2)+K 


The characteristic equation is 
s* + 393 + 3s? + 254+ K=0 


The array of coefficients becomes 


st 1 3 >O«< 
s3 3 2 0 
s? z K 
si — 3K 

9 K 


For stability, K must be positive, and all coefficients in the first column must be posi- 
tive. Therefore, 


4>kK>0 


R(s) C(s) 


ae Ke 
s(s* +5 +1) (5 +2) 


Figure 5-24 
Control system. 
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When K =+4, the system becomes oscillatory and, mathematically, the oscillation is sus- 
tained at constant amplitude. 
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As the most versatile medium for transmitting signals and power, fluids, either as liquids 
or gases, have wide usage in industry. Liquids and gases can be distinguished basically by 
their relative incompressibilities and the fact that a liquid may have a free surface, 
whereas a gas expands to fill its vessel. In the engineering field the term pneumatic de- 
scribes fluid systems that use air or gases and hydraulic applies to those using oil. 

Pneumatic syaters are extensively used in the automation of production machinery 
and in the field of automatic controllers. For instance, prcumatic circuits that convert 
the energy of compressed air into mechanical energy enjoy wide usage, and various 
types of pneumatic controllers are found in industry. 

Since pneumatic systems and hydraulic systems are often compared, in what follows 
we shall give a brief comparison of these two kinds of systems. 


Comparison between pneumatic systems and hydraulic systems. The fluid 
generally found in pneumatic systems is air; in hydraulic systems it is oil. And it is pri- 
marily the different properties of the fluids involved that characterize the differences 
between the two systems. These differences can be listed as follows: 


1. Air and gases are compressible, whereas oil is incompressible. 

2. Air lacks lubricating property and always contains water vapor. Oil functions as a hy- 
draulic fluid as well as a lubricator. 

3. The normal operating pressure of pneumatic systems is very much lower than that 
of hydraulic systems. 

4, Output powers of pneumatic systems are considerably less than those of hy- 
draulic systems. 

§. Accuracy of pneumatic actuators is poor at low velocities, whereas accuracy of hy- 
draulic actuators may be made satisfactory at all velocities. 

6. In pneumatic systems, external leakage is permissible to a certain extent, but inter- 

nal leakage must be avoided because the effective pressure difference is rather small. 

In hydraulic systems internal leakage is permissible to a certain extent, but external 

leakage must be avoided. 

7. No return pipes are required in pneumatic systems when air is used, whereas they 
are always needed in hydraulic systems. 

8. Normal operating temperature for pneumatic systems is 5° to 60°C (41° to 140°F). 
The pneumatic system, however, can he operated in the 0° to 200°C (32° to 392°F) 
range. Pneumatic systems are insensitive to temperature changes, in contrast to 
hydraulic systems, in which fluid friction due to viscosity depends greatly on tem- 
perature. Normal operating temperature for hydraulic systems is 20° to 70°C(68° 
to 158°F). 

9, Pneumatic systems are fire- and explosion-proof, whereas hydraulic system 
In what follows we begin with a mathematical modeling of pneumatic systems. Then 

we shall present pneumatic proportional controllers. We shall illustrate the fact that 
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Figure 5-25 

(a) Schematic dia- 
gram of a pressure 
system; (b) pressure 
difference versus 
flow rate curve. 


proportional controllers utilize the principle of negative feedback in themselves. We 
shall give a detailed discussion of the principle by which proportional controllers oper- 
ate. Finally, we shall treat methods for obtaining derivative and integral control actions. 
Throughout the discussions, we shall place emphasis on the fundamental principles, 
rather than on the details of the operation of the actual mechanisms. 


Pneumatic systems. The past decades have seen a great development in low- 
pressure pneumatic controllers for industrial control systems, and today they are used 
extensively in industrial processes. Reasons for their broad appeal include an explosion- 
proof character, simplicity, and ease of maintenance. 


Resistance and capacitance of pressure systems. Many industrial processes 
and pneumatic controllers involve the flow of a gas or air through connected pipelines 
and pressure vessels. 

Consider the pressure system shown in Figure 5—25(a). The gas flow through the re- 
striction is a function of the gas pressure difference p; — po. Such a pressure system may 
be characterized in terms of a resistance and a capacitance. 

The gas flow resistance R may be defined as follows: 


change in eas vressure differen 
pies SER Bee Gee Piehsare Suet 9 10, 
change in gas fl te, Ib/sec 
Or 
» _ d(AP) — 
a4 dq NY, 


where d(A P) is a small change in the gas pressure difference and dq is a small change 
in the gas flow rate. Computation of the value of the gas flow resistance R may be quite 
time consuming. Experimentally, however, it can be easily determined from a plot of the 
pressure difference versus flow rate by calculating the slope of the curve at a given op- 
erating condition, as shown in Figure 5-25(b). 

The capacitance of the pressure vessel may be defined hy 


_ ___ change in gas stored, lb 
change in gas pressure, lb,/ft? 


AP 


Resistance 


P+ pi 


Capacitance 
Cc 


(a) (b) 
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or 
(5-9) 


where C = capacitance, lb-ft?/lb, 
m = mass of gas in vessel, lb 
Pp = gas pressure, lh;/ft2 
V = volume of vessel, ft3 
p = density, lb/ft? 


The capacitance of the pressure system depends on the type of expansion process in- 
volved. The capacitance can be calculated by use of the ideal gas law. If the gas expan- 
sion process is polytropic and the change of state of the gas is between isothermal and 
adiabatic, then 


V n 
ol] = PB = constant (5-10) 
m p 
where # = polytropic exponent. 

For ideal gases, 


2 R 
p= RT =a 
pi or PY= ay 


where p = absolute pressure, |b,/ft? 
@ = volume occupied by 1 molc of a gas, ft*/l 
R = universal gas constant, ft-Ib;/Ib-mole °R 
T = absolute temperature, °R 
v = specific volume of gas, ft/lb 


M = molecular weight of gas per mole, lb/lb-mole 


Thus 
pv=2=—T=R,,.T (5-11) 
p 


where Rgas = gas constant, ft-lb;/lb °R. 

The polytropic exponent n is unity for isothermal expansion. For adiabatic expan- 
sion, is equal to the ratio of specific heats cp/c,, where c, is the specific heat at constant 
pressure and c, is the specific heat at constant volume. In many practical cases, the value 
of n is approximately constant, and thus the capacitance may be considered constant. 
The value of dp/dp is obtained from Equations (5—10) and (5-11) as 


dp _1 
dp nk,,.T 
The capacitance is then obtained as 
4 
C= 5-12 
”nR,, fF ( ) 
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The capacitance of a given vessel is constant if the temperature stays constant. (In many 
practical cases, the polytropic exponent n is approximately 1.0 ~ 1.2 for gases in unin- 
sulated metal vessels.) 


Pressure systems. Consider the system shown in Figure 5—25(a). If we assume 
only small deviations in the variables from their respective steady-state values, then this 
system may be considered linear. 

Let us define 


P = gas pressure in the vessel at steady state (before changes in pressure have 
occurred), I b:/ft? 


pi = small change in inflow gas pressure, Ib;/ft? 
Po = small change in gas pressure in the vessel, lb,/ft? 
V = volume of the vessel, ft? 
m = mass of gas in vessel, Ib 
q = gas flow rate, lb/sec 
p = density of gas, lb/ft 


For small values of p; and po, the resistance R given by Equation (5-8) becomes con- 
stant and may be written as 


R= Pi Po 
q 
The capacitance C is given by Equation (5-9), or 
_ dm 
dp 


Since the pressure change dp. times the capacitance C is equal to the gas added to the 
vessel during dt seconds, we obtain 


Cdp, = qdt 
or 
ap, _ Pi = Po 
dt R 
which can be written as 
RC “ee + Po = Pi 


If p; and pp are considered the input and output, respectively, then the transfer function 
of the system is 

Ps) 24 

P(s) RCs+1 


where RC has the dimension of time and is the time constant of the system. 
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Pneumatic nozzle-flapper amplifiers. A schematic diagram of a pneumatic 
nozzle—-flapper amplifier is shown in Figure 5—26(a). The power source for this ampli- 
fier is a supply of air at constant pressure. The nozzle-flapper amplifier converts small 
changes in the position of the flapper into large changes in the back pressure in the noz- 
zle. Thus a large power output can be controlled by the very little power that is needed 
to position the flapper. 

In Figure 5—26(a), pressurized air is fed through the orifice, and the air is ejected 
from the nozzle toward the flapper. Generally, the supply pressure P,; for such a con- 
troller is 20 psig (1.4 kg;/cm? gage). The diameter of the orifice is on the order of 0.01 
in. (0.25 mm) and that of the nozzle is on the order of 0.016 in. (0.4 mm). To ensure 
proper functioning of the amplifier, the nozzle diameter must be larger than the ori- 
fice diameter. 

in operating this sysiem, ihe flapper is positioned against the nozzle opening. The 
nozzle back pressure Py is controlled by the nozzle—flapper distance X. As the flapper 
approaches the nozzle, the opposition to the flow of air through the nozzle increases, 
with the result that the nozzle back pressure P, increases. If the nozzle is completely 
closed by the flapper, the nozzle back pressure P, becomes equal to the supply pressure 
P;. If the flapper is moved away from the nozzle, so that the nozzle—flapper distance is 
wide (on the order of 0.01 in.), then there is practically no restriction to flow, and the 
nozzle back pressure P, takes an a minimum value that depends on the nozzle—flapper 
device. (The lowest possible pressure will be the ambient pressure Pu.) 

Note that, because the air jet puts a force against the flapper, it is necessary to make 
the nozzle diameter as small as possible. 

A typical curve relating the nozzle back pressure P, to the nozzle-flapper distance 
X is shown in Figure 5—26(b). The steep and almost linear part of the curve is utilized in 
the actual operation of the nozzle-flapper amplifier. Because the range of flapper dis- 
placements is restricted to a small value, the change in output pressure is also small, un- 
less the curve is very steep. 


Input 
<< A 
Ph 
Orifice 
P x Ps 
a : 
Flapper 
Nozzle 
To control o 
valve Xx 
(a) (b) 
Figure 5-26 


(a) Schematic diagram of a pneumatic nozzle-flapper amplifier; (b) characteristic curve relating 
nozzle back pressure and nozzle—flapper distance. 
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To atmosphere ~<— 


Air supply —- 
Ps 


The nozzle—flapper amplifier converts displacement into a pressure signal. Since in- 
dustrial process control systems require large output power to operate large pneumatic 
actuating valves, the power amplification of the nozzle-flapper amplifier is usually in- 
sufficient. Consequently, a pneumatic relay often serves as a power amplifier in con- 
nection with the nozzle—flapper amplifier. 


Pneumatic relays. In practice, in a pneumatic controller, a nozzle-flapper ampli- 
fier acts as the first-stage amplifier and a pneumatic relay as the second-stage amplifier. 
The pneumatic relay is capable of handling a large quantity of airflow. 

A schematic diagram of a pneumatic relay is shown in Figure 5—27(a). As the noz- 
zle back pressure P, increases, the diaphragm valve moves downward. The opening to 
the atmosphere decreases and the opening to the pneumatic valve increases, thereby in- 
creasing the control pressure P.. When the diaphragm valve closes the opening to the 
atmosphere, the control pressure P. becomes equal to the supply pressure P,. When the 
nozzle back pressure P, decreases and the diaphragm valve moves upward and shuts 
off the air supply, the control pressure P, drops to the ambient pressure P,. The control 
pressure P. can thus be made to vary from 0 psig to full supply pressure, usually 20 psig. 

The total movement of the diaphragm valve is very small. In all positions of the valve, 
except at the ee to shut off the air ‘supply, air continues to bleed into the atmosphere, 

ater equuiornum condition is attained between the nozzle back p pressure and 
the control: pressure: Thus the relay shown in Figure 5—27(a) is called a bleed-type relay. 

There is another type of relay, the nonbleed type. In this one the air bleed stops when 
the equilibrium condition is obtained and, therefore, there is no loss of pressurized air 
at seady state operation: Note, however, that the nonbleed-type telay must have an at- 
mospheric relief to release the control pressure P. c from the pneumatic actuating valve. 
A schematic diagram of a nonbleed-type relay is shown in Figure 5-27(b). 

In either type of relay, the air supply is controlled by a valve, which is in turn con- 
trolled by the nozzle back pressure. Thus, the nozzle back pressure is converted into the 
control pressure with power amplification. 

Since the control pressure P, changes almost instantaneously with changes in the 
nozzle back pressure P», the time constant of the pneumatic relay is negligible com- 
pared with the other larger time constants of the pneumatic controller and the plant. 


Nozzle 
back pressure Pp Nozzle 
back pressure Pp 


eg To pneumatic 
c valve To atmosphere —~«— 


To pneumatic “T, 
valve ve 


PC —<«— Air supply 


Ry 
(a) (b) 
Figure 5-27 
(a) Schematic diagram of a bleed-type relay; (b) schematic diagram of a nonbleed-type relay. 
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It is noted that some pneumatic relays are reverse acting. For example, the relay 
shown in Figure 5-28 is a reverse-acting relay. Here, as the nozzle back pressure P, in- 
creases, the ball valve is forced toward the lower seat, thereby decreasing the control 
pressure P,. Thus, this relay is a reverse-acting relay. 


Pneumatic proportional controllers (force-distance type). Two types of pneu- 
matic controllers, one called the force—distance type and the other the force—balance type, 
are used extensively in industry. Regardless of how differently industrial pneumatic con- 
trollers may appear, careful study will show the close similarity in the functions of the pneu- 
matic circuit. Here we shall consider the force—-distance type of pneumatic controllers. 

Figure 5-29(a) shows a schematic diagram of such a proportional controller. The 
nozzle-flapper amplifier constitutes the first-stage amplifier, and the nozzle back pres- 
sure is controlled by the nozzle—flapper distance. ‘Ihe relay-type amplifier constitutes 
the second-stage amplifier. The nozzle back pressure determines the position of the dia- 
phragm valve for the second-stage amplifier, which is capable of handling a large quan- 
tity of airflow. 

In most pneumatic controllers, some type of pneumatic feedback is employed. Feed- 
back of the pneumatic output reduces the amount of actual movement of the flapper. 
Instead of mpunnee the flapper on a fixed point, as shown in Figure 5—29(b), it is often 
pivoted on the feedback bellows, as shown in Figure 5 29(c). The amount o of feedback 
can be regulated by introducing a variable linkage between the feedback bellows and 
the flapper connecting point. The flapper then becomes a floating link. It can be moved 
by both the error signal and the feedback signal. 

The operation of the controller shown in Figure 5—29(a) is as follows. The input sig- 
nai to the two- Stage pne umalic amplifier is the actuating error signal. Increasing t the ac- 
tuating error signal moves the flapper to the left. This move will, in turn, increase the 
nozzle back pressure, and the diaphragm valve moves downward. This results in an in- 
crease of the control pressure. This increase will cause bellows F to expand and move 
the flapper to the right, thus opening the nozzle. Because of this feedback, the nozzle— 
flapper displacement is very small, but the change in the control pressure can be large. 

It should be noted that proper operation of the controller requires that the feedback 
bellows move the flapper less than that movement caused by the error signal alone. (ff 
these two movements were equal, no control action would result.) 


Nozzle 
back pressure Pp 


' 


To atmosphere ~— 


To pneumatic —— 
valve 
Pe 


Air supply : 
Ps Reverse-acting relay. 


Figure 5-28 
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Actuating error signal 


Flapper 


Error ae Error signal 


—~——_ O—->- 
Orifice > — VYry 
Pneumatic relay ore al. 
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(a) aie ~—>- signal 


(b) (c) 


E(s) b X(S) P.{S) 
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Ys) 


E(s) | P.(3) 
Kp 
Figure 5-29 


(a) Schematic diagram of a force—distance type of pneumatic proportional controller: (b) flap- 
per mounted on a fixed point; (c) flayper mounted on a feedback hellows; (d) block diagram 
for the controller; (e) simplified block diagram for the controller. 


Equations for this controller can be derived as follows. When the actuating error is 
zero, or e¢ = 0, an equilibrium state exists with the nozzle-flapper distance equal to X, 
the displacement of bellows equal to Y, the displacement of the diaphragm equal to Z 
the nozzle back pressure equal to P;, and the control pressure equal to P.. When an ac- 
tuating error exists, the nozzle—flapper distance, the displacement of the bellows, the dis- 
placement of the diaphragm, the nozzle back pressure, and the control pressure deviate 
from their respective equilibrium values. Let these deviations be x, y, z, po, and pe, re- 
spectively. (The positive direction for each displacement variable is indicated by an ar- 
rowhead in the diagram.) 


Assuming that the relationship between the variation in the nozzle back pressure 
and the variation in the nozzle—flapper distance is linear, we have 
p= Kyx (5-13) 
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where Ki is a positive constant. For the diaphragm valve, 


Py = Kz (5-14) 


where K2 is a positive constant. The position of the diaphragm valve determines the 
control pressure. If the diaphragm valve is such that the relationship between p, and z 
is linear, then 


D, = K3z (5-15) 

where K3 is a positive constant. From Equations (5-13), (5-14), and (5-15), we obtain 
K. 

Pe = KP = Kx (5-16) 


where K = K1K3/K> is a positive constant. For the flapper movement, we have 


b a 


ra arcs, 


(5-17) 


The bellows acts like a spring, and the following equation holds true: 
Ap, = k,y (5-18) 


where A is the effective area of the bellows and &;, 1s the equivalent spring constant, that 
is, the stiffness due to the action of the corrugated side of the bellows. 

Assuming that all variations in the variables are within a linear range, we can obtain 
a block diagram for this system from Equations (5-16), (5-17), and (5-18) as shown in 
Figure 5-29(d). From Figure 5-29(d), it can be clearly seen that the pneumatic con- 
troller shown in Figure 5-29(a) itself is a feedback system. The transfer function be- 
tween p-, and e is given by 


a 
Ps)__ atb  _ gy (5-19) 
Es) js, p-4 A 

at+bk, 


A simplified block diagram is shown in Figure 5-29(e). Since p, and € are proportional, the 
pneumaticcontroller shown in Figure 5—29(a) is called a pneumatic proportional controller. 
As seen from Equation (5-19), the gain of the pneumatic proportional controller can be 
widely varied by adjusting the flapper connecting linkage. [The flapper connecting linkage 
is not shown in Figure 5—29(a).] In most commercial proportional controllers an adjusting 
knob or other mechanism is provided for varying the gain by adjusting this linkage. 

As noted earlier, the actuating error signal moved the flapper in one direction, and 
the feedback bellows moved the flapper in the opposite direction, but to a smaller 
degree. The effect of the feedback bellows is thus to reduce the sensitivity of the con- 
troller. The principle of feedback is commonly used to obtain wide proportional-band 
controllers. 

Pneumatic controllers that do not have feedback mechanisms [which means that 
one end of the flapper is fixed, as shown in Figure 5—30(a)] have high sensitivity and are 
called pneumatic two-position controllers or pneumatic on-off controllers. In such a con- 
troller, only asmall motion between the nozzle and the flapper is required to give a com- 
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Figure 5-31 
Schematic diagram 
of a force-balance 
type of pneumatic 
proportional 
controller. 


(a) 


P. 0 x 0 x 
(b) 
Figure 5-30 
(a) Pneumatic controiier without a feedback mechanism; (b) curves P, versus X and P.. versus X. 


plete change from the maximum to the minimum control pressure. The curves relating 
P, to X and P, to X are shown in Figure 5—30(b). Notice that a small change in X can 
cause a large change in P,, which causes the diaphragm valve to be completely open or 
completely closed. 


Pneumatic proportional conitroiiers (force-baiance type). Figure 5-31 shows 
a schematic diagram of a force-balance pneumatic proportional controller. Force- 
balance controllers are in extensive use in industry. Such controllers are called stack con- 
trollers. The basic principle of operation does not differ from that of the force- 
distance controller. The main advantage of the force—balance controller is that it elimi- 
nates many mechanical linkages and pivot joints, thereby reducing the eftects of friction. 

In what follows, we shall consider the principle of the force-balance controller. In 
the controller shown in Figure 5-31, the reference input pressure P, and the output pres- 
sure Po are fed to large diaphragm chambers. Note that a force-balance pneumatic con- 
troller operates only on pressure signals. Therefore, it is necessary to convert the 
reference input and system output to corresponding pressure signals. 

As in the case of the force—distance controller, this controller employs 

hn 


nozzle, and orifices. In Figure 5-31, the drilled opening in the bottom cham 


nozzle. The diaphragm just above the nozzle acts as a flapper. 
The operation of the force—balance controller shown in Figure 5-31 may be summa- 
rized as follows: 20-psig air from an air supply flows through an orifice, causing a reduced 


Pi =k (P. + pe) 


Atmosphere ~— 
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: = 
input pressure 
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Air supply a =; a _,. Control 
i a— __ pressure 
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pressure in the bottom chamber. Air in this chamber escapes to the atmosphere through 
the nozzle. The flow through the nozzle depends on the gap and the pressure drop across 
it. An increase in the reference input pressure P,, while the output pressure P, remains 
the same, causes the valve stem to move down, decreasing the gap between the nozzle 
and the flapper diaphragm. This causes the control pressure P, to increase. Let 


pe= Fh - £&, (5-20) 


If pe = 0, there is an equilibrium state with the nozzle—flapper distance equal to Xand 
the control pressure equal to P;. At this equilibrium state, P; = P.k (where k < 1) and 


X = afP.A, — P.kKA,) (5-21) 
where a is a constant. 


Let us assume that p. # U and define small variations in the nozzle-flapper distance 
and control pressure as x and p., respectively. Then we obtain the following equation: 


X+x=al(Ph + pA, — (P+ pkA, — plAz ~ A\)] (5-22) 
From Equations (5-21) and (5-22), we obtain 
x= al[p.(1 — k)A, — p{A, — A))] (5-23) 


At thie nanint wo mist evaminge t tit + 
AAU UniS Point, we Must Cxamine tne quantity *. In the design 


order term than p.(1 — k)Aj or pe(A2 — Aj), that is, for p. # 0, 


Xx 
—< os 
~<p(1— HA, 


x 
a < pA, ~ A,) 


we may neglect the term x in our analysis. Equation (5—23) can then be rewritten to re- 
flect this assumption as follows: 


pl — k)A, = p-(Az — A;) 


and the transfer function between p, and pe becomes 


where p, is defined by Equation (5-20). The controller shown in Figure 5-31 is a pro- 
portional controller. The value of gain K, increases as k approaches unity. Note that the 
value of k depends on the diameters of the orifices in the inlet and outlet pipes of the 
feedback chamber. (The value of k approaches unity as the resistance to flow in the ori- 
fice of the inlet pipe is made smaller.) 


Pneumatic actuating valves. One characteristic of pneumatic controls is that 
they almost exclusively employ pneumatic actuating valves. A pneumatic actuating 
valve can provide a large power output. (Since a pneumatic actuator requires a large 
power input to produce a large power output, it is necessary that a sufficient quantity 
of pressurized air be available.) In practical pneumatic actuating valves, the valve char- 
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acteristics may not be linear; that is, the flow may not be directly proportional to the 
valve stem position, and also there may be other nonlinear effects, such as hysteresis. 

Consider the schematic diagram of a pneumatic actuating valve shown in Fig- 
ure 5-32. Assume that the area of the diaphragm is A. Assume also that when the actu- 
ating error is zero the control pressure is equal to P. and the valve displacement is equal 
to X. 

In the following analysis, we shall consider smail variations in the variables and 
linearize the pneumatic actuating valve. Let us define the small variation in the con- 
trol pressure and the corresponding valve displacement to be p, and x, respectively. 
Since a small change in the pneumatic pressure force applied to the diaphragm reposi- 
tions the load, consisting of the spring, viscous friction, and mass, the force balance 
equation becomes 


Ap, = mx + bx + kx (5-24) 
where m = mass of the valve and valve stem 


b = viScous-friction coefficient 
k = spring constant 


If the force due to the mass and viscous friction are negligibly small, then Equation 
(5-24) can be simplified to: 


Ap, = kx 
The transfer function between x and p, thus becomes 
X(s) __A 
P(s) Re 
iS) K 
where X(s) = £[x] and P.(s) = £[p-]. If gi, the change in flow through the pneumatic 
actuating valve, is proportional to x, the change in the valve-stem displacement, then 
205) _ 
X(s) £ 


where Qs) = L[qi] and K, is a constant. The transfer function between qi and p- 
becomes 


Control pressure 


Figure 5-32 
—~ Schematic diagram of a pneumatic 
actuating valve. 
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Qis) _ = 
Pig) ea 7 hy 


where K, is a constant. 

The standard control pressure for this kind of a pneumatic actuating valve is be- 
tween 3 and 15 psig. The valve-stem displacement is limited by the allowable stroke of 
the diaphragm and is only a few inches, If a longer stroke is needed, a piston—-spring com- 
bination may be employed. 

In pneumatic actuating valves, the static-friction force must be limited to a low value 
so that excessive hysteresis does not result. Because of the compressibility of air, the 
control action may not be positive; that is, an error may exist in the valve-stem position. 
The use of a valve positioner results in improvements in the performance of a pneu- 
matic actuating valve. 


Basic principle for obtaining derivative control action. We shall now present 
methods for obtaining derivative control action. We shall again place the emphasis on 
the principle and not on the details of the actual mechanisms. 

The basic principle for generating a desired control action is to insert the inverse of 
the desired transfer function in the feedback path, For the system shown in Figure 5-33, 
the closed-loop transfer function is 


C(s) = G(s) 
Ris) 1 +: G(s) H(s) 


If |G(s)H(s)| > 1, then C(s\/R(s) can be modified to 


cs) _ 1 
R(s)  H(s) 


Thus, if proportional-plus-derivative control action is desired, we insert an element hav- 
ing the transfer function 1/(Ts + 1) in the feedback path. 

Consider the pneumatic controller shown in Figure 5—-34(a). Considering small 
changes in the variables, we can draw a block diagram of this controller as shown in Fig- 
ure 5-34(b). From the block diagram we see that the controller is of proportional type. 

We shall now show that the addition of a restriction in the negative feedback path 
will modify the proportional controller to a proportional-plus-derivative controller, 
commonly called a PD controller. 

Consider the pneumatic controller shown in Figure 5-35(a). Assuming again small 
changes in the actuating error, nozzle-flapper distance, and control pressure, we can 


Figure 5-33 
Control system. 
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Figure 5-35 

(a) Pneumatic pro- 
portional-plus-deriv- 
ative controller; (b) 
step change in e and 
the corresponding 
changes in x and p. 
plotted versus £; (c) 
block diagram of the 
controller. 


(a) (b) 
Figure 5-34 
(a) Pneumatic proportional controller; (b) block diagram of the controller. 


summarize the operation of this controller as follows: Let us first assume a small step 
change in e. Then the change in the control pressure p, will be instantaneous. The re- 
striction R will momentarily prevent the feedback bellows from sensing the pressure 
change p,. Thus the feedback bellows will not respond momentarily, and the pneumatic 
actuating valve will feel the full effect of the movement of the flapper. As time goes on, 
the feedback bellows will expand or contract. The change in the nozzle-flapper distance 
x and the change in the control pressure p. can be plotted against time t, as shown in 
Figure 5—35(b). At steady state, the feedback bellows acts like an ordinary feedback 
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mechanism. The curve p-, versus ¢ clearly shows that this controller is of the propor- 
tional-plus-derivative type. 

A block diagram corresponding to this pneumatic controller is shown in Figure 
5-35(c). In the block diagram, K is a constant, A is the area of the bellows, and k, is the 
equivalent spring constant of the bellows. The transfer function between p-, and e can be 
obtained from the block diagram as follows: 


b 
PAs atb 


EQ) 44 Ka A 1 


er 


at+bk, RCs+1 


In such a controller the loop gain |KaA/[(a + b)k,(RCs + 1)]] is normally very much 
greater than unity. Thus the transfer function P.(s)/E(s) can be simplified to give 


Pis 

5) K,0 + Tys) 

E(s) 
where 

bk, 
K, = yA T, = RC 

Thus, delayed negative feedback, or the transfer function 1/(RCs + 1) in the feed- 
back path, modifies the proportional controller to a proportional-plus-derivative 
controller. 


Note that if the feedback valve is fully opened the control action becomes propor- 
tional. If the feedback valve is fully closed, the control action becomes narrow-band 
proportional (on-off). 


Obtaining pneumatic proportional-plus-integral control action. Consider 
the proportional controller shown in Figure 5-34(a). Considering small changes in the 
variables, we can show that the addition of delayed positive feedback will modify this 
proportional controller to a proportional-plus-integral controller, commonly called a 
PI controller. 

Consider the pneumatic controller shown in Figure 5—36(a). The operation of this 
controller is as follows: The bellows denoted by I is connected to the control pressure 
source without any restriction. The bellows denoted by II is connected to the control 
pressure source through a restriction. Let us assume a small step change in the actuat- 
ing error. This will cause the back pressure in the nozzle to change instantaneously. Thus 
a change in the control pressure p, also occurs instantaneously. Due to the restriction of 
the valve in the path to bellows II, there will be a pressure drop across the valve. As time 
goes on, air will flow across the valve in such a way that the change in pressure in bel- 
lows II attains the value p,. Thus bellows II will expand or contract as time elapses in 
such a way as to move the flapper an additional amount in the direction of the original 
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Figure 5-36 

(a) Pneumatic pro- 
portional-plus-inte- 
gral controller; (b) 
step change in e and 
the corresponding 
changes in x and p- 
plotted versus 1; (c) 
block diagram of the 
controller; (d) simpli- 
fied block diagram. 


E(s) X(s) P.(s) 
TO-O 


(d) 


displacement e. This will cause the back pressure p, in the nozzle to change continuously, 
as shown in Figure 5—36(b). 

Note that the integral control action in the controller takes the form of slowly can- 
celing the feedback that the proportional control originally provided. 

A block diagram of this controller under the assumption of small variations in the 


variables is shown in Figure 5S-36(c). A simplification of this block diagram yields Fig- 
ure 5—36(d). The transfer function of this controller is 
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b 
PAs) _ ret tas 
E(s) ia Ka_ Af, _ 1 
at+bk, RCs + 1 


where K is a constant, A is the area of the bellows, and k; is the equivalent spring con- 
stant of the combined bellows. If |KaA RCs/[(a + b)k,(RCs + 1)]] > 1, which is usually 
the case, the transfer function can be simplified to 


PAS) _ 1 
EG) > K,{ + A 


where 


Obtaining pneumatic proportional-plus-integral-plus-derivative control ac- 
tion. A combination of the pneumatic controllers shown in Figures 5-35(a) and 
5—36(a) yields a proportional-plus-integral-plus-derivative controller, commonly called 
a PID controller. Figure 5—37(a) shows a schematic diagram of such a controller. Figure 
5—37(b) shows a block diagram of this controller under the assumption of small varia- 
tions in the variables. 

The transfer function of this controller is 


bK 


Pis) _ a+b 
E(s) , Ka_A (R,C — R,C)s 


at+bk, (RiCs + 1)(R,Cs + 1) 
By defining 
T= RC, T, = RAC 


and noting that under normal operation |KaA(T; — Ta)s/[(a + b)k,(Tas + 1)(Ts + 1)]| 
>1 and 7; > 7a, we obtain 


PAs) _ bk, (Tys + 1)(Gs +1) 
Es) aA (I, — Ts 


«a Diy Lis + Ts 


“aA Ts 
= 1 
= Ki Ts + Tys (5-25) 
where 
bk. 
K,=— 
P aA 
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Figure 5-37 

(a) Pneumatic 
proportional-plus- 
integral-plus- 
derivative controller; 
(b) block diagram of 
the controller. 


(b) 


Equation (5-25) indicates that the controller shown in Figure 5—37(a) is a proportional- 
plus-integral-plus-derivative controller (a PID controller). 


5-7 HYDRAULIC CONTROLLERS 


Except for low-pressure pneumatic controllers, compressed air has seldom been used 
for the continuous control of the motion of devices having significant mass under ex- 
ternal load forces. For such a case, hydraulic controllers are generally preferred. 


Hydraulic systems. The widespread use of hydraulic circuitry in machine tool 
applications, aircraft control systems, and similar operations occurs because of such fac- 
tors as positiveness, accuracy, flexibility, high horsepower-to-weight ratio, fast starting, 
stopping, and reversal with smoothness and precision, and simplicity of operations. 

The operating pressure in hydraulic systems is somewhere between 145 and 5000 
Ib;/in.2 (between 1 and 35 MPa). In some special applications, the operating pressure 
may go up to 10,000 Ib;/in.2 (70 MPa). For the same power requirement, the weight and 
size of the hydraulic unit can be made smaller by increasing the supply pressure. With 
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high-pressure hydraulic systems, very large force can be obtained. Rapid-acting, accu- 
rate positioning of heavy loads is possible with hydraulic systems. A combination of 
electronic and hydraulic systems is widely used because it combines the advantages of 
both electronic control and hydraulic power. 


Advantages and disadvantages of hydraulic systems. There are certain ad- 
vantages and disadvantages in using hydraulic systems rather than other systems. Some 
of the advantages are the following: 


1. Hydraulic fluid acts as a lubricant, in addition to carrying away heat generated in the 
system to a convenient heat exchanger. 

2. Comparatively small sized hydraulic actuators can develop large forces or torques. 

3. Hydraulic actuators have a higher speed of response with fast starts, stops, and 
speed reversals. 

4. Hydraulic actuators can be operated under continuous, intermittent, reversing, and 
stalled conditions without damage. 

§. Availability of both linear and rotary actuators gives flexibility in design. 

6. Because of low leakages in hydraulic actuators, speed drop when loads are ap- 
plied is small. 


On the other hand, several disadvantages tend to limit their use. 


1. Hydraulic power is not readily available compared to electric power. 

Cost of a hydraulic system may be higher than a comparable electrical system per- 

forming a similar function. 

3. Fire and explosion hazards exist unless fire-resistant fluids are used. 

4. Because it is difficult to maintain a hydraulic system that is free from leaks, the sys- 
tem tends to be messy. 

5. Contaminated oil may cause failure in the proper functioning of a hydraulic system. 

6. As a result of the nonlinear and other complex characteristics involved, the design 
of sophisticated hydraulic Stems is quite involved. 


FF Uedeawlin nie: haere geouceally mace damning c hneantoreicting Ts hed ili a per 


fe anyul auc Cir cuits lave BUN ally pyyt ud nping ildl actcr istics. ab a NYQATaGULIC Cir cuit 
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is not designed properly, some unstable phenomena may occur or disappear, de- 
pending on the operating condition. 


Comments. Particular attention is necessary to ensure that the hydraulic system 
is stable and satisfactory under all operating conditions. Since the viscosity of hydraulic 
fluid can greatly affect damping and friction effects of the hydraulic circuits, stability 
tests must be carried out at the highest possible operating temperature. 

Note that most hydraulic systems are nonlinear. Sometimes, however, it is possible 
to linearize nonlinear systems so as to reduce their complexity and permit solutions that 
are sufficiently accurate for most purposes. A useful linearization technique for dealing 
with nonlinear systems was presented in Section 3-10. 


Hydraulic integral controllers. The hydraulic servomotor shown in Figure 5-38 


is essentially a pilot-valve-controlled hydraulic power amplifier and actuator. The pilot 
valve is a balanced valve in the sense that the pressure forces acting on it are all bal- 
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under 
pressure 
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Port I Port IT 


Power cylinder 
oo <—y Figure 5-38 
al [ Hydraulic servomotor. 


anced. A very large power output can be controlled by a pilot valve, which can be posi- 
tioned with very little power. 

It will be shown in the following that for negligibly small load mass the servomotor 
shown in Figure 5~38 acts as an integrator or an integral controller. Such a servomotor 
constitutes the basis of the hydraulic control circuit. 

In the hydraulic servomotor shown in Figure 5—38, the pilot valve (a four-way valve) 
has two lands on the spool. If the width of the land is smaller than the port in the valve 
sleeve, the valve is said to be underlapped. Overlapped valves have a land width greater 
than the port width. A zero-lapped valve has a land width that is identical to the port 
width. (If the pilot valve is not a zero-lapped valve, analyses of hydraulic servomotors 
become very complicated.) 

In the present analysis, we assume that hydraulic fluid is incompressible and that the 
inertia force of the power piston and load is negligible compared to the hydraulic force 
at the power piston. We also assume that the pilot valve is a zero-lapped valve, and the 
oil flow rate is proportional to the pilot valve displacement. 

Operation of this hydraulic servomotor is as follows. If input x moves the pilot valve 
to the right, port II is uncovered, and so high-pressure oil enters the right side of the 
power piston. Since port I is connected to the drain port, the oil in the left side of the 
power piston is returned to the drain. The oil flowing into the power cylinder is at high 
pressure; the oil flowing out from the power cylinder into the drain is at low pressure. 
The resulting difference in pressure on both sides of the power piston will cause it to 
move to the left. 

Note that the rate of flow of oil g (kg/sec) times dt (sec) is equal to the power piston dis- 
placement dy(m) times the piston area A (m7) times the density of oil p (kg/m?). Therefore, 


Ap dy = qdt (5-26) 


Because of the assumption that the oil flow rate q is proportional to the pilot valve dis- 
placement x, we have 


q=K\x (5-27) 
where | is a positive constant. From Equations (5-26) and (5-27) we obtain 
d 
Ap = = Kx 
dt 
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The Laplace transform of this last equation, assuming a zero initial condition, gives 
ApsY(s) = K,X(s) 


or 


where K = K,/(Ap). Thus the hydraulic servomotor shown in Figure 5—38 acts as an in- 
tegral controller. 


Hydraulic proportional controllers. It has been shown that the servomotor in 
Figure 5-38 acts as an integral controller. This servomotor can be modified to a pro- 
portional controller by means of a feedback link. Consider the hydraulic controller 
shown in Figure 5~39(a). The left side of the pilot valve is joined to the left side of the 
power piston by a link ABC. This link is a floating link rather than one moving about a 
fixed pivot. 

The controller here operates in the following way. If input e moves the pilot valve to 
the right, port IT will be uncovered and high-pressure oil will flow through port II into 
the right side of the power piston and force this piston to the left. The power piston, in 
moving to the Icft, will carry the fecdback link ABC with it, thereby moving the pilot 
valve to the left. This action continues until the pilot piston again covers ports | and II. 
A block diagram of the system can be drawn as in Figure 5—39(b). The transfer function 
between Y(s) and E(s) is given by 


b_K 
Y(is)_ _atbs 
() |, K_a 
satb 
_ bK 
s(a + b) + Ka 
Oil 
under 
bay A pressure 


(a) (6) 


Figure 5-39 
(a) Servomotor that acts as a proportional controller; (b) block diagram of the servomotor. 


258 Chapter5 / Basic Control Actions and Response of Control Systems 


Noting that under the normal operating conditions we have |Ka/[s(a + b)]| > 1, this last 
equation can be simplified to 


The transfer function between y and e becomes a constant. Thus, the hydraulic con- 
troller shown in Figure 5-39(a) acts as a proportional controller, the gain of which is Ky. 
This gain can be adjusted by effectively changing the lever ratio b/a. (The adjusting 
mechanism is not shown in the diagram.) 

We have thus seen that the addition of a feedback link will cause the hydraulic ser- 
vomotor to act as a proportional controller. 


Dashpots. The dashpot (also called a damper) shown in Figure 5—40(a) acts as a 
differentiating element. Suppose that we introduce a step displacement to the piston po- 
sition x. Then the displacement y becomes equal to x momentarily. Because of the spring 
force, however, the oil will flow through the resistance R and the cylinder will come back 
to the original position. The curves x versus ¢ and y versus ¢ are shown in Figure 5—40(b). 

Let us derive the transfer function between the displacement y and displacement x. 
Define the pressures existing on the right and left sides of the piston as P, (Ib/in.*) and 
P (Ib/in.2), respectively. Suppose that the inertia force involved is negligible. Then the 
force acting on the piston must balance the spring force. Thus 


A(P, — P,) = ky 


where A = piston area, in? 


k = spring constant, [bj/in. 


The flow rate g is given by 


where gq = flow rate through the restriction, |b/sec 
R = resistance to flow at the restriction, Ib;-sec/in.?-Ib 


\ oe 
5 


t 
t 


(b) (c} 

Figure 5-40 

(a) Dashpot; (b) step change in x and the corresponding change in y plotted versus ¢; (c) block 
diagram of the dashpot. 
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Since the flow through the restriction during dt seconds must equal the change in the 
mass of oil to the left of the piston during the same dt seconds, we obtain 


q dt = Ap(dx — ay) 


where p = density, lb/in.3. (We assume that the fluid is incompressible or p = constant.) 
This last equation can be rewritten as 
dx _ dy_q _P,—P,__ky 


dt dt Ap RAp  RA% 


or 

dx dy ky 

Saye 

dt dt RA*p 
Taking the Laplace transforms of both sides of this last equation, assuming zero initial 
conditions, we obtain 


k 
sX(s) = sY(s) + RA% Y(s) 
The transfer function of this system thus becomes 
id) ee ea 
X(s) k 
or RA2n 
RA‘p 
Let us define RA2p/k = T. Then 
Ys) _~_ Ts dd 
X(s) Ts +1 ia 1 
Ts 


Figure 5-40(c) shows a block diagram representation for this system. 


Obtaining hydraulic proportional-plus- integral control action. Figure 5-41(a) 
shows a schematic diagram of a hydraulic proportional-plus-integral controller. A block 
diagram of this controller is shown in Figure S—41(b). The transfer function Y(s)/E(s) is 
given by 


¥(s) a+b 
E(s) Ka  T 
te ou Ts +1 


In such a controller, under normal operation |KaT/[(a + b)(Ts + 1)]| > 1, with the 
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Figure 5-41 
(a) Schematic diagram of a hydraulic proportional-plus-integral controller; (b) block diagram of the controller. 


where 


b RA? 
ae C=T Pp 
a k 


‘Thus the controller shown in Figure 5—52(a) is a proportional-pius-integral controiier 
(a PI controller.) 


Obtaining hydraulic proportional-plus-derivative control action. Figure 
5—42(a) shows a schematic diagram of a hydraulic proportional-plus-derivative 


Density of oil = p 


Figure 5-42 
(a) Schematic diagram of a hydraulic proportional-plus-derivative controller; (b) block diagram of the controller. 
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controller. The cylinders are fixed in space and the pistons can move. For this system, 
notice that 


kK(y — z) = A(P, — Pi) 


_P,- P, 
a R 
q dt = pA dz 
Hence 
A RA’p dz 
=z+—qR=z4+——— 
ay a aay eae 
or 
2 oe 
Ys) Ts +1 
where 
RA’p 
poe 


A block diagram for this system is shown in Figure 5-42(b). From the block diagram 
the transfer function Y(s)/E(s) can be obtained as 


b_K 
Y(s) _ at+obs 
E(s) a_K_1 


1+ = 
atbs Ty+1 


Under normal operation we have |aK/[(a + b)s(Ts + 1)]| > 1. Hence 


Or K,(1 + Ts) 


E(s) 


where 


Thus the controller shown in Figure 5—42(a) is a proportional-plus-derivative controller 
(a PD controller). 
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This section discusses electronic controllers using operational amplifiers. We begin 
by deriving the transfer functions of simple operational-amplifier circuits. Then we 
derive the transfer functions of some of the operational-amplifier controllers. Finally, 
we give operational-amplifier controllers and their transfer functions in the form of 
a table. 
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o—————©_ Figure 5-43 


Operational amplifier. 


Operational amplifiers. Operational amplifiers, often called op amps, are fre- 
quently used to amplify signals in sensor circuits. Op amps are also frequently used in 
filters used for compensation purposes. Figure 5-43 shows an op amp. It is a common 
practice to choose the ground as 0 volt and measure the input voltages e; and e2 relative 
to the ground. The input e; to the minus terminal of the amplifier is inverted, and the in- 
put e2 to the plus terminal is not inverted. The total input to the amplificr thus becomes 
e2 — e;. Hence, for the circuit shown in Figure 5-54, we have 


e, = K(e, — e;) = —K(e, — &) 


where the inputs e; and e2 may he de or ac signals and K is the differential gain or volt- 
age gain. The magnitude of K is approximately 10° ~ 10° for dc signals and ac signals 
with frequencies less than approximately 10 Hz. (The differential gain K decreases with 
the signal frequency and becomes about unity for frequencies of 1 MHz ~ 50 MHz.) 
Note that the op amp amplifies the difference in voltages e, and e2. Such an amplifier is 
commonly called a differential amplifier. Since the gain of the op amp is very high, it is 
necessary to have a negative feedback from the output to the input to make the ampli- 
fier stable. (The feedback is made from the output to the inverted input so that the feed- 
back is a negative feedback.) 

In the ideal op amp, no current flows into the input terminals, and the output voltage 
is not affected by the load connected to the output terminal. In other words, the input 
impedance is infinity and the output impedance is zero. In an actual op amp, a very small 
(almost negligible) current flows into an input terminal and the output cannot be loaded 
too much. In our analysis here, we make the assumption that the op amps are ideal. 


Inverting amplifier. Consider the operational amplifier circuit shown in Figure 
5-44, Let us obtain the output voltage e.. 


Figure 5-44 
Inverting amplifier. 
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Figure 5-45 

(a) Noninverting 
operational ampli- 
fier; (b) equivalent 
circuit. 
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The equation for this circuit can be obtained as follows: Define 


Since only a negligible current flows into the amplifier, the current i; must be equal to 
current i2, Thus 


Ri. ay 


ej os eo 
1 R, 
or 
R 
2 
6.65577 
o i 
R, 


Thus the circuit shown is an inverting amplifier. If Ri: = R2, then the op-amp circuit 
shown acts as a sign inverter. 


Noninverting amplifier. Figure 5—-45(a) shows a noninverting amplifier. A cir- 
cuit equivalent to this one is shown in Figure 5—45(b). For the circuit of Figure 
5-45(b), we have 


[ R, \ 
e, = K\e - R,+R,”| 
where K is the differential gain of the amplifier. From this last equation, we get 
é; = te oe ae 
: R, +R, Kj] ° 


Since K > 1, if Ri/(R1 + R2) > 1/K, then 


é, = ( + rae 
Ry 


This equation gives the output voltage e,. Since e, and e; have the same signs, the op- 
amp circuit shown in Figure 5—45(a) is noninverting. 


Ry 


R 
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EXAMPLE 5-3 


Figure 5—46 shows an electrical circuit involving an operational amplifier. Obtain the output e.. 
Let us define 
e,—e d(e’ —e e-—e 
- , i, = Cc ( w) , is = 
R, dt R, 


Noting that the current flowing into the amplifier is negligible, we have 


ZR=E+4 
Hence 
e, — Cc d(e’-e,) _ & —e, 
R, dt R, 

Cannas o! — 1 we hao 
Since e’ + 0, we have 

ies opin Ge 

R, dt R, 


Taking the Laplace transform of this last equation, assuming the zero initial condition, we have 


E,(s) R,Cs + 1 
Si) 5 2 eg 
R RT Eo) 


which can be written as 
E,(s) R, 1 


E(s) RB, RxCs +1 


The op-amp circuit shown in Figure 5—46 is a first-order lag circuit. (Several other circuits in- 
volving op amps are shown in Table 5-1 together with their transfer functions.) 


Impedance approach for obtaining transfer functions. Consider the op-amp 
circuit shown in Figure 5-47. Similar to the case of electrical circuits we discussed ear- 
lier, the impedance approach can be applied to op-amp circuits to obtain their transfer 
functions. For the circuit shown in Figure 5—47, we have 


Pé\ = 7ile\Me\ Pf) = TeV e\ 
ENS) = 219 )S), Po) ~ 20 )40) 


Hence, the transfer function for the circuit is obtained as 


Figure 5-46 
First-order lag circuit using opera- 
tional amplifier. 


Section 5-8 / Electronic Controllers 265 


Figure 5-47 
Operational amplifier circuit. 


EXAMPLE 5-4 Referring to the op-amp circuit shown in Figure 5-46, obtain the transfer function E.(sVE.(s) by 
use of the impedance approach. 
The complex impedances Z;(s) and Z2(s) for this circuit are 


1 R 
=R Z a ee 
Z,(8) 1 and AC) 7 1 RCs +1 
Cs 4 R, 
Hence, Fi{s) and E,,(s) are obtained as 
R 
Es) = R,I(s E,(s) = ~=— 7 —1 
‘(s) 1 (8), aS) R,Cs +1 (s) 


The transfer function E.,(s)/Ei(s) is, therefore, obtained as 


Eis) Ryd 
EX(s) R, R,Cs +1 


which is, of course, the same as that obtained in Example 5-3. 


Lead or lag networks using operational amplifiers. Figure 5—48(a) shows an 
electronic circuit using an operational amplifier. The transfer function for this circuit 


= Lead or lag network Sign inverter 
Figure 5-48 

(a) Operational-amplifier circuit; (b) operational-amplifier circuit used as a lead or lag 
compensator. 
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can be obtained as follows: Define the input impedance and feedback impedance as Z 
and Z2, respectively. Then 


R, 


a R, 
R,C\s +1? 


Zz SS ——$——— 
R,Cos + 1 


Z, 
Since the current flowing into the amplifier is negligible, current i is equal to current 2. 
Thus i) = 2, or 


Es) — Es) _ E(s) — EQ) 
Z _ z 


Since E’(s) = 0, we have 
1 
s+ 
Es) _ = 4, _ OR, RCst1_ CG RC, 


Eis) Z, R,RCyst1 Go al 
RC, 


Notice that the transfer function in Equation (S—28) contains a minus sign. Thus, this 
circuit is sign inverting. If such a sign inversion is not convenient in the actual applica- 


Has a cign inverter may ho connected to cither the innnt or the outout of the citcuit of 
tion, a Sign inverter May oc Connected to citner tne input oF tne OUTPUT OF tne CiPCuit OF 


Figure 5—48(a). An example is shown in Figure 5—48(b). The sign inverter has the trans- 
fer function of 


(5-28) 


The sign inverter has the gain of —R4/R3. Hence the network shown in Figure 5-48(b) 
has the following transfer function: 


1 
+ 
E,(s)__R,R,R,Cst+1_ RC,” RC, 
E{s) RR; R,Cy+1 RC, 1 
RC 
ns i 
Pewee 
Ts +1 T 
= = 5-29 
aor es ne ee | (2527) 
so 
aT 
where 
R,C 
THRC,. eT =RiC, -K.= R.C, 
Notice that 
R,C, R,C, _ RoR, RC, 
K.a = <= —, a= 
R3C, RC, RR; RC, 


This network has a dc gain of K-a = R2Ra/(RiR3). 
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Referring to Equation (5-29), this network is a lead network if RiC, > R2C2, or 
a <1.Itis alag network if RiC, < R2C2. (For the definitions of lead and lag networks, 
refer to Section 5-9,) 


PID controller using operational amplifiers. Figure 5—49 shows an electronic 
proportional-plus-integral-plus-derivative controller (a PID controller) using opera- 
tional amplifiers. The transfer function F(s)/FE,(s) is given by 


Lely ee) 
Es) Z 
where 
R R,Cos + 1 
Thus 
E(s) _ (PS + Hy Bce + ‘ 
E(s) C,s R, 
Noting that 
EG) a oh 
E(s) R,; 
we have 


E,(s) _ E,(s) E(s) _ RyRy (R,C,s + 1)(R,C8 + 1) 


E(s) Els) E(s) RR, BOs 
Ru (RO+RG 1 peg 
RR Re, RCs 
= RARC, + R,C,) 1 l + RC, RC, 5 (5-30) 
R3R,C, (RC, + R,G)s RC, + RC, 


L 4 


E,(s) 


Fioure §-49 
L—) 


Electronic PID ——$———S—SSS 


controller. = 
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Thus 
RAR, C, + RC) 


Kp ~ RRC, 
T, = R,C, + RoC, 
Tis Ri CRC, 
4 RC, #-RC, 


In terms of the proportional gain, integral gain, and derivative gain, we have 


R,(R,C, + RC) 


K = 
P R3R,C 
ke = Ry 
RRC, 
R,RLC 
K,= AAO" 
d R, 


Notice that the second operational-amplifier circuit acts as a sign inverter as well as a 
gain adjuster. 

Table 5-1 shows a list of operational-amplifier circuits that may be used as con- 
trollers or compensators. 


5-9 PHASE LEAD AND PHASE LAG IN SINUSOIDAL RESPONSE 


For a sinusoidal input, the steady-state output of a linear time-invariant system is sinu- 
soidal with a phase shift that is a function of the input frequency. This phase angle 
varies as the frequency is increased from zero to infinity. If the steady-state sinusoidal 
output of a network leads (lags) the input sinusoid, it is called a lead (lag) network. We 
shall first derive the steady-state output of a linear, time-invariant network to a sinu- 
soidal input. 


Obtaining steady-state outputs to sinusoidal inputs. We shall show that the 
steady-state output of a transfer function system can be obtained directly from the si- 
nusoidal transfer function, that is, the transfer function in which s is replaced by ja, 
where «w is frequency. 

Consider the stable, linear, time-invariant system shown in Figure 5-50. The input 
and output of the system, whose transfer function is G(s), are denoted by x(f) and y(0), 
respectively. If the input x(f) is a sinusoidal signal, the steady-state output will also be 
a sinusoidal signal of the same frequency but with possibly different magnitude and 
phase angle. 

Let us assume that the input signal is given by 


x(t) = X sin wt 


Suppose that the transfer function G(s) can be written as a ratio of two polynomials in 
5; that is, 
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Table 5-1 Operational-Amplifier Circuits That May Be Used as Compensators 


Control 
Action 


Ry RoCzs + | 
R| RoCos 


fi Lead or lag 
Lag—lead 
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Ry Ro (Ri Cis + 1) (RoCos5 + 1) 
R; R, RoCos 


Ry Ry RCs +4 
R; R, RoCos + 1 


Ro Rq [CRy +R3) Cis +1] (RoC 25 + 1) 
Rs Ry (Ri Cys + 1) [(Ro + Ry} Cos + 1] 


Operational Amplifier Circuits 
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x(t) ¥(t) . 
Figure 5-50 
X(s) Xs) Stable, linear, time-invariant system. 


Ge ee. _P(s) 
qs) (8 + 5,)(s + y)--- (8 + 5,) 


The Laplace-transformed output Y(s) is then 


Y(s) = G(s)X(s) = PLSD) (5) 
as) 
where X(s) is the Laplace transform of the input x(?). 
It will be shown that after waiting until steady-state conditions are reached the fre- 
quency response can be calculated by replacing s in the transfer function by jw. It will 
also be shown that the steady-state response can be given by 


G(jw) = Me!® = M/Z. 


where M is the amplitude ratio of the output and input sinusoids and ¢ is the phase shift 
between the input sinusoid and the output sinusoid. In the frequency-response test, the 
input frequency w is varied until the entire frequency range of interest is covered. 

The steady-state response of a stable, linear, time-invariant system to a sinusoidal 
input does not depend on the initial conditions. (Thus, we can assume the zero initial 
condition.) If Y(s) has only distinct poles, then the partial fraction expansion of Equa- 
tion (5-31) yields 


(5-31) 


Y(s) = G(s)X(s) = G(s) gx 
sy= = 
(s) AC Oca 
a a b b b 
= — + —+—1_+4—2 tp (5-32) 
S+ jo s~jo S+S, STS, S+S,, 

where a and the b; (where / = 1,2,...,) are constants and d is the complex conjugate 
of a, The inverse Laplace transform of Equation (5-32) gives 

yO = ae + del + De + De Ht be (20) (5-33) 
For a stable system, —s), —s2,..., —s, have negative real parts. Therefore, as f ap- 
proaches infinity, the terms e~, e~%2,..., and e~ approach zero. Thus, all the terms on 


the right-hand side of Equation (5-33), except the first two, drop out at steady state. 

If Y(s) involves multiple poles s; of multiplicity m;, then y(r) will involve terms such 
as tes! (hj = 0,1,2,..., mj — 1). For a stable system, the terms t;e- approach zero 
as tf approaches infinity. 

Thus, regardless of whether the system is of the distinct-pole type, the steady-state 
response becomes 


Yeg(t) = ae t+ Gel (5-34) 
where the constant a can be evaluated from Equation (5-32) as follows: 
wX : XG(—jw) 
a= GS)a, pS tie)! = oer 
s=—jw < 
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Note that 


_ XG(j@) 
s=jw 2j 


- aX . 
a= Gs) >, as — jo) 


Since G(jw) is a complex quantity, it can be written in the following form: 
G( jo) = |G(jo)|e’” 
where |(Gjw)| represents the magnitude and ¢ represents the angle of G(jw); that is, 


imaginary part of i 


——+ 7 = pl 
@ = /G(jw) = tan | real part of G(jw) 


The angle ¢ may be negative, positive, or zero. Similarly, we obtain the following ex- 
pression for G(—jw): 

G(—jo) = |G(-jo)le” = |GGayle”* 
Then, noting that 


_ _X|G(jo)\e7/” __ X|G(ja)le’* 
7 nn 
Equation (5-34) can be written 


gi@t+d) — e-ierte) 


Yes(t) = X |G(jo)| oF 
= X|G(jw)|sin (wt + @) 
= Ysin(wt + @) (5-35) 


where Y = X|G(jw)|. We see that a stable, linear, time-invariant system subjected to a 
sinusoidal input will, at steady state, have a sinusoidal output of the same frequency as 
the input. But the amplitude and phase of the output will, in general, be different from 
those of the input. In faci, the amplitude of the output is given by the product of that 
of the input and |G(jw)|, while the phase angle differs from that of the input by the 
amount @ = /G(jw). An example of input and output sinusoidal signals is shown in 
Figure 5-51. 
On the basis of this, we obtain this important result: For sinusoidal inputs, 


Input x(t) =X sin wt 


Figure 5-51 
Input and output 
sinusoidal signals. Output y(t) = Y sin (wt + ) 
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EXAMPLE 5-5 


IG . .,__ |¥Gw)| _ amplitude ratio of the output sinuisoid to the 
(ia)] = X(jw)| input sinusoid 


G G(jw) = Y¥(jw) phase shift of the output sinusoid with respect 
X(jv) _ to the input sinusoid 


Hence, the response characteristics of a system to a sinusoidal input can be obtained 
directly from 


Yo) _ wy, 
Xia) ~ CO 
The function G(jw) is called the sinusoidal transfer function. It is the ratio of Y(Gjw) 
to X(jw), isa complex quantity, and can be represented by the magnitude and phase an- 
gle with frequency as a parameter. (A negative phase angle is called phase lag, and a 
positive phase angle is called phase lead.) The sinusoidal transfer function of any linear 
system is obtained by substituting jw for s in the transfer function of the system. 
A network that has phase-lead characteristics is commonly called a lead network. 
Similarly, a network that has phase-lag characteristics is called a lag network. 


Consider the system shown in Figure 5-52. The transfer function G(s) is 


K 
COS Fea 


For the sinusoidal input x(t) = X’ sin wt, the steady-state output ys,(t) can be found as follows: Sub- 
stituting jw for s in G(s) yields 


G jee 
U0) = Fo 


The amplitude ratio of the output to input is 


K 
G(ijio)\ = ———— 
G00) = FS 


while the phase angle ¢ is 


¢ = /G(jw) = —tan! Tw 


Thus, for the input x(t) = X sin wt, the steady-state output yss(t) can be obtained from Equation 
(5-35) as follows: 


x K y 
Ts +1 Figure 5-52 


Gs) First-order system. 
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EXAMPLE 5-6 


XK : 
y(t) = ira re (wt ~ tan’! Tw) (5-36) 
From Equation (5-36) it can be seen that for small w the amplitude of the steady-state output 
yss(t) is almost equal to K times the amplitude of the input. The phase shift of the output is small 
for small w. For large w, the amplitude of the output is small and almost inversely proportional 
to w. The phase shift approaches —90° as w approaches infinity. This is a phase-lag network. 


Consider the network given by 


G(s) = 


Find if this network is a lead network or lag network. 
For the sinusoidal input x(t) = X sin wt, the steady-state output y(t) can be found as fol- 
lows: Since 


jo+> ; 
Glio\ — T, _ Tn, + T, jw) 
Gj@) - 
F 1 T,C + T, jw) 
+ — 1 2 
jo ZB 
we have 
lore Nl T, Vit Tio 
LF) = ———————— 
T,V1 + T2w 
and 


¢ = /GUjo) = tan! Tw — tan! T,w 

Thus the steady-state output is 
XT,V1 + To? 
TyV1 + Tw? 


From this expression, we find that if 7, > T2thentan~! Tiw — tan~!7T2w > 0.Thus,if 7 > 72, then 
the network is a lead network. If 7, < T2, then the network is a lag network. 


Vee(t) = sin (wt + tan”! T,w — tan™! T,w) 


5-10 STEADY-STATE ERRORS IN GNITY-FEEDBACK 
CONTROL SYSTEMS 
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Errors in a control system can be attributed to many factors. Changes in the reference 
input will cause unavoidable errors during transient periods and may also cause steady- 
state errors. Imperfections in the system components, such as static friction, backlash, 
and amplifier drift, as well as aging or deterioration, will cause errors at steady state. In 
this section, however, we shall not discuss errors due to imperfections in the system 
components. Rather, we shall investigate a type of steady-state error that is caused by 
the incapability of a system to follow particular types of inputs. 
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Any physical control system inherently suffers steady-state error in response to cer- 
tain types of inputs. A system may have no steady-state error to a step input, but the 
same system may exhibit nonzero steady-state error to a ramp input. (The only way we 
may be able to eliminate this error is to modify the system structure.) Whether a given 
system will exhibit steady-state error for a given type of input depends on the type of 
open-loop transfer function of the system, to be discussed in what follows. 


Classification of control systems. Control systems may be classified according 
to their ability to follow step inputs, ramp inputs, parabolic inputs, and so on. This is a 
reasonable classification scheme because actual inputs may frequently be considered 
combinations of such inputs. The magnitudes of the steady-state errors due to these in- 
dividual inputs are indicative of the goodness of the system. 

Consider the unily-feedback control system with the following open-loop transfer 
function G(s): 
K(Z,s + lis + l)--- s+ 
s\(Tys + 1)(Tys + 1)--- (7,5 + 1) 


It involves the term s¥ in the denominator, representing a pole of multiplicity N at 
the origin. The present classification scheme is based on the number of integrations 
indicated by the open-loop transfer function. A system is called type 0, type 1, type 
2,...,if N=0,N = 1,N =2,..., respectively. Note that this classification is different 
from that of the order of a system. As the type number is increased, accuracy is im- 
proved; however, increasing the type number aggravates the stability problem. A com- 
promise between steady-state accuracy and relative stability is always necessary. In 
practice, it is rather exceptional to have type 3 or higher systems because we find it 
generally difficult to design stable systems having more than two integrations in the 
feedforward path. 

We shall see later that, if G(s) is written so that each term in the numerator and 
denominator, except the term s, approaches unity as s approaches zero, then the open- 
loop gain K is directly related to the steady-state error. 


G(s) = 


transfer function is 


3 


Cs) _ _ Gs) __ 
R(s) 14+ Gs) 


The transfer function between the error signal e(t) and the input signal r(t) is 


E)_, _C)__ 
R(s) — R(s) 1+ G(s) 
R(s) E(s) cs) 


| | Figure 5-53 
Control system. 
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where the error e(2) is the difference between the input signal and the output signal. 
The final-value theorem provides a convenient way to find the steady-state perfor- 
mance of a stable system. Since E(s) is 


1 
EON eg? 
the steady-state error is 
= = lim e(t) = lim sE(s) = lim eae 


The static error constants defined in the following are figures of merit of control 
systems. The higher the constants, the smaller the steady-state error. In a given system, 
the output may be the position, velocity, pressure, temperature, or the like. The physical 
form of the output, however, is immaterial to the present analysis. Therefore, in what 
follows, we shall call the output “position,” the rate of change of the output “velocity,” 
and so on. This means that in a temperature control system “position” represents the 
output temperature, “velocity” represents the rate of change of the output tempera- 
ture, and so on. 


Static position error constant K,. The steady-state error of the system for a 
unit-step input is 


nes 
~ to 1 + G(s) 5 
1 

1+ G(0) 


The static position error constant K, is defined by 
K, = lim G(s) = G(0) 


L£ 
i 


Thus, ihe steady-state error in terms of the static position error constant Kp is given by 


For a type 0 system, 
K, = m Khe + 1)(%s + We 
s0 (Ts + 1)(T,5 ate 1) i 
For a type 1 or higher system, 


. K(Es + 1I(Gs + 1 

K, = lim Ais + Dips + Dy 90, for N= 1 

soo s(T,s + 1)(T,s + 1) 

Hence, for a type 0 system, the static position error constant K, is finite, while for a type 
1 or higher system, KX; is infinite. 
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For a unit-step input, the steady-state error e, may be summarized as follows: 


5 = for type 0 systems 


é,, = 0, for type 1 or higher systems 


From the foregoing analysis, it is seen that the response of a feedback control sys- 
tem to a step input involves a stcady-state error if there is no integration in the feed- 
forward path. (If small errors for step inputs can be tolerated, then a type 0 system may 
be permissible, provided that the gain K is sufficiently large. If the gain K is too large, 
however, it is difficult to obtain reasonable relative stability.) If zero steady-state error 
for a step input is desired, the type of the system must be one or higher. 


Static velocity error constant Ky. The steady-state error of the system with a 
unit-ramp input is given by 


i RY 1 
= MN) =e 
Fe 0 1 GS) 8 
1 
=nhm _s. 
s30 sG(s) 


The static velocity error constant K, is defined by 


K, = lim sG(s) 


s70 


Thus, the steady-state error in terms of the static velocity error constant K, is given by 


The term velocity error is used here to express the steady-state error for a ramp in- 
put. The dimension of the velocity error is the same as the system error. That is, veloc- 
ity error is not an error in velocity, but it is an error in position due to a ramp input. 


For a type 0 system, 
sK(T,s + 1)(T,s + 1)--* | 


Ki, =i 0 
oS gan (Ee ios De 
For a type 1 system, 
K(T,s + 1)\(T,s + 1)--- 
Renee tat es AD hy 


s>0 s(T,s + 1)(T5s + 1) ae 
For a type 2 or higher system, 


+ 1)\(Ths + 1)--- 
=e forN =2 


s20 §§(Tys + 1)(Tps + 1)--- 
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The steady-state error és; for the unit-ramp input can be summarized as follows: 


= 0, for type 0 systems 


c 
H 


a 
a 


Ale 


for type 1 systems 


if 
ll 


> 


ll 
oS 


for type 2 or higher systems 


s ; 
ll 
Ala Als Air 


x 


The foregoing analysis indicates that a type 0 system is incapable of following a ramp 
input) in the steady state. The We 1 system with pre feedback can follow the ramp in- 


as sthe input velocity, but there i is a positional error. . This ¢ error is ‘is proportional to the ve- 
locity of the input and is inversely proportional to the gain K. Figure 5-54 shows an ex- 
ample of the response of a type 1 system with unity feedback to a ramp input. The type 
2 or higher system can follow a ramp input with zero error at steady state. 


Static acceleration error constant Kz. The steady-state error of the system with 
a unit-parabolic input (acceleration a which is defined by 


r(t) = fort 20 
fort <0 


is given by 


= lim . e 
——— 
so0 1 + G(s) 8° 


The static acceleration error constant K, is defii 
Figure 5-54 


r(t) 
c(t) 
r(t) 
ra 
| ZL. g Response of a type 1 unity-feedback 


0 ; system to a ramp input. 
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The steady-state error is then 


1 
€.. = > 
ss K, 
Note that the acceleration error, the steady-state error due to a parabolic input, is an 
error in position. 
The values of K, are obtained as follows: 


For a type 0 system, 
&K(T,s + (Ths + Vee 


K,= li 0 
aT oo (is Fits te 
For a type | system, 
s°K(T,s + 1)(T,s + 1)+°> 
K, = lim* (Ts ) Ls ) =( 
soo S(T,s + 1)(Tys + 1)--- 
For a type 2 system, 
2 ee 
Rati A US Dg 
s0 s*(T,s + 1)(Tps + 1)--- 
For a type 3 or higher system, 
2 e 
K(T,s + 1)(T,5 + 1)--- 
K, = tim AUS Mase) =o, forN2=3 
suet SYK T co 1 WET 1 IN... 
Teruo \a4yy iT Aig iT 1} 
Thus, the steady-state error for the unit parabolic input is 
€5 = ©, for type O and type 1 systems 
1 
es = E> for type 2 systems 
€5 = 0, for type 3 or higher systems 


Note that both type 0 and type 1 systems are incapable of following a parabolic in- 
put in the steady state. The type 2 system with unity feedback can follow a parabolic in- 
put with a finite error signal. Figure 5-55 shows an example of the response of a type 2 
system with unity feedback to a parabolic input. The type 3 or higher system with unity 
feedback follows a parabolic input with zero error at steady state. 


Summary. Table 5-2 summarizes the steady-state errors for type 0, type 1, and 
type 2 systems when they are subjected to various inputs. The finite values for steady- 
state errors appear on the diagonal line. Above the diagonal, the steady-state errors are 
infinity; below the diagonal, they are zero. 

Remember that the terms position error, velocity error, and acceleration error mean 
steady-state deviations in the output position. A finite velocity error implies that after 
transients have died out the input and output move at the same velocity but have a fi- 
nite position difference. 
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r(t) 
eZ) 


r(t) 
c(t) 


Figure 5-55 
Response of a type 2 unity-feedback 
0 t system to a parabolic input. 


The error constants Kp, Ky, and Kz describe the ability of a unity-feedback system to 
reduce or eliminate steady-state error. Therefore, they are indicative of the steady-state 
performance. It is generally desirable to increase the error constants, while maintaining 
the transient response within an acceptable range. If there is any conflict between the 
static velocity error constant and the static acceleration error constant, then the latter 
may be considered less important than the former. It is noted that to improve the 
steady-state performance we can increase the type of the system by adding an integra- 
tor or integrators to the feedforward path. This, however, introduces an additional sta- 
bility problem. The design of a satisfactory system with more than two integrators in 
series in the feedforward path is generally difficult. 


Comparison of steady-state errors in open-loop control system and closed- 
loop control system. Consider the open-loop control system and closed-loop con- 


trol system shown in Figure 5-56. In the open loop one, gain K; is calibrated so that 
K, = 1/K.Thus, the transfer function of the open-loop control system is 


1 s«K 1 
In the closed-loop control system, gain K, of the controller is set so that K)K > 1. 


Table 5—2 Steady-State Error in Terms of Gain K 
Step Input Ramp Input 
r(t)=1 r(t)=t 
1 
Type 0 system 


Type 1 system 


Acceleration Input 


r(t) = #22 
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R . K Cc 
. Ts +1 


Calibration Plant 
I 
K. = K 


Figure 5-56 

Block diagrams of an opcn-loop 
control system and a closed-loop 
control system. 


Assuming 4 unit-step input, let us compare the steady-state errors for these control 
systems. For the open-loop control system, the error signal is 


e(t) = r(t) — c(t) 
or 
E(s) = R(s) — C(s) 
= [1 — G(s)]R(s) 
The steady-state error in the unit-step response is 
C5 = us sE(s) 
1 


= lim s{1 — Go(s)] - 
s730 RY 


= 1— G,(0) 


If G,(0), the de gain of the open-loop control system, is equal to unity, then the steady- 
state error is zero. Due to environmental changes and aging of components, however, 
the de gain G,(0) will drift from unity as time elapses, and the steady-state error will no 
longer be equal to zero. Such steady-state error in an open-loop control system will 
remain until the system is recalibrated. 

For the closed-loop control system, the error signal is 


E(s) = R(s) — C(s) 
1 


“Ta Gay” 
where 


deg >, oe 
es eae 


The steady-state error in the unit-step response is 
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A-5-1. 


é lim ! : 
= s| ————_]- 
s soo [1+ G(s)|s 
pean eae 
1+ G(0) 
a 
1+ K,K 
In the closed-loop control system, gain K;j is set at a large value compared with 1/K.Thus 
the steady-state error can be made small, although not exactly zero. 


Let us assume the following variation in the transfer function of the plant, assuming 
K. and Kp constant: 


K+AK 
Ts +1 


For simplicity, let us assume that K = 10, AK = 1, or AK/K = 0.1.Then the steady-state 
error in the unit-step response for the open-loop control system becomes 


1 
eg = 1— 5 (K + AK) 


=1-11=-01 
For the closed-loop control system, if K, is set at 100/K, then the steady-state error in 
the unit-step response becomes 
1 
1+ G0) 
1 


100 
1+ K (K+ AK) 


ess ~ 


Thus, the closed-loop control system is superior to the open-loop control system in the 
presence of environmental changes, aging of components, and the like, which definitely 
affect the steady-state performance. 


EXAMPLE PROBLEMS AND SOLUTIONS 


Explain why the proportional control of a plant that does not possess an integrating property 
(which means that the plant transfer function does not include the factor 1/s) suffers offset in re- 
sponse to step inputs. 


Solution. Consider, for example, the system shown in Figure 5-57. At steady state, if c were equal 
to a nonzero constant r, then e = 0 and u = Ke = 0, resulting in c = 0, which contradicts the as- 
sumption that c = 7 = nonzero constant. 
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Figure 5-57 
Control system. 


A nonzero offset must exist for proper operation of such a control system. In other words, 
at steady state, if e were equal to r/(1 + K), then wu = Kr/(i + K) and c = Kri(t + K), which 
results in the assumed error signal e = 7/(1 + K). Thus the offset of 7/(1 + K) must exist in such 
a system. 


A-5-2. Consider the system shown in Figure 5-58. Show that the steady-state error in following the unit- 
ramp input is B/K. This error can be made smaller by choosing B small and/or K large. However, 
making B small and/or K large would have the effect of making the damping ratio smail, which 
is normally not desirable. Describe a method or methods to make B/K small and yet make the 
damping ratio have reasonable value (0.5 < ¢ < 0.7). 


Solution. From Figure 5-58 we obtain 


Js* + Bs 
J+ Bs + K R(s) 


E(s) = R(s) ~ Cs) = 


The steady-state error for the unit-ramp response can be obtained as follows: For the unit-ramp 
input, the steady-state error é@. is 
é,, = lim sE(s) 
530 
J+ Bs 1 


= lim s ————_ > 
Js* + Bs + K s? 


where 


poe Bs Yen IK 
2VKI° . J 


To assure acceptable transient response and acceptable steady-state error in following a ramp 
input, € must not be too small and w, must be sufficiently large. It is possible to make the steady- 
State error és, small by making the value of the gain K large. (A large value of K has an additional 
advantage of suppressing undesirable effects caused by dead zone, backlash, coulomb friction, 


1 


Figure 5-58 
Control system. 
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Figure 5-59 
Block diagram of a 
speed control system. 


A-5-3, 
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and the like.) A large value of K would, however, make the value of € small and increase the maxi- 
mum overshoot, which is undesirable. 

It is therefore necessary to compromise between the magnitude of the steady-state error to 
a ramp input and the maximum overshoot to a unit-step input. In the system shown in Figure 
5-58, a reasonable compromise may not be reached easily. It is then desirable to consider other 
types of control action that may improve both the transient-response and steady-state behavior. 
Two schemes to improve both the transient-response and steady-state behavior are available. 
One scheme is to use a proportional-plus-derivative controller and the other is to use tachome- 
ter feedback. 


The block diagram of Figure 5-59 shows a speed control system in which the output member of the 
system is subject to a torque disturbance. in the diagram, 22,(s), £2(s), T(s),and D(s) are the Lapiace 
transforms of the reference speed, output speed, driving torque, and disturbance torque, respec- 
tively. In the absence of a disturbance torque, the output speed is equal to the reference speed. 

Investigate the response of this system to a unit-step disturbance torque. Assume that the ref- 
erence input is zero, or 2,(s) = 0. 


Solution. Figure 5-60 is a modified block diagram convenient for the present analysis. The 
closed-loop transfer function is 


Qp(s) _ 1 
D(s) Is+K 


where {2p(s) is the Laplace transform of the output speed due to the disturbance torquc. For a 
unit-step disturbance torque, the steady-state output velocity is 


oy f00) = 
so we 


lim 2 : 
= li - 
s00 Js + K 5 


1 


K 


From this analysis, we conclude that, if a step disturbance torque is applied to the output 
member of the system, an error speed will result so that the ensuing motor torque will exactly 


Figure 5-60 
Block diagram of the speed control 
system of Figure 5-59 when @,(s) = 0. 
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Figure 5-61 
Block diagram of a 
speed control system. 


cancel the disturbance torque. To develop this motor torque, it is necessary that there be an error 
in speed so that nonzero torque will result. 


In the system considered in Problem A-5-3, it is desired to eliminate as much as possible the speed 
errors due to torque disturbances. 

Is it possible to cancel the effect of a disturbance torque at steady state so that a constant dis- 
turbance torque applied to the output member will cause no speed change at steady state? 


Solution. Suppose that we choose a suitable controller whose transfer function is G,(s),as shown 
in Figure 5-61. Then in the absence of the reference input the closed-loop transfer function be- 
tween the output velocity Qp(s) and the disturbance torque D(s) is 


ue 
2,(s) 7 Js 
BOD gi 5 GAS) 
ees 
~ Js + Gis) 


The steady-state output speed due to a unit-step disturbance torque is 


o,() = lim sQ,(s) 


B 
s30 


2g — 
x0 Js + G(s) 8 


ee 


To satisfy the requirement that 
@p(%) = 0 


we must choose G,(0) = ~. This can be realized if we choose 
K 
G(s) = = 


Integral control action will continue to correct until the error is zero. This controller, however, 
presents a stability problem because the characteristic equation will have two imaginary roots. 
One method of stabilizing sucha system is to add aproportional mode tothe controller or choose 


K 
G(s) = K, + aa 


D(s) 
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Diesen £_ £2 

a pure JUS 

(a) Control system; 
(b) control system 


with input filter. 
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Figure 5-62 
Block diagram of the speed control 


system of Figure 5-61 when 
G(s) = Kp + (K/s) and Q,(s) = 0. 


With this controller, the block diagram of Figure 5-61 in the absence of the reference input can 
be modified to that of Figure 5-62. The closed-loop transfer function Qp(s)/D(s) becomes 


27(s) _ 


Ss 
Ds) Ie +t Ks tkK 


Ens) S +r & Sf + Fe 


For a unit-step disturbance torque, the steady-state output speed is 


: ' s? 1 
a am a im Js? + Ks +Ks 
Thus, we see that the proportional-plus-integral controller eliminates speed error at steady state, 

The use of integral control action has increased the order of the system by 1. (This tends to 
produce an oscillatory response.) 

In the present system, a step disturbance torque will cause a transient error in the output 
speed, but the error will become zero at steady state. The integrator provides a nonzero output 
with zero error, (The nonzero output of the integrator produces a motor torque that exactly can- 
cels the disturbance torque.) 

Note that the integrator in the transfer function of the plant does not eliminate the steady- 
state error due to a step disturbance torque. To eliminate this, we must have an integrator before 
the point where the disturbance torque enters. 


Consider the system shown in Figure 5~63(a). The steady-state error to a unit-ramp input is 
ess = 2E/w,. Show that the steady-state error for following a ramp input may be eliminated if the 
input is introduced to the system through a proportional-plus-derivative filter, as shown in Fig- 
ure 5-63(b), and the value of & is properly set. Note that the error e(t) is given by r(t) — c(t). 


Solution. The closed-loop transfer function of the system shown in Figure 5—63(b) is 


Cs) _ (1 + ks); 
R(s) 8? + 28,5 + w2 


Then 
sx’ + 2éw,s — wks 


s? + 2fm,5 + w? 


R(s) — C(s) = JR 


If the input is a unit ramp, then the steady-state error is 


> 2 R(s) <> 2 C(s) 
| a5 Ba 1 +hs (oe la 


(a) (b) 
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Figure 5-65 


Block diagram of the 


liquid-level control 
system shown in Fig- 
ure 5-64, 


e() = r(2) ~ e(®) 
_ fs? + 2Ew,8 — wks\ 1 
= lim s| ————_—]3 
sao | so + 20a,5 + w, / Ss 
_ 2bw, = wk 
OW, 
Therefore, if k is chosen as 
2 
pase 
o 


n 


then the steady-state error for following a ramp input can be made equal to zero. Note that, if 
there are any variations in the values of € and/or w, due to environmental changes or aging, then 


dy-state error fora ramp response may result 


2 a 
anon acy raram sponse May rest, 


Consider the liquid-level control system shown in Figure 5-64, Assume that the set point of the 
controller is fixed. Assuming a step disturbance of magnitude Do, determine the error. Assume 
that Do is small and the variations in the variables from their respective steady-state values are 
also small. The controller is proportional. 

If the controller is not proportional, but integral, what is the steady-state error? 


= 


Solution. Figure 5-65 is a block diagram of the system when the controller is proportional with 
gain W (We anaes tha teanncfne function af the nnaumoatic valve tae he unity) Cincea the cat nai 
Bau 4xp- \ Ye GOOUITIL LIIW LI GIIOIe LULINLIVGIE UL Le PuUSYVinaie VYarye tu Uw ULLLL yy WLLIRY LY OL py 


is fixed, the variation in the set point is zero, or X(s) = 0. The Laplace transform of h(t) is 


K,R 


R 
A(s) = —— E(s) + = Ds 

© Res 1 ©) * Res 1 OO) 

Then 
K,R R 
E(s) = - = ——__? _ Evs) — D 
(8) = -H() = <= £6) — Raq DW 
Proportional controller 
a I an 
ge caseens) Ca Disturbance D 
O 
S— 23" Figure 5-64 
R Liquid-level control system. 
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Example Problems and Solutions 


Hence 


R 
E(s) = -——-—> D 
OO" Rer+14+ KR} 
Since 
D, 
D(s) = —2 
() == 
we obtain 
R D 
E(s) = -————————— -2 
(= "Rosa + K,R s 
_ RD, 1 RD, 1 
1+ KR, 1+ KR} 14+K,Rs 
RC 


The time solution for t > 0 is 


RD 1+ K,R 
e(t) = 2 _| exp|— & t}-1 
1+K,R RC 


Thus, the time constant is RC/(1 + K,R). (In the absence of the controller, the time constant is 
equal to RC.) As the gain of the controller is increased, the time constant is decreased. The steady- 
State error is 


RD, 


e() =). 
1+ Kk 


As the gain K, of the controller is increased, the steady-state error, or offset, is reduced. Thus, 
mathematically, the larger the gain K, is, the smaller the offset and time constant are. In practical 
systems, however, if the gain K, of the proportional controller is increased to a very large value, 
oscillation may result in the output since in our analysis all the small lags and small time constants 
that may exist in the actual control system are neglected. (If these small lags and time constants 
are included in the analysis, the transfer function becomes higher order, and for very large values 
of K, the possibility of oscillation or even instability may occur.) 


If the controller is integral, then assuming the transfer function of the controller to be 


we obtain 


Rs 
RCs? +5 + KR 


E(s) = D(s) 


The steady-state error for a step disturbance D(s) = Do/(s) is 
= lim s£( 
e(22) = lim sE(s) 


: —Rs? Dy 
= lim Rare Ae? gee 
so0 RCs*+s5s+ KR 5 

=0 
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A-5-8. 


Thus, an integral controller eliminates steady-state error or offset due to the step disturbance. 
(The value of K must be chosen so that the transient response due to the command input and/or 
disturbance damps out with a reasonable speed.) 


Obtain both analytical and computational solutions of the unit-step response of a unity-feedback 
system whose open-loop transfer function is 


_ 5(s_ + 20) 
GS) = 56 4 459s? + 3.415 + 16.35) 


Solution. The closed-loop transfer function is 


C(s) _ 5(s + 20) 
R(s) _s(s + 4.59)(s? + 3.41s + 16.35) + 5(s + 20) 
a 
st + 8s° + 32s? + 80s + 100 
5(s + 20 


~ (s? + 2s + 10)(s? + 6s + 10) 


The unit-step response of this system is then 


_ 5(s + 20) 
Cl) = SG? + 2s + 10)(s? + 6s + 10) 


-1,is+)-¥, —¥O+3)-¥ 


s (s+1P+3? (8 +3)? +07 
The time response c(t) can be found by taking the inverse Laplace transform of C(s) as follows: 


c(t) = 1 + Be‘ cos 3t — He sin 3¢ — Ye “cost -— Be * sins,  forr=0 


A MATLAB program to obtain the unit-step response of this system is shown in MATLAB 
Program 5-2. The resulting unit-step response curve is shown in Figure 5S—66. 


MATLAB Program 5-2 


% -----—- --- Unit-step-response ---------- 


num=[0 O O 5 100}; 

den={[1 8 32 80 100]; 

step(num,den) 

grid 

title(‘Unit-Step Response of C(s)/R(s) = (5s + 100)/(s%4 + 8s43 + 32842 + 80s + 100)’) 


Consider the following characteristic equation: 
s+ KS +s +s5+1=0 
Determine the range of K for stability. 


Solution. The Routh array of coefficients is 
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Figure 5-66 


Unit-step response 


curve. 
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A-5-9, 


Unit-Step Response of C(s)/R(s) = (55+100)/(s*4+85%3+32s%2+80s+100) 
12 


Amplitude 


0 05 1 15 2 25 3 35 4 45 5 


Time (sec) 
sf 1 1 61 
s K 1 0 
sx K-1 1 0 
K 
s! K? 0 
Reed 
s° 1 
For stability, we require that 
K>0 
K-1 
—— >0 
K 
Tes ames >0 
K-1 


From the first and second conditions, K must be greater than 1. For K > 1, notice that the term 
1 — [K2/(K — 1)] is always negative, since 


K-1-K? -1+ KU — K) 
<< 24 <0 


K-1 K 


Thus, the three conditions cannot be fulfilled simultaneously. Therefore, there is no value of K 
that allows stability of the system. 


Consider the characteristic equation given by 
ays" + ays?! + a,s" 7? +++- +4, 5 +a, =0 (5-37) 


The Hurwitz stability criterion, given next, gives conditions for all the roots to have negative real 
parts in terms of the coefficients of the polynomial. As stated in the discussions of Routh’s sta- 
bility criterion in Section 5-5, for all the roots to have negative real parts, all the coefficients a’s 
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must be positive. This is a necessary condition but not a sufficient condition. If this condition is 
not satisfied, it indicates that some of the roots have positive real parts or are imaginary or zero. 
A Sufficient condition for all the roots to have negative real parts is given in the following Hur- 
witz stability criterion: If all the coefficients of the polynomial are positive, arrange these coeffi- 
cients in the following determinant: 


a a, as ... O 0 0 
A, a a ; 
0 a &@ a, 0 0 
A,=|9 a@ 4a ay 0 
Gy-2 ay 0 
as. 3 ‘ 4,3 G1 9 
0 O OO ... a, a, a 
I n-4 na? nl 


where we substituted zero for a; if s > n. For all the roots to have negative real parts, it is neces- 
sary and sufficient that successive principal minors of A,, be positive. The successive principal mi- 
nors are the following determinants: 


a, as az; 
Ay ay Ayo 

A;=|0 a, Qy;_3 (= 1,2,...,a—- 1) 
0 O a 


where a; = 0 if s > n. (It is noted that some of the conditions for the lower-order determinants 
are included in the conditions for the higher-order determinants.) If all these determinants 
are positive, and a, >> 0 as already assumed, the equili 


istic equation is given by Equation (5-37) is asymptotically stable. Note that exact values of 
determinants are not needed; instead, only signs of these determinants are needed for the stabil- 
ity criterion. 

Now consider the following characteristic equation: 


state of the system whose character- 


ays" + ays’ + as? + ays + a, = 0 
Obtain the condition for stability using the Hurwitz stability criterion. 


Solution. The conditions for stability are that all the a’s be positive and that 


a a 
A, =|! *) = aya) - aa, >0 
a ay 
a, a, 0 
As = |4 & 4 
0 a & 
ws 2 
G,(AyQ3 — Ay) — Ag 
= 2 
4,(@\@, — Ay@3) — aa, > 0 


It is clear that, if all the a’s are positive and if the condition A; > Ois satisfied, the condition Az > 0 
is also satisfied. Therefore, for all the roots of the given characteristic equation to have negative 
real parts, it is necessary and sufficient that all the coefficients a’s are positive and A; > 0. 


Show that the Routh’s stability criterion and Hurwitz stability criterion are equivalent. 
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Solution. If we write Hurwitz determinants in the triangular form 


* 
ay 


where the elements below the diagonal line are all zeros and the elements above the diagonal line 
any numbers, then the Hurwitz conditions for asymptotic stability become 


Aj = @)@7°+-+a;, > 0 (@ = 1,2,...,”) 


which are equivalent to the conditions 


a,, > 0, az, > 0, eee Ayn > 9 
We shall show that these conditions are equivalent to 
a, > 0, b,>9, c, > 0, 
where a), b1,c1,... are the elements of the first column in the Routh array. 


Consider, for example, the following Hurwitz determinant, which corresponds ton = 4: 


a4, G4; as a, 
~|/% 4% 4 4% 
Ay = 

O a a4, 4s 


GO a a 4% 


The determinant is unchanged if we subtract from the ith row & times the jth row. By subtracting 
from the second row ao/a; times the first row, we obtain 


a, a, a, a 
0 42 Ay3— yg 

A, = 0 
a, 4, 4, 


0 a& & 


where 
ay = a, 
A 
ayy = Ay — ~~ as 
ay 
a 
a3 ~ ay 5 
ay 
eas oe AO 
Ao4 = UW, ay 
ay 


Similarly, subtracting from the fourth row ao/a; times the third row yields 
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where 
a 
R 0 
Gg; ~ dg 7 as 
aq 
4% 
M44 — Ay 4s 
aq 
Next, subtracting from the third row a)/azz times the second row yields 


where 
= a 
da, — As — ay, 
Ay. 
ay 
O34 ~ Ag ~ ~~ Arg 
Ay) 


Finally, subtracting from the last row 443/a33 times the third row yields 


4, @& a, a, 


where 


From this analysis, we see that 
Ag = @18y72443Ga4 
Ay = 447743, 
Ay = @y1422 
A, = 4, 
The Hurwitz conditions for asymptotic stability 
A, >9, A,> 9, A, > 0, A,> 9, 


reduce to the conditions 
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a,,>9, Ay > 0, 443 > 0, agg > 9, 
The Routh array for the polynomial 
ays* + as? + as? + ays + a, = 0 
where ao > 0, is given by 


& @ a, 


a a 
b, by 
cy 
d, 


From this Routh array, we see that 
4, = ay 


eatin SHON hae 2 
A272 = ay Pe 


8 a a3b, — ayb, _ 
433 = A, ~ ——~ a3 b 1 
ay 1 
a5 — fa boty = Pyla _ d 
gg = Aggy 34 = = Gy 
ay Cy 


Hence the Hurwitz conditions for asymptotic stability become 
a, > 0, b,> 09, c,> 9, d,>0, 


Thus we have demonstrated that Hurwitz conditions for asymptotic stability can be reduced to 
Routh’s conditions for asymptotic stability. The same argument can be extended to Hurwitz de- 
terminants of any order, and the equivalence of Routh’s stability criterion and Hurwitz stability 
criterion can be established. 


A-5-11. Show that the first column of the Routh array of 


s" tas"! + as"? +---+4a, 8 +4, =0 


is given by 
A A A 
1, A, a ’ e . ’ A * 
1 2 n-1 
where 
a, 1 0 0 
a3 a a 1 --- O 
as a, 43 G@ “+: O 
A,= 
ay a 


peared . ' cal 
a, =9 ifk>n 


Solution. The Routh array of coefficients has the form 
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a 


cy 


a a4 a an 
a3 as 

b, by 

cy 


The first term in the first column of the Routh array is 1. The next term in the first column is a, 
which is equal to A;. The next term is 5;, which is equal to 


MiGs as Pe 
ay Ay 


The next term in the first column is c1, which is equal to 


Qa — a; Mag — As 
ba, — a,b “a, {3 fy 
143 7 4192 _ ay a 


by 


aa, ~ a3 
ay 


eS Og 50) 
ay — ajay + ads 


In a similar manner the remaining terms in the first column of the Routh array can be found. 
The Routh array has the property that the last nonzero terms of any columns are the same; 


that is, if the array is given by 


then 


and if the array is given by 


then 
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Cy Cy C3 

d, 4, 
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&1 
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a, a, as O 
b, by by 

Gq & O 
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6 = bg =a =f 


In any case, the last term of the first column is equal to a, or 


nh n n 
a, = = 
An-1 An-t 
For example, ifm = 4, then 
a, 1 0 O a, | Q 
a, a a, 1 a, a a, 1 
A, = Bg. Hg Hy s[/43 2 1 = Aaa, 
a5 ay a3 Ay O a, a, a, 
a, a, as Ay 0 0 0 a 
Thus it has been shown that the first column of the Routh array is given by 
A, 3 A, 
te Bi Ta Tage TR 
2 m1 


The value of the gas constant for any gas may be determined from accurate experimental obser- 
vations of simultaneous values of p, v, and 7. 

Obtain the gas constant Rair for air. Note that at 32°F and 14.7 psia the specific volume of air 
is 12.39 ft?/lb. Then obtain the capacitance of a 20-ft? pressure vessel that contains air at 160°F. As- 
sume that the expansion process is isothermal. 


Solntion. 


T4600 + 32 
Referring to Equation (5-12), the capacitance of a 20-ft? pressure vessel is 


Vv 20 Ib 
= 6.05 x 10-4 
“nR,,f 1%533x620 °° Ib, /ft? 


air 


Note that in terms of SI units, Rai: is given by 
R,,, = 287 N-m/kg K 


aah voges ool. At ot, wy 


S_67 is schematic dis genes nf ee teen tin de oands state the ennterol 
iv Ulaplragii vaive. At st Lady state wie CUNU OL 


F igure o-O/ 18 & scncmatic aiagram Of a pricumati 


pressure from a controller is P,, the pressure in the valve is also B, and the valve-stem displace- 


ment is X. Assume that at ¢ = 0 the control pressure is changed from P. to P. + p:.Then the valve 
pressure will be changed from P. to B. + py. The change in valve pressure py will cause the valve- 
stem displacement to change from Xto X + x. Find the transfer function between the change in 
valve-stem displacement x and the change in control pressure pc. 


Solntion. Let us define the airflow rate to the diaphragm valve through resistance R as g. Then 


For the air chamber in the diaphragm valve, we have 
Cap, = qat 
Consequently, 


dp Po P 
ee — = Vv 
dt q R 
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Figure 5-67 
Pneumatic diaphragm valve. 
from which 
dp 
RC— +p, =p. 
a PL = P. 
Noting that 
An = ly 
apy A 
we have 


The transfer function between x and p, is 


X(s) __ __Alk 
P(s) RCs +1 


In the pneumatic pressure system of Figure 5-68(a), assume that, for t < 0, the system is at steady 
state and that the pressure of the entire system is P Also, assume that the two bellows are identi- 
cal. At t=0, the input pressure is changed from P to P +p, Then the pressures in 
bellows 1 and 2 will change from P to P + p; and from P to P + po, respectively. The capacity 
(volume) of each bellows is 5 X 10-4 m3, and the operating pressure difference Ap (difference be- 
tween p; and p, or difference between p; and p2) is between —0.5 X 10° N/m? and 0.5 x 105 N/m. 
The corresponding mass flow rates (kg/sec) through the valves are shown in Figure 5—68(b). 
Assume that the bellows expand or contract linearly with the air pressures applied to them, that 
the equivalent spring constant of the bellows system is k = 1 x 10° N/m, and that each bellows 
has area A = 15 x 10-4 m2. 

Defining the displacement of the midpoint of the rod that connects two bellows as x, find the 
transfer function X(s)/P:(s). Assume that the expansion process is isothermal and that the tem- 


Tide ince Ce ead 


perature of the entire system stays at 30°C. 


Solution. Referring to Section 5—6, transfcr function Pi(s)/Pi(s) can be obtained as 
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Figure 5-68 

(a) Pneumatic pres- 
sure system; (b) pres- 
sure difference 
versus mass flow rate 
curve. 
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Bellows | Bellows 2 


Ap(N/m?) Valve 2 


0.5 X 10° 


Valve 2 3x 1075 


1.5 10° — q(kg/sec? 
-0.5 x 105 
(b) 
-_ . ne: A O78) 
Similarly, transfer function P2(s)/P((s) is 
rl eee (5-39) 


Ps) RCs +1 


The force acting on bellows 1 in the x direction is A(P + pi), and the force acting on bellows 2 in 
the negative x direction is A(P + p2). The resultant force balances with kx, the equivalent spring 
force of the corrugated side of the bellows. 


A(P; ~ Pz) = kx 


or 
A[P\(s) — P2(s)] = KX(s) (5-40) 
Referring to Equations (5-38) and (5-39), we sec that 
P,(s) ~ Pals) = ( ; : JR) 
R,Cs+1 RCs +1 
R,Cs — R,Cs 


=" Ps) 
(RCs + 1)(R,Cs +1) 
he ok Fa es 


, 


By substituting this last equation into Equation (5-40) and rewriting, the transfer function 
X(s\/Pi(s) is obtained as 


X(s)_ A (R,C — R,C)s 
Ps) k (R,Cs + 1)(R,Cs +1) 


The numerical values of average resistances R; and R2 are 


(5-41) 


dAp 05x10 N/m? 
R, = — = 7 = 0.167 x 10'° 
1 dq, 3x10°% kg/sec 
d Ap 0.5 x 10° N/m? 
R, = = = 0.333 X 101° —— 
2 dgy 1.5 10°5 kg/sec 
The numerical value of capacitance C of each deliows is 
V 5x 10+ k 
= = = 5.75 X 107? E 
AR,,F 1 X 287 X (273 + 30) N 
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where Rair = 287 N-m/kg K. (See Problem A-5-12.) Consequently, 
R,C = 0.167 x 10!" x 5.75 X 10°? = 9.60 sec 
R,C = 0.333 x 10" x 5.75 x 107° = 19.2 sec 
By substituting the numerical values for A,k, RiC, and R2C into Equation (5—41), we obtain 


X(s) 1.44 x 10-75 
Pis) (9.65 + 1)(19.2s + 1) 


A-5-15, Draw a block diagram of the pneumatic controller shown in Figure 5-69. Then derive the trans- 
fer function of this controller. 
If the resistance Ry is removed (replaced by the line-sized tubing), what control action do 
we ect? If the resistance R; is removed (replaced by the line-sized tubing), what control action 
do we get? 


Solution. Let us assume that when e = 0 the nozzle-flapper distance is equal to Xand the con- 
trol pressure is equal to P.. In the present analysis, we shall assume small deviations from the 
respective reference values as follows: 


é = small error signal 


x = small change in the nozzle-flapper distance 
P,. = small change in the control pressure 


= small pressure change in bellows I due to small change in the control pressure 


= 


Py = small pressure change in bellows II due to small change in the control pressure 


y = small displacement at the lower end of the flapper 


In this controller, p, is transmitted to bellows I through the resistance Ry. Similarly, p. is trans- 
mitted to bellows II through the series of resistances Ra and R;. An approximate relationship be- 
tween p; and p- is 


Pi) 1 


P(s) R,Cs+1 Ts +1 


Figure 5-69 
Schematic diagram 
of a pneumatic 
controller. 
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Figure 5-70 
(a) Block diagram 
of the pneumatic 


controller shown 
controuer snown 


in Figure 5-69; 
(b) simplified block 
diagram. 
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where Ty = RyC = derivative time. Similarly, pi and pi are related by the transfer function 


P,,(s) ] ] 
Ps) RCs+1 Tis +1 


where 7, = R/C = integral time. The force—balance equation for the two bellows is 


(Pp, — PwA = ky 


where &, is the stiffness of the two connected bellows and A is the cross-sectional area of the bel- 
lows. The relationship among the variables e, x, and y is 


The relationship between p, and x is 
Pp. — Kx (K > 0) 


From the equations just derived, a block diagram of the controller can be drawn, as shown in 
Figure 5—70(a). Simplification of this block diagram results in Figure 5—70(b). 
The transfer function between P,(s) and E(s) is 


PAs) _ 
E(s) = 


Ts + ee +1 


For a practical controller, under normal operation KaATjs/[(a + b)k,(Tis + 1)(Tus + 1)]| is very 


Mas COPeravion MadAa js 


much greater than unity and 7, > Ty. Therefore, the transfer function can be simplified as follows: 


“AT; s 
(a+b) kK(Tis +1) Teast D 


(b) 
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A-5-16, 


A-5-17, 


(a) Overlapped spool 
valve; (b) under- 
lapped spool valve. 


P.(s) , bk,(T,s + 1)(Tys + 1) 
E(s) ~ aAT;s 


where 


Thus the controiier shown in Figure 5-69 is a proportionai-pius-integrai-pius-derivative one. 

If the resistance Ry is removed, or R, = 0, the action becomes that of a proportional-plus- 
integral controller. 

If the resistance R; is removed, or R, = 0. the action becomes that of a narrow-band propor- 
tional, or two-position, controller. (Note that the actions of two feedback bellows cancel cach 
other, and there is no feedback.) 


Actual spool valves are cither overlapped or underlapped because of manufacturing tolerances. 
Consider the overlapped and undcrlapped spool valves shown in Figure 5-71 (a) and (b). Sketch 


curves relating the uncovered port area A versus displacement x. 


Solution. For the overlapped valve, a dead zone exists between — +x and4xo, or — $x < x < $20. 
The uncovered port area A versus displacement x curve is shown in Figure 5-72(a). Such an over- 
lapped valve is unfit as a control valve. 

For the underlapped valve, the port area A versus displacement x curve is shown in Figure 
5—72(b). The effective curve for the underlapped region has a higher slope. meaning a higher sen- 
sitivity. Valves used for controls are usually underlapped. 


Figure 5—73 shows a hydraulic jet-pipe controller. Hydraulic fluid is ejected from the jet pipe. If 
the jet pipe is shifted to the right from the neutral position, the power piston moves to the left, 
and vice versa. The jet pipe valve is not used as much as the flapper valve because of large null 
flow, slower response, and rather unpredictable characteristics. Its main advantage lies in its in- 
seusitivily to dirty fluids. 

Suppose that the power piston is connected to a light load so that the inertia force of the load 
element is negligible compared to the hydraulic force developed by the power piston. What type 
of control action does this controller produce? 


xo mall) xo Xo 
2 2 2 2 
= 


x er oa 
High Low High Low 
pressure pressure pressure pressure 
(a) (b) 
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Figure 5~72 

(a) Uncovered port 
area A versus dis- 
placement x curve 
for the overlapped 
valve; (b) uncovered 
port area A versus 
displacement + curve 
for the underlapped 
valve. 
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Area exposed to 
high pressure 
Effective 


Area exposed to 
low pressure 


(a) (b) 


Figure 5-73 
pressure Hydraulic jet-pipe controller. 


Solution. Define the displacement of the jet nozzle from the neutral position as x and the dis- 
placement of the power piston as y. If the jet nozzle is moved to the right by a small displacement 
x, the oil flows to the right side of the power piston, and the oil in the left side of the power pis- 
ton is returned to the drain. The oil flowing into the power cylinder is at high pressure; the oil 
flowing out from the power cylinder into the drain is at low pressure. The resulting pressure dif- 
ference causes the power piston to move to the lett. 

For a smail jet nozzle displacement x, the flow rate q to the power cylinder is proportional to 
x; that is, 


q = Kyx 


Ao dy = qadt 


where A is the power piston area and p is the density of oil. Hence 
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A-5-18, 


Figure 5-74 
Schematic diagram 
of a flow control sys- 
tem using a hydraulic 
jet-pipe controller. 


where K = Kj/(Ap) = constant. The transfer function ¥(s)/X(s) is thus 


Ys) _K 
Xs) s 


The controller produces the integral control action. 


Figure 5-74 shows a hydraulic jet-pipe applied to a flow control system. The jet-pipe controller 
governs the position of the butterfly valve. Discuss the operation of this system. Plot a possible 
curve relating the displacement x of the nozzle to the total force F acting on the power piston. 


Solution. The operation of this sysiem is as follows: The fiow rate is measured by the orifice, and 
the pressure difference produced by this orifice is transmitted to the diaphragm of the pressure- 
measuring device. The diaphragm is connected to the free swinging nozzle, or jet pipe, through a 
linkage. High-pressure oil ejects from the nozzle all the time. When the nozzle is at a neutral po- 
sition, no oil flows through either of the pipes to move the power piston. If the nozzle is displaced 
by the motion of the balance arm to one side, the high-pressure oil flows through the corre- 
sponding pipe, and the oil in the power cylinder flows back to the sump through the other pipe. 

Assume that the system is initially at rest. If the reference input is changed suddenly to a 
higher flow rate, then the nozzie is moved in such a direction as to move the power piston and 
open the butterfly valve. Then the flow rate will increase, the pressure difference across the ori- 
fice becomes larger, and the nozzle will move back to the neutral position. The movement of the 
power piston stops when x, the displacement of the nozzle, comes back to and stays at the neu- 
tral position. (The jet pipe controller thus possesses an integrating property.) 


Butterfly valve 


LW _, Power piston 
y 


Power 
cylinder 


Oil under 
pressure 


Jet pipe 


Reference input 


Filter 
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A-5-19. 
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Figure 5-75 
Force versus diplacement curve, 


The relationship between the total force F acting on the power piston and the displacement 
x of the nozzle is shown in Figure 5—75. The total force is equal to the pressure difference AP 
across the piston times the area A of the power piston. For a small displacement x of the nozzle, 


the total force F and displacement x may be considered proportional. 
Explain the operation of the speed control system shown in Figure 5—76. 


Solution. If the engine speed increases, the sleeve of the fly-ball governor moves upward. This 
movement acts as the input to the hydraulic controller. A positive error signal (upward motion 
of the sleeve) causes ihe power pistun to move downward, reduces the fuel-valve opening, and 
decreases the engine speed. A block diagram for the system is shown in Figure 5-77. 

From the block diagram the transfer function Y(s)/E(s) can be obtained as 


x 
Y(s) _ ay AY 
E(s) a, TP ay aq, bs K 


1+ 


a,+abs+k s 


Oil under 
pressure 
os 


Engine 


Figure 5-76 
Speed contro] system. 
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Figure 5-77 

Block diagram for 
the speed control 
system shown in Fig- 
ure 5-76. 


A-5-20. 


Figure 5-78 


Hydraulic servo 
system. 


If the following condition applies, 


|_% bs _K 


[> 
$4, + a bs +k s | 


the transfer function Y(s)/E(s) becomes 


Faye aa ee et = ai A) 
The speed controiler has proportional-plus-integral control action. 


Consider the hydraulic servo system shown in Figure 5~78. Assuming that signal e(f) is the input 
and power piston displacement y(¢) the output, find the transfer function Y(s)/E(s). 


Solution. A block diagram for the system can be drawn as shown in Figure 5-79. Assuming that 
[Kiai/[s(a1 + a2)]| > 1 and [Kzby/[s(b1 + b2)]) > 1, we obtain 


A e Oil under 
pressure 


Oil under 
Pressure 


Flexible tubing 


. 
\ 
a 
x 
, 
/ 
, 
Jr 
? 
vr) 
a. 


+ y 
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Figure 5-79 


Block diagram for the system shown in Figure 5—78. 


Zs) _ 
E(s) 1+ Ay % 
5 a, +a, 

W(s) _ a,+4a,+ a, Z(s) a, a,+ a; 

‘ceaemianhiisensN ome . + = 

E(s) a, + a, Es) a, + a a, 

ican” 
. 5 +b, 
b, 


¥(s) _ Y(s) Ws) _ (@ + a5)(b, + by) 
a,b, 


Hence 
Ws) E(s) 


E(s) 


This servo system is a proportional controller. 
Obtain the transfer function E.(s)/E,(s) of the op-amp circuit shown in Figure 5-80. 


A-5-21. 
Solution. Define the voltage at point A as ea. Then 
E,(s)_ sR, _ RCs 
Es) 1 R R,Cs+1 
Cs i 


Figure 5-80 
Operational-amplifier circuit. 
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Define the voltage at point B as eg. Then 


R 
E,(s) = —2~ Es 
al ) R, +4 R; of ) 
Noting that 

[E4(s) — E,(s)|K = E,(s) 
and K > 1, we must have 


E4(s) = Ea(s) 


Hence 
F4(s) = 1S ps) = F,(s) = —— £68) 
R,Cs +1 Roe R: 
from which we obtain 
R 
Pee! 
E(s) Ry, +R, RCo _ ( R, 
E,(s) R; R,Cs+1 ane 1 
~ RC 


A-5-22. Obtain the transfer function E,,(s)/E,(s) of the op-amp circuit shown in Figure 5-81. 


Solution. The voltage at point A is 
ase. Hed 
A” 2 (e; e,) 4 
The Laplace-transformed version of this last equation is 


Ex(s) = 5 [E() + 6) 


The voltage at point B is 


Figure 5-81 
Operational-amplifier circuit. 
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A-5-23. 


Since [Ea(s) — Ea(s)|K — Ev(s) and K > 1, we must have Ea(s) = Ea(s). Thus 


1 1 
3 [E,(s) + E,(s)] = Ros +1) 


Hence 
oe 
E,(s)__ R,Cs-1_ "RC 
Es) R,Cs + 1 1 
+ —— 
"RC 


Consider the stable unity-feedback control system with feedforward transfer function G(s). Sup- 
pose that the closed-loop transfer function can be written 


C8) 2 2G) Es EES Ds Cet 


R@) 1+G@ (Tetiis+) (Test =" 


Show that 
i e(t) dt = (T, + Ty +--+ + 7T,)- (T+ Ty +++ + Ty) 
0 


where e(¢) is the error in the unit-step response. Show also that 


1 
lim sG(s) 


530 


=(T,+T,+--°+T7T,)- (7, +7, + °° + Ty) 


Solution. Let us define 


(T,s + 1)(s+1---(f,5 + 12) = Pos) 


and 
(Tis + (Ts + 1)--- (0,5 + 2D = QS) 
Then 
Cs) _ PO) 
R(s) = Q(s) 
and 


-P 
£() = PFO Rs 


For a unit-step input, R(s) = 1/s and 


_ Qs) - %) 
A) = ""s06) 


Since the system is stable, Jf e(t) dt converges to a constant value. Referring to Table 2-2 (item 
9), we have 


is E 
e(t) dt = lim 5 = lim E(s) 
0 s0 Ss s>0 
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Hence 


[eto at = tim SFO) 


Since 


lim P’(s) = T, + Ty ++ 


lim Qs) = T, + T, + °° 
s0 


we have 


sQ(s) 
. Os) — P's) 
et OG 0S) 
= lim (0's) ~ P'S) 


+ T, 


m 


+ T, 


n 


[ et) dt=(T,+ T,+---+T,)-(7,+ 7, +++: + T,) 
0 


For a unit-step input r(#), since 


; . ne t 
[ e@ar= im BG) = im a 


we have 


1 
lim sG(s) 
$0 


Note that zeros in the left half-plane (that is, positive T,, Ty, . . 


Ser ea 


1 o1 1 i 

=li it et a en SE 

RG) ea Gay se  ima@a Kk 
50 


v 


-+T7,)—(T, + T, 00° + Ty) 


., Im) will improve Ky. Poles close 


to the origin cause low velocity-error constants unless there are zeros nearby. 


B-S-L If the feedforward path of a control system contains 
at least one integrating element, then the output continues 
to change as long as an error is present. The output stops 
when the error is precisely zero. If an external disturbance 
enters the system, it is desirable to have an integrating ele- 
ment between the error-measuring element and the point 
where the disturbance enters so that the effect of the exter- 
nal disturbance may be made zero at steady state. 

Show that, if the disturbance is a ramp function, then 
the steady-state error due to this ramp disturbance may be 
eliminated only if two integrators precede the point where 
the disturbance enters. 


B-5-2. Consider industrial automatic controllers whose con- 
trol actions are proportional, integral, proportional-plus- 
mtegral, proportional-plus-derivative, and proportional- 


Problems 


plus-integral-plus-derivative. The transfer functions of these 
controllers can be given, respectively, by 


ES 2 

Es)? 

U(s) _ K; 

E(s)  s 

Us) 

H(t) 

Us) 

Es) ~ K,(. + Zs) 

10) Ae 

E(s) = «1 + T, + ns] 
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where U(s) is the Laplace transform of u(t), the controller 
output, and E(s) the Laplace transform of e(#), the actuat- 
ing error signal. Sketch u(t) versus t curves for each of the 
five types of controllers when the actuating error signal is 


(a) e(t) = unit-step function 
(b) e(t) = unit-ramp function 


In sketching curves, assume that the numerical values of Kp, 
K;,, Ti, and Tz are given as 


K,, = proportional gain = 4 
K;, = integral gain = 2 

T, = integral time = 2 sec 

T, = derivative time = 0.8 sec 


B-5-3. Consider a unity-feedback control system whose 
open-loop transfer function is 


K 


CO Sues B) 


Discuss the effects that varying the values of K and B has 
on the steady-state error in unit-ramp response. Sketch 
typical unit-ramp response curves for a small value, 
medium value, and large value of K. 


B-5-4, Figure 5-82 shows three systems. System I is a posi- 
tional servo system. System II is a positional servo system 
with PD control action. System III is a positional servo sys- 
tem with velocity feedback. Compare the unit-step, unit- 
impulse, and unit-ramp responses of the three systems. 
Which system is best with respect to the speed of response 
and maximum overshoot in the step response? 


B-5-5. Consider the position control system shown in Fig- 
ure 5-83. Write a MATLAB program to obtain a unit-step 
response and a unit-ramp response of the system. Plot 
curves x1(7) versus ¢, x2(t) versus t,.x3(t) versus f, and e(t) ver- 
sus ¢ [where e(f) = r(é) — «1(¢)] for both the unit-step re- 
sponse and the unit-ramp response. 


B-5-6. Determine the range of K for stability of a unity- 
feedback control system whose open-loop transfer function 


System I 


Figure 5-82 

(a) Positional servo 
system; (b) positional 
servo system with 
PD control action; 
(c) positional servo 
system with velocity 
fecdback. 
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System II 


Cin(s) 


System IIT 
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Figure 5-83 
Position control 
system. 


K 


SOG 4 De =D 


B-5-7. Consider the unity-feedback control system with 
the following open-loop transfer function: 


10 
G(s) => a 
() = SG 1Q@s +3) 
Is this system stable? 
B-5-8. Consider the system 
x = Ax 
where matrix A is given by 
0 1 0 
A=|-b, 0 1 
0 --b —b, 


(A is called Schwarz matrix.) Show that the first column 
of the Routh’s array of the characteristic equation 
|sI — A| = O consists of 1, b1, bz, and bibs. 


B-5-9. Consider the pneumatic system shown in Figure 
5-84. Obtain the transfer function X(s)/Pi(s). 


B-5-10. Figure 5-85 shows a pneumatic controller. What 
kind of control action does this controller produce? Derive 
the transfer function P.(s)/E(s). 


B-5-11. Consider the pneumatic controller shown in Figure 
5-86. Assuming that the pneumatic relay has the character- 
istics that p- = Kp, (where K > 0), determine the control 


P+ p; 


Figure 5-84 
Pneumatic system. 


Problems 


action of this controller. The input to the controller is e and 
the output is pe. 


B-5-12. Figure 5-87 shows a pneumatic controller. The sig- 
nal e is the input and the change in the control pressure p. 
is the output. Obtain the transfer function P,(s)/E(s). As- 
sume that the pneumatic relay has the characteristics that 
Dc = Kp», where K > 0. 


B-5-13. Consider the pneumatic controller shown in Figure 
5-88. What control action does this controller produce? As- 
sume that the pneumatic relay has the characteristics that 
De = Kp», where K > 0. 


B-5-14. Figure 5-89 shows an electric-pneumatic trans- 
dirnone Chaw that the nhawnon in the Aritet arc agiier ia nen 
MULL. OILY WY LENG Law Viaupe abl Lily VULpUL pressure is piv 


portional to the change in the input current. 


B-5-15, Figure 5-90 shows a flapper valve. It is placed be- 
tween two opposing nozzles. If the flapper is moved slightly to 
the right, the pressure unbalance occurs in the nozzles and the 
power piston moves to the left, and vice versa. Such a device 
is frequently used in hydraulic servos as the first-stage valve 
in two-stage servovalves. This usage occurs because consider- 
able force may be needed to stroke larger spool valves that re- 
sult from the steady-state flow force.To reduce or compensate 
this force, two-stage valve configuration is often employed; a 
flapper valve or jet pipe is used as the first-stage valve to pro- 
vide a necessary force to stroke the second-stage spool valve. 

Figure 5-91 shows a schematic diagram of a hydraulic 
servomotor in which the error signal is amplified in two 
stages using a jet pipe and a pilot valve. Draw a block dia- 
gram of the system of Figure 5—91 and then find the trans- 


Spring constant k 


Capacitance C 


Resistance * 


P+pp. Area A 
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Figure 5-85 
Pneumatic 
controller. 


P+ pp 


Actuating error signal 


Actuating error signal 


e 
—_— 
Flapper 


Nozzle 4 


Orifice 


Figure 5-86 
Pneumatic 
controller. 


fer function between y and x, where x is the air pressure and 
y is the displacement of the power piston. 


B-5-16. Figure 5-92 is a schematic diagram of an aircraft 
elevator control system. The input to the system is the de- 
flection angle 0 of the control lever, and the output is the 
elevator angle @. Assume that angles 6 and ¢ are relatively 
small. Show that for each angle @ of the control lever there 
is a corresponding (steady-state) elevator angle ¢. 


B-5-17. Consider the controller shown in Figure 5-93. The 
input is the air pressure p; and the output is the displace- 
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ment y of the power piston. Obtain the transfer function 
Y(s)/Pi(s). 


B-5-18. Obtain the transfer function E,(s)/E;(s) of the op- 
amp circuit shown in Figure 5-94. 


B-5-19. Obtain the transfer function E.(s)/Ei(s) of the op- 
amp circuit shown in Figure 5-95. 


B-5-20. Consider a unity-feedback control system with the 
closed-loop transfer function 
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Actuating error signal 


é€ 
—~t— QO 


I Flapper 
a 


P+ Ps Nozzle 


X+x | 
ne 


Orifice 


= 
><] 
R 
P; 
Figure 5-87 Po+ Dc Lo 
Pneumatic ' 
controller. Bok - 
Actooting arrose gieneal 
Actasting cror signal 
é 
—_ 
Flapper 
Pi + Dp Nozzle q 
X+x =| 
Aunt ca [J mond, 
Oritice | “ 
Figure 5-88 Pot Pc aa 
Pneumatic ! 
controller. --Dk4- 
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Input 
current 


Flapper 


Pressured Output Figure 5-89 
air pressure Electric-pneumatic transducer. 


i eee | 
Z Flapper 
Figure 5-90 


x Flapper valve. 


—~«—y 


Fe | 


i 


Oil under 
pressure 


Figure 5-91 
Oil under Schematic diagram of a hydraulic 
pressure servomotor. 
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Figure 5-92 
Aircraft elevator 
control system. 


(— ~+— Air p; (Input) 


} 


y (Output) 


Figure 5-93 
Controller. 


Problems 


Oil under 
pressure 


R, 


Figure 5-94 
Operational-amplifier circuit. 
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Figure 5-95 
Operational amplifier circuit. 


CG) _ Ks +b 


R(s) s +ast+b 


Determine the open-loop transfer function G(s). 
Show that the steady-state error in the unit-ramp re- 
sponse is given by 


B-5-21. Show that the steady-state error in the response to 
ramp inputs can be made zero if the closed-loop transfer 
function is given by 


(s) _ a,18 + An 


C(s 
Ris) gs" + ays" +--+ + 4,45 +4, 
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Root-Locus Analysis 


6-1 INTRODUCTION 


The basic characteristic of the transient response of a closed-loop system is closely re- 
lated to the location of the closed-loop poles. If the system has a variable loop gain, then 
the location of the closed-loop poles depends on the value of the loop gain chosen. It is 
important, therefore, that the designer know how the closed-loop poles move in the s 
plane as the loop gain is varied. 

From the design viewpoint, in some systems simple gain adjustment may move the 
closed-loop poles to desired locations. Then the design problem may become the selec- 
tion of an appropriate gain value. [f the gain adjustment alone does not yield a desired 
result, addition of a compensator to the system will become necessary. (This subject is 
discussed in aera au POCHApiEr ys ) 


Sti ice 
of the chavacteristé equation of dence oe than 3 is iabarious ahd will need com- 
puter solution. (MATLAB provides a simple solution to this problem.) However, just 
finding the roots of the characteristic equation may be of limited value, because as the 
gain of the open-loop transfer function varies the characteristic equation changes and 
the computations must be repeated. 

A simple method for finding the roots of the characteristic equation has been de- 
veloped by W. R. Evans and used extensively in control engineering. This method, called 
the root-locus method, is one in which the roots of the characteristic equation are plot- 
ted for all values of a system parameter. The roots corresponding to a particular value 
of this parameter can then be located on the resulting graph. Note that the parameter 
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is usually the gain, but any other variable of the open-loop transfer function may be 
used. Unless otherwise stated, we shall assume that the gain of the open-loop transfer 
function is the parameter to be varied through all values, from zero to infinity. 

By using the root-locus method the designer can predict the effects on the location 
of the closed-loop poles of varying the gain value or adding open-loop poles and/or 
open-loop zeros. Therefore, it is desired that the designer have a good understanding of 
the method for generating the root loci of the closed-loop system, both by hand and by 
use of a computer software like MATLAB. 


Root-locus method. The basic idea behind the root-locus method is that the val- 
ues of s that make the transfer function around the loop equal —1 must satisfy the char- 
acteristic equation of the system. 

The locus of roots of the characteristic equation of the closed-loop system as the gain 
is varied from zero to infinity gives the method its name. Such a plot clearly shows the 
contributions of cach open-loop pole or zero to the locations of the closed-loop poles. 

In designing a linear control system, we find that the root-locus method proves quite 
useful since it indicates the manner in which the open-loop poles and zeros should be 
modified so that the response meets system performance specifications. This method is 
particularly suited to obtaining approximate results very quickly. 

Some control systems may involve more than one parameter to be adjusted. The 
root-locus diagram for a system having multiple parameters may be constructed 
by varying one parameter at a time. In this chapter we include the discussion of the 
root loci for a system having two parameters. The root loci for such a case is called the 
root contour. 

The root-locus method is a very powerful graphical technique for investigating 
the effects of the variation of a system parameter on the location of the closed-loop 
poles. In most cases, the system parameter is the loop gain K, although the parameter 
can be any other variable of the system. If the designer follows the general rules for 
constructing the root loci, sketching the root loci of a given system may become a sim- 
ple matter. 

Because generating the root loci by use of MATLAB is a very simple matter, 
one may think sketching the root loci by hand is a waste of time and effort. However, 
experience in sketching the root loci by hand is invaluable for interpreting computer- 
generated root loci, as well as for getting a rough idea of the root loci very quickly. 

By using the root-locus method, it is possible to determine the value of the loop gain 
K that will make the damping ratio of the dominant closed-loop poles as prescribed. If 
the iocation of an open-ioop poie or zero is a system variabie, then the root-iocus 
method suggests the way to choose the location of an open-loop pole or zero. (See Ex- 
ample 6-8 and Problems A-6-12 through A-6-14.) More on the control system design 
based on the root-locus method will be given in Chapter 7. 


Outline of the chapter. This chapter introduces the basic concept of the root- 
locus method and presents useful rules for graphically constructing the root loci, as well 
as the generation of root loci with MATLAB. 

The outline of the chapter is as follows: Section 6-1 has presented an introduction 
to the root-locus method. Section 6-2 details the concepts underlying the root-locus 
method and presents the general procedure for sketching root loci using illustrative 
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examples. Section 6-3 summarizes general rules for constructing root loci, and Section 
6-4 discusses generating root-locus plots with MATLAB. Section 6-5 treats special 
cases: the first case occurs when the variable K does not appear as a multiplicative fac- 
tor and the second case when the closed-loop system has positive feedback. Section 6-6 
analyzes closed-loop systems by use of the root-locus method. Section 6-7 extends the 
root-locus method to treat closed-loop systems with transport lag. Finally, Section 6-8 
discusses root-contour plots. 


6-2 ROOT-LOCUS PLOTS 


Angle and magnitude conditions. Consider the system shown in Figure 6-1. The 
closed-loop transfer function is 


Cs) ___— Gs) 
R(s) 1 + G(s)H(s) 


The characteristic equation for this closed-loop system is obtained by setting the de- 
nominator of the right-hand side of Equation (6-1) equal to zero. That is, 


1+ G(s)H(s) =0 


(6-1) 


or 

G(s)H(s) = —i (6-2) 
Here we assume that G(s)H(s) is a ratio of polynomials in s. [Later in Section 6-7 we 
extend the analysis to the case when G(s)H(s) involves the transport lag e~™.] Since 
G(s)H(s) is a complex quantity, Equation (6-2) can be split into two equations by 
equating the angles and magnitudes of both sides, respectively, to obtain the following: 


Angle condition: 


/G(s)H(s) = £180°(2k +1) = (k = 0,1,2,...) (6-3) 


Magnitude condition: 
IG@)H(@)| = 1 (6-4) 


The values of s that fulfill both the angle and magnitude conditions are the roots of the 
characteristic equation, or the closed-loop poles. A plot of the points in the complex 
plane satisfying the angle cundition alone is the rout locus. The roots of the character- 
istic equation (the closed-loop poles) corresponding to a given value of the gain can be 
determined from the magnitude condition. The details of applying the angle and mag- 
nitude conditions to obtain the closed-loop poles are presented later in this section. 


Figure 6-1 
Control system. 
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Figure 6-2 

(a) and (b) Diagrams 
showing angle mea- 
surements from 
open-loop poles and 
open-loop zero to 
test point s. 
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In many cases, G(s)H(s) involves a gain parameter K, and the characteristic equa- 
tion may be written as 


4 KG + zs + 22) t+ Zn) _ 
(s + py)(s + p2) +++ (+ Py) 


Then the root loci for the system are the loci of the closed-loop poles as the gain K is 
varied from zero to infinity. 

Note that to begin sketching the root loci of a system by the root-locus method we 
must know the location of the poles and zeros of G(s)H(s). Remember that the angles 
of the complex quantities originating from the open-loop poles and open-loop zeros to 
the test point s are measured in the counterclockwise direction. For example, if 
G(s) H(s) is given by 


(6-5) 


K(s + Z4) 
(s + p(s + pals + ps)(s + pa) 


where —p2 and —p3 are complex-conjugate poles, then the angle of G(s)H(s) is 


/G(s)H(s) = ¢, — 0, — 0, — 6, - 9, 


where ¢1, 01, 62, 03, and 64 are measured counterclockwise as shown in Figures 6-2(a) 
and (b). The magnitude of G(s)H(s) for this system is 


G(s)H(s) = 


KB, 


G(s) H(s)| = AA,AA, 


where Ai, Az, A3, Aa,and By are the magnitudes of the complex quantities s + pi,s + po, 
S + p3,5 + pa,ands + 21, respectively, as shown in Figure 6—2(a). 

Note that, because the open-loop complex-conjugate poles and complex-conjugate 
zeros, if any, are always located symmetrically about the real axis, the root loci are always 


Test point 


jw 


(b) 
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EXAMPLE 6-1 


symmetrical with respect to this axis. Therefore, we only need to construct the upper half 
of the root loci and draw the mirror image of the upper half in the lower-half s plane. 


Illustrative examples. In what follows, two illustrative examples for constructing 
root-locus plots will be presented. Although computer approaches to the construction 
of the root loci are easily available, here we shall use graphical computation, combined 
with inspection, to determine the root loci upon which the roots of the characteristic 
equation of the closed-loop system must lie. Such a graphical approach will enhance un- 
derstanding of how the closed-loop poles move in the complex plane as the open-loop 
poles and zeros are moved. Although we employ only simple systems for illustrative 
purposes, the procedure for finding the root loci is no more complicated for higher- 
order systems. 

The first step in the procedure for constructing a root-locus plot is to seek out the 
loci of possible roots using the angle condition. Then, if necessary, the loci can be scaled, 
or graduated, in gain using the magnitude condition. 

Because graphical measurements of angles and magnitudes are involved in the 
analysis, we find it necessary to use the same divisions on the abscissa as on the ordinate 
axis when sketching the root locus on graph paper. 


Consider the system shown in Figure 6-3. (We assume that the value of gain K is nonnegative.) 
For this system, 


— a= Ke Hs 
§ 


s(s+1)(s+2)’ ~* 


Let us sketch the root-locus plot and then determine the value of K such that the damping ratio 
€ of a pair of dominant complex-conjugate closed-loop poles is 0.5. 
For the given system, the angle condition becomes 


K 
[G0) = [ s(s + 1)(s + 2) 


=-/s —/s+1 -/s+2 


+180°(2k +1) (k =0,1,2,...) 


— 


— 14 
i 


Mf oy 
SNOT 


The magnitude condition is 


foe nt 
s(s + 1)(s + 2) 


IG(s)| = 


A typical procedure for sketching the root-locus plot is as follows: 


1, Determine the root loci on the real axis. The first step in constructing a root-locus plot is 
to locate the open-loop poles, s = 0,s = —1, and s = —2, in the complex plane. (There are no 


_—_ K 
s(s+1)(s +2) 


Figure 6-3 
Control system. 
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open-loop zeros in this system.) The locations of the open-loop poles are indicated by crosses. 
(The locations of the open-loop zeros in this book will be indicated by small circles.) Note that 
the starting points of the root loci (the points corresponding to K = 0) are open-loop poles. The 
number of individual root loci for this system is three, which is the same as the number of open- 
loop poles. 

To determine the root loci on the real axis, we select a test point, s. If the test point is on the 


positive real axis, then 
[s=/s+1 =/s+2 =0° 


This shows that the angle condition cannot be satisfied. Hence, there is no root locus on the posi- 
tive real axis. Next, select a test point on the negative real axis between 0 and —1. Then 


[ss = 180°, /st1 = /st+2 =0° 
a /s+1 —- /s+2 =-180° 


and the angle condition is satisfied. Therefore, the portion of the negative real axis between 0 and 
—1 forms a portion of the root locus. If a test point is selected between —1 and —2, then 


[s = [/s+1 = 180°, /s+2 = 0° 


Thus 


and 


-/s -[st1 - /s+2 =-360° 


It can be seen that the angle condition is not satisfied. Therefore, the negative real axis from —1 
to —2 is not a part of the root locus. Similarly, if a test point is located on the negative real axis 
from —2 to —%, the angle condition is satisfied. Thus, root loci exist on the negative real axis be- 
tween 0 and —1 and between —2 and —%, 

2. Determine the asymptotes of the root loci. The asymptotes of the root loci as s approaches 
infinity can be determined as follows: If a test point s is selected very far from the origin, then 


fous K aa 
BOO) ME Gees es 


7 Fas 


and the angle condition becomes 


-3/s = +180°2k +1) (k= 0,1,2,...) 


or 


+180°(2k + 1) 
Angles of asymptotes = es (k = 0,1, 2,...) 
Since the angle repeats itself as k is varied, the distinct angles for the asymptotes are determined 
as 60°, ~60°, and 180°. Thus, there are three asymptotes. The one having the angle of 180° is the 
negative real axis. 
Before we can draw these asymptotes in the complex plane, we must find the point where they 
intersect the real axis. Since 


K 


= 64 NG +d) oes 


if a test point is located very far from the origin, then G(s) may be written as 
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K 


COPS aaa 


(6-7) 


Since the characteristic equation is 
G(s) = -1 
referring to Equation (6-7) the characteristic equation may be written as 
s+ 39° +---=-K 
For a large value of s, this last equation may be approximated by 
(s+ 1° =0 


If the abscissa of the intersection of the asymptotes and the real axis is denoted by s = —o,, then 


and the point of origin of the asymptotes is (—1, 0). The asymptotes are almost part of the root 
loci in regions very far from the origin. 

3. Determine the breakaway point. To plot root loci accurately, we must find the breakaway 
point, where the root-locus branches originating from the poles at 0 and —1 break away (as K is 
increased) from the real axis and move into the complex plane. The breakaway point corresponds 
to a point in the s plane where multiple roots of the characteristic equation occur. 

A simple method for finding the breakaway point is available. We shall present this method 
in the following: Let us write the characteristic equation as 


where A(s) and B(s) do not contain K. Note that f(s) = 0 has multiple roots at points where 


df(s) _ 
ds =O 


This can be seen as follows: Suppose that f(s) has multiple roots of order ~ Then f(s) may be 
written as 


f(s) = (8 — (8 — 8g) 8 = Sy) 
If we differentiate this equation with respect to s and set s = si, then we get 


afis) 


es =0 (6-9) 


This means that multiple roots of f(s) will satisfy Equation (6-9). From Equation (6-8), we obtain 


aflsy 
a = Bs) + KA’(s) =0 (6-10) 
ds 
where 
rie) — GAGS) 17¢) ~ 2B(S) 
A() =, > BOD EG 


The particular value of K that will yield multiple roots of the characteristic equation is obtained 
from Equation (6-10) as 


ets 
A%s) 
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If we substitute this value of K into Equation (6-8), we get 
a _ BG) = 
As) = BOS) ~ 4,4 AG) = 0 
or 
B(s)A’(s) — B’(s)A(s) = 0 (6-11) 


If Equation (6-11) is solved for s, the points where multiple roots occur can be obtained. On the 
other hand, from Equation (6-8) we obtain 


and 


dK __ BYS)A(s) — BOA) 


ds A(s) 
If dK/ds is set equal to zero, we get the same equation as Equation (6-11). Therefore, the break- 
away points can be simply determined from the roots of 


It should be noted that not all the solutions of Equation (6-11) or of dK/ds = 0 correspond 
to actual breakaway points. If a point at which df(s)/ds = 0 is on a root locus, it is an actual break- 
away or break-in point. Stated differently, if at a point at which df(s)/ds = 0 the value of K takes 
areal positive value then that point is an actual breakaway or break-in point. 

For the present example, the characteristic equation G(s) + 1 = 0 is given by 

— +1=0 
s(s + 1)(s + 2) 


or 
K = —(s° + 3s? + 2s) 
By setting dK/ds = 0, we obtain 


= ~ (35? + 65 +2) =0 
or 
S = —0.4226, s = —1.5774 
Since the breakaway point must lie on a root locus between 0 and —1. it is clear that s = —0.4226 


corresponds to the actual breakaway point. Point s = —1.5774 is not on the root locus. Hence, this 
point is not an actual breakaway or break-in point. In fact, evaluation of the values of K corre- 
sponding to s = —0.4226 and s = —1.5774 yields 


K = 0.3849, for s = —0.4226 
K = —0.3849, for s = —1.5774 


4. Determine the points where the root loci cross the imaginary axis. These points can be found 
by use of Routh’s stability criterion as follows: Since the characteristic equation for the present 
system is 


s+ 39? +25+ K=0 
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the Routh array becomes 


s° 1 2 
s? 3 K 
gl 6 ss K 

3 
s° K 


The value of K that makes the s! term in the first column equal zero is K = 6. The crossing points 
on the imaginary axis can then be found by solving the auxiliary equation obtained from the s? 
tow; that is, 


30° + K = 35° +6=0 
which yields 
s= +jV2 
The frequencies at the crossing points on the imaginary axis are thus = + V 2. The gain value 
corresponding to the crossing points is K = 6. 
An alternative approach is to let s = jw in the characteristic equation, equate both the real 


part and the imaginary part to zero, and then solve for w and K. For the present system, the char- 
acteristic equation, with s = jw, is 


(jo)? + 3(jo)? + 2(jo) + K =0 


° 
ca) 


(K - 3w”) + jQw — w*) =0 
Equating both the real and imaginary parts of this last equation to zero, we obtain 
K - 3a = 0, 20 - w =0 
from which 
w= +2, K=6 or = 0, K=0 


Thus, root loci cross the imaginary axis at o = +2, and the value of K at the crossing points 
is 6. Also, a root-locus branch on the real axis touches the imaginary axis at w = 0. 

5. Choose a test point in the broad neighborhood of the jw axis and the origin, as shown in 
Figure 6-4, and apply the angle condition. If a test point is on the root loci, then the sum of the 


Figure 6-4 
Construction of root locus. 
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Figure 6-5 
Root-locus plot. 
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three angles, 0; + 62 + 63, must be 18U”. If the test point does not satisfy the angle condition, se- 
lect another test point until it satisfies the condition. (The sum of the angles at the test point will 
indicate which direction the test point should be moved.) Continue this process and locate a suf- 
ficient number of points satisfying the angle condition. 

6. Draw the root loci, based on the information obtained in the foregoing steps, as shown in 
Figure 6-5. 

7. Determine a pair of dominant complex-conjugate closed-loop poles such that the damping 
ratio ¢ is 0.5. Closed-loop poles with € = 0.5 lie on lines passing through the origin and making 
the angles +cos~! € = +cos-! 0.5 = +60° with the negative real axis. From Figure 6-5, such 
closed-loop poles having ¢ = 0.5 are obtained as follows: 


s; = 0.3337 + j0.5780, _s, = —0.3337 — 0.5780 


The value of K that yields such poles is found from the magnitude condition as follows: 


K= Is(s + 1s + 2) pas am 


= 1.0383 


Using this value of K, the third pole is found at s = —2.3326. 

Note that, from step 4, it can be seen that for K = 6 the dominant closed-loop poles lie on 
the imaginary axis at s = +/V2. With this value of K, the system will exhibit sustained oscilla- 
tions. For K > 6, the dominant closed-loop poles lie in the right-half s plane, resulting in an un- 
stable system. 

Finally, note that, if necessary, the root loci can be easily graduated in terms of K by use of the 
magnitude condition. We simply pick out a point ona raat locus, measure the magnitudes of the 
three complex quantities s,s + 1,and s + 2,and multiply these magnitudes; the product is equal 
to the gain value K at that point, or 


s|-|s+3|-f6 += x« 
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EXAMPLE 6-2 


In this example, we shall sketch the root-locus plot of asystem with complex-conjugate open-loop 
poles. Consider the system shown in Figure 6-6. For this system, 


Gge H(s) =1 


1S + s+ 3’ 
It is seen that G(s) has a pair of complex-conjugate poles at 
s= -1+jV2, s=-1-jv2 


A typical procedure for sketching the root-locus plot is as follows: 


1. Determine the root loci on the real axis. For any test point s on the real axis, the sum of the 
angular contributions of the complex-conjugate poles is 360°, as shown in Figure 6-7. Thus the 
net effect of the complex-conjugate poles is zero on the real axis. The location of the root locus 
on the real axis is determined from the open-loop zero on the negative real axis. A simple test re- 
veals that a section of the negative real axis, that between —2 and —%, is a part of the root locus. 
It is noted that, since this locus lies between two zeros (ats = —2 ands = —), it is actually a part 
of two root loci, each of which starts from one of the two complex-conjugate poles. In other words, 
two root loci break in the part of the negative real axis between —2 and —%. 

Since there are two open-loop poles and one zero, there is one asymptote, which coincides 
with the negative real axis. 

2. Determine the angle of departure from the complex-conjugate open-loop poles. The pres- 
ence of a pair of complex-conjugate open-loop poles requires determination of the angle of de- 
parture from these poles. Knowledge of this angie is importani since the root locus near a complex 
pole yields information as to whether the locus originating from the complex pole migrates to- 
ward the real axis or extends toward the asymptote. 

Referring to Figure 6-8, if we choose a test point and move it in the very vicinity of the com- 
plex open-loop pole at s = —pi, we find that the sum of the angular contributions from the pole 
ats = —p2 and zero ats = —z; to the test point can be considered remaining the same. If the test 


rar | nt ay | Pacoge? 
Ris) K(s +2) Cts) 


s74+2543 


Figure 6-6 
Control system. 


Figure 6-7 
Determination of the root locus on 
the real axis. 
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Figure 6-8 
Determination of the angle 
of departure. 


point is to be on the root locus, then the sum of $i, —01, and —64 must be +180°(2k + 1), where 
k = 0,1,2,.... Thus, in the example, 


$1 — (0; + 64) = £180°(2k + 1) 


° 
aT 


6, = 180° — 6,4 | = 180° — 6, + ¢, 
The angle of departure is then 
6, = 180° — 6, + g, = 180° — 90° + 55° = 145° 
Since the root locus is symmetric about the real axis, the angle of departure from the pole at 
5 = —pris —145°. 
3. Determine the break-in point. A break-in point exisis where a pair of root-locus branches 
coalesce as K is increased. For this problem, the break-in point can be found as follows: Since 


+2543 
s+2 


we have 


aK _ _Qs+2e+2~- (+243) _, 


ds (s + 29° 
which gives 
vr +4s+1=0 
or 
s = —3.7320 or s = —0.2680 


Notice that point s = —3.7320 is on the root locus. Hence this point is an actual break-in point. 
(Note that at point s = —3.7320 the corresponding gain value is K = 5.4641.) Since point 
s = —0.2680 is not on the root locus, it cannot be a break-in point. (For point s = — 0.2680, the 
corresponding gain value is K = —1.4641.) 
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4. Sketch a root-locus plot, based on the information obtained in the foregoing steps. To de- 
termine accurate root loci, several points must be found by trial and error between the break-in 
point and the complex open-loop poles. (To facilitate sketching the root-locus plot, we should 
find the direction in which the test point should be moved by mentally summing up the changes 
on the angles of the poles and zeros.) Figure 6-9 shows a complete root-locus plot for the system 
considered. 


The value of the gain K at any point on root locus can be found by applying the magnitude 
condition. For example, the value of K at which the complex-conjugate closed-loop poles have 
the damping ratio £ = 0.7 can be found by locating the roots, as shown in Figure 6-9, and com- 
puting the value of K as follows: 


K- (s+1—-jfVv2)y(s + 1+ jV2) 


s+2 s=—1.67+71.70 


= 1.34 


It is noted that in this system the root locus in the complex plane is a part of a circle. Such a 
circular root locus will not occur in most systems. Circular root loci may occur in systems that in- 
volve two poles and one zero, two poles and two zeros, or one pole and two zeros. Even in such 
systems, whether circular root loci occur depends on the locations of poles and zeros involved. 

To show the occurrence of a circular root locus in the present system, we need to derive the 
equation for the root locus. For the present system, the angle condition is 


[s+2-/s+1-jy2 — /s +14 fv2 = 4180°(2k +1) 


If s = o + ja is substituted into this last equation, we obtain 


a 


fot+2+ jo — fori + jw jv2 - /o+ it jw + jv2 = +180 


which can be written as 


tan~! (=* 5) — tan! eee ~ tan? (3) = +180°(2k + 1) 


con 4 4\ 
(2k + 1) 


+1 


OT 


tan“! (e = v2\ 4+ tan! (a + v2) = ert 2 \ + 189° 


ee (ort po Noe 2) 


Taking tangents of both sides of this last equation using the relationship 


tanx + tany 


12 
1 + tan x tan y Cc) 


tan(x + y) = 


Figure 6-9 
Root-locus plot. 
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we obtain 


tan | tan! lene) + tan? CE eae tan | tan-?| —~ 
ao+l1 ot+1 o+2 


+ 180°(2k + »| 


or 
w- V2 at V2 _@_, 
ao+1 ao+l __a@t+2 
—V2\iw+ V2 ee ane 
ot+1 o+1 a+2 
which can be simplified to 
2a(o + 1) a!) 


(o+1P— (2) o +2 
or 
w[(a + 2)? + w — 3] =0 
This last equation is equivalent to 
o=0 or (6+2P?+0°=(3) 


These two equations are the equations for the root loci for the present system. Notice that the 
first equation, w = 0, is the equation for the real axis. The real axis from s = —2 tos = —~ corre- 
sponds 1 to a root locus for K = 0. The serialtiinie part of the real axis corresponds to a root locus 
when K is negative. (in the present system, K is nonnegative. ) The second equation for the root 
locus is an equation of a circle with center at 0 = —2,w = Oand the radius equal to V3. That part 
of the circle to the left of the complex-conjugate poles corresponds to a root locus for K 2 0.The 
remaining part of the circle corresponds to a root locus when K is negative. 

It is important to note that easily interpretable equations for the root locus can be derived for 
simple systems only. For complicated systems having many poles and zeros, any attempt to derive 
equations for the root loci is discouraged. Such derived equations are very complicated and their 
configuration in the complex plane is difficult to visualize. 


6-3 SUMMARY OF GENERAL ROLES FOR 


330 


CONSTRUCTING ROOT LOCI 


For a complicated system with many open-loop poles and zeros, constructing a root- 
locus plot may seem complicated, but actually it is not difficult if the rules for con- 
structing the root loci are applied. By locating particular points and asymptotes and by 
computing angles of departure from complex poles and angles of arrival at complex 
zeros, we can construct the general form of the root loci without difficulty. 

Some of the rules for constructing root loci were given in Section 6-2. The purpose 
of this section is to summarize the general rules for constructing root loci of the sys- 
tem shown in Figure 6-10. While the root-locus method is essentially based on a trial- 
and-error technique, the number of trials required can be greatly reduced if we use 


these rules. 


General rules for constructing root loci. We shall now summarize the general 
rules and procedure for constructing the root loci of the system shown in Figure 6-10. 
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Figure 6-10 
Control system. 


First, obtain the characteristic equation 
1+ G(s)H(s) = 0 


Then rearrange this equation so that the parameter of interest appears as the multiply- 
ing factor in the form 


i K(s + Zs + 2) °° (8 + Zn) _ 

(s + pi)(s + Po) + Py) 
In the present discussions, we assume that the parameter of interest is the gain K, where 
K > 0. (If K < 0, which corresponds to the positive-feedback case, the angle condition 


must be modified. See Section 6-5.) Note, however, that the method is still applicable 
to systems with parameters of interest other than gain. 


(6-13) 


1. Locate the poles and zeros of G(s)H(s) on the s plane. The root-locus branches 
start from open-loop poles and terminate at zeros (finite zeros or Zeros at infinity}. From 
the factored form of the open-loop transfer function, locate the open-loop poles and ze- 
ros in the s plane. [Note that the open-loop zeros are the zeros of G(s)H(s), while the 
closed-loop zeros consist of the zeros of G(s) and the poles of H(s).] 

Note that the root loci are symmetrical about the real axis of the s plane, because 
the complex poles and complex zeros occur only in conjugate pairs. 

Find the starting points and terminating points of the root loci and find also the num- 
ber of separate roat loci. The points on the root loci corresponding to K = 0 are open- 


loop poles. This can be seen from the magnitude condition by letting K approach zero, or 


(s + z)5 + Z9)--- G+ Zn)| 
(s + pi)(s + pz) +++ (S + Py) 


This last equation implies that as K is decreased the value of s must approach one of the 


open-loop poles. Each root locus thus originates at a pole of the open-loop transfer 
function G(s) H(s\,. As K isincreased to infinity, each root-locus approaches either a zero 
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of the open- loop transfer function or infinity in the complex plane. This can be seen as 
follows: If we let K approach infinity in the magnitude condition, then 


= lim ae = © 
x0 K 


K>0 


(s + 2,)(8 + %)-+- (6+ Zn] _ 1 
(s+ PiVS + Pa) S+Py)l Kee K 
Hence the value of s must approach one of the finite open-loop zeros or an open-loop 
zero at infinity. [If the zeros at infinity are included in the count, G(s) H(s) has the same 
number of zeros as poles. ] 

A root-locus plot will have just as many branches as there are roots of the charac- 
teristic equation. Since the number of open-loop poles generally exceeds that of zeros, 


lim 


K-30 


=0 
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the number of branches equals that of poles. If the number of closed-loop poles is the 
same as the number of open-loop poles, then the number of individual root-locus 
branches terminating at finite open-loop zeros is equal to the number m of the open- 
loop zeros. The remaining 1 — m branches terminate at infinity (7 — m implicit zeros at 
infinity) along asymptotes. 

If we include poles and zeros at infinity, the number of open-loop poles is equal to 
that of open-loop zeros. Hence we can always state that the root loci start at the poles 
of G(s) H(s) and end at the zeros of G(s) H(s), as K increases from zero to infinity, where 
the poles and zeros include both those in the finite s plane and those at infinity. 

2. Determine the root loci on the real axis. Root loci on the real axis are determined 
by open-loop poles and zeros lying on it. The complex-conjugate poles and zeros of the 
open-loop transfer function have no effect on the location of the root loci on the real 
axis because the angle contribution of a pair of complex-conjugate poles or zeros is 360° 
on the real axis. Each portion of the root locus on the real axis extends over a range 
from a pole or zero to another pole or zero. In constructing the root loci on the real axis, 
choose a test point on it. If the total number of real poles and real zeros to the right of 
this test point is odd, then this point lies on a root locus. The root locus and its comple- 
ment form alternate segments along the real axis. 

3. Determine the asymptotes of root loci. If the test point s is located far from the 
origin, then the angle of each complex quantity may be considered the same. One open- 
loop zero and one open-loop pole then cancel the effects of the other. Therefore, the 
root loci for very large values of s must be asymptotic to straight lines whose angles 
(slopes) are given by 


+180°(2k + 1) C2099 


f = 
Angles of asymptotes east 


where n = number of finite poles of G(s) H(s) 
m = number of finite zeros of G(s) H(s) 


corresponds to the asy mptotes with the smallest ee wit 
though k assumes an infinite number of values, as k is increased, the Sani e repeats itself, 
and the number of distinct asymptotes is n — m. 

All the asymptotes intersect on the real axis. The point at which they do so is ob- 
tained as follows: If both the numerator and denominator of the open-loop transfer 
function are expanded, the result is 


tealawic Al 
Lie 1Cal AAS. FAI“ 


[SE Se Seg Pe ag Ss EE pe NZ | 
SE Opi py Phen payee ob 4a py Py? Dp 


If a test point is located very far from the origin, then by dividing the denominator by 
the numerator G(s)H(s) may be written as 


K 
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Since the characteristic equation is 
G(s) H(s) = — 


it may be written 
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For a large value of s, Equation (6-14) may be approximated by 


4 Pit Po + +++ + Pa) — Gt tet te) _ Gg 
n—-m 


If the abscissa of the intersection of the asymptotes and the real axis is denoted by 
S = 0,, then 
(Dist Dat ee Daye ek eee Se Be) 


Ce ey (6-15) 


or 


_ (sum of poles) — (sum of zeros) (6-16) 


2 n-m 


Because all the complex poles and zeros occur in conjugate pairs, o, is always a real 
quantity. Once the intersection of the asymptotes and the real axis is found, the asymp- 
totes can be readily drawn in the complex plane. 

It is important to note that the asymptotes show the behavior of the root loci for 
's| > 1.A root locus branch may lie on one side of the corresponding asymptote or may 
cross ue peouesponding asymptote: ecaaee one sees to the omer pane 


c 
the root loci, the breakaway points aad break- in points either lie on the real ax 
occur in complex-conjugate pairs. 

Ifa root locus lies between two adjacent open-loop poles on the real axis, then there ex- 
ists at least one breakaway point between the two poles. Similarly, if the root locus lies be- 
tween two adjacent zeros (one zero may be located at —~) on the real axis, then there 
always exists at least one break-in point between the two zeros. If the root locus lies be- 
tween an open-loop pole and a zero (finite or infinite) on the real axis, then there may ex- 
istno breakaway or break-in points or there may exist both breakaway and break-in points. 

Suppose that the characteristic equation is given by 


B(s) + KA(s) = 0 


The breakaway points and break-in points correspond to multiple roots of the charac- 
teristic equation. Hence, the breakaway and break-in points can be determined from 
the roots of 


BY(s)A(s) — BG)A“s) _ (6-17) 


fas A(s) 


where the prime indicates differentiation with respect to s. It is important to note that 
the breakaway points and break-in points must be the roots of Equation (6-17), but not 
all roots of Equation (6-17) are breakaway or break-in points. If a real root of Equa- 
tion (6-17) lies on the root locus portion of the real axis, then it is an actual breakaway 
or break-in point. If a real root of Equation (6-17) is not on the root locus portion of 
the real axis, then this root corresponds to neither a breakaway point nor a break-in 
point. If two roots s = s; ands = —s, of Equation (6-17) arc a complcx-conjugatc pair 
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and if it is not certain whether they are on root loci, then it is necessary to check the cor- 
responding K value. If the value of K corresponding to a root s = s; of dK/ds = 0 is posi- 
tive, point s = s; is an actual breakaway or break-in point. (Since K is assumed to be 
nonnegative, if the value of K thus obtained is negative, then point s = s; is neither a 
breakaway nor break-in point.) 

5, Determine the angle of departure (angle of arrival) of the root locus from a com- 
plex pole (at a complex zero). To sketch the root loci with reasonable accuracy, we must 
find the directions of the root loci near the complex poles and zeros. If a test point is 
chosen and moved in the very vicinity of a complex pole (or complex zero), the sum of 
the angular contributions from all other poles and zeros can be considered remaining 
the same. Therefore, the angle of departure (or angle of arrival) of the root locus from 
a complex pole (or at a complex zero) can be found by subtracting from 180° the sum 
of all the angles of vectors from all other poles and zeros to the complex pole (or com- 
plex zero) in question, with appropriate signs included. 


Angle of departure from a complex pole = 180° 
— (sum of the angles of vectors to a complex pole in question from other poles) 
+ (sum of the angles of vectors to a complex pole in question from zeros) 


Angle of arrival at a complex zero = 180° 
— (sum of the angles of vectors to a complex zero in question from other zeros) 
+ (sum of the angles of vectors to a complex zero in question from poles) 


The angie of departure is shown in Figure 6-11. 

6. Find the points where the root loci may cross the imaginary axis. The points where 
the root loci intersect the ja axis can be found easily by (a) use of Routh’s stability cri- 
terion or (b) letting s = jw in the characteristic equation, equating both the real part and 
the imaginary part to zero, and solving for w and K. The values of » thus found give the 
frequencies at which root loci cross the imaginary axis. The K value corresponding to 
each crossing frequency gives the gain at the crossing point. 


9. Taking a series of test points in the broad neighborhood of the origin of the s plane, 


sketch the root loci. Determine the root loci in the broad neighborhood of the jw axis 
and the origin. The most important part of the root loci is on neither the real axis nor 
the asymptotes but the part in the broad neighborhood of the jw axis and the origin. The 


Figure 6-11 

Construction of the root locus. 
[Angle of departure = 180° — 
(6; + @2) + ¢.] 
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Figure 6-12 


Root-locus plot. 


shape of the root loci in this important region in the s plane must be obtained with suf- 
ficient accuracy. 

8. Determine closed-loop poles. A particular point on each root-locus branch will be 
a closed-loop pole if the value of K at that point satisfies the magnitude condition. Con- 
versely, the magnitude condition enables us to determine the value of the gain K at any 
specific root location on the locus. (If necessary, the root loci may be graduated in terms 
of K. The root loci are continuous with K.) 

The value of K corresponding to any point s on a root locus can be obtained using 
the magnitude condition, or 


_ product of lengths between point s to poles 
product of lengths between point s to zeros 


This value can be evaluated either graphically or analytically. 

If the gain K of the open-loop transfer function is given in the problem, then by ap- 
plying the magnitude condition we can find the correct locations of the closed-loop 
poles for a given K on each branch of the root loci by a trial-and-error approach or by 
use of MATLAB, which will be presented in Section 6—4. 


Comments on the root-locus plots. It is noted that the characteristic e equation 
of the system whose open-loop transfer function is 


(s™ + ds™1 +---+b,) 


K 
Oe) s"tas" t+. +a 


(n 2m) 

is an nth-degree algebraic equation in s. If the order of the numerator of G(s)H(s) is 
lower than that of the denominator by two or more (which means that there are two or 
more zeros at infinity), then the coefficient a; is the negative sum of the roots of the 
equation and is independent of K. In such a case, if some of the roots move on the lo- 
cus toward the left as K is increased, then the other roots must move toward the right 
as K is increased. This information is helpful in finding the general shape of the root loci. 


It is also noted that a slight change in the pole—zero configuration may cause signifi- 
cant changes in the root-locus configurations, Figure 6-12 demonstrates the fact that a 
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slight change in the location of a zero or pole will make the root-locus configuration 
look quite different. 
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Figure 6-13 

(a) Control system 
with velocity feed- 
back; (b) and 

(c) modified block 
diagrams. 
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Cancellation of poles G(s) with zeros of H(s). It is important to note that if the 
denominator of G(s) and the numerator of H(s) involve common factors then the cor- 
responding open-loop poles and zeros will cancel each other, reducing the degree of the 
characteristic equation by one or more. For example, consider the system shown in Fig- 
ure 6-13(a). (This system has velocity feedback.) By modifying the block diagram of 
Figure 6-13(a) to that shown in Figure 6—13(b), it is clearly seen that G(s) and H(s) have 
a common factor s + 1. The closed-loop transfer function C(s)/R(s) is 


C(s) _ : 
Ris) s(s + 1)(8 + 2) + K(s + 1) 
The characteristic equation is 
(s(s + 2) + K](s +1) =0 
Because of the cancellation of the terms (s + 1) appearing in G(s) and H(s), how- 
ever, we have 
‘, Ks + 1) 
s(s + 1)(s + 2) 
Sis +2) +K 
s(s + 2) 


1 + G(s)H(s) 


The reduced characteristic equation is 
s(s+2)+K =0 


The root-locus plot of G(s)H(s) does not show all the roots of the characteristic equa- 
tion, only the roots of the reduced equation. 

To obtain the complete set of closed-loop poles, we must add the canceled pole of 
G(s)H(s) to those closed-loop poles obtained from the root-locus plot of G(s)H(s). The 


BRO) KN oO ol oR ol sae | Cs) 


(s + 1} (s + 2) 


(a) 


G(s) 


H(s) 
(b) (c) 
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important thing to remember is that the canceled pole of G(s)H(s) is a closed-loop pole 
of the system, as seen from Figure 6-13(c). 


Typical pole-zero configurations and corresponding root loci. In concluding 
this section, we show several open-loop pole—zero configurations and their corre- 
sponding root loci in Table 6-1. The pattern of the root loci depends only on the rela- 
tive separation of the open-loop poles and zeros. If the number of open-loop poles 


Table 6-1 Open-Loop Pole—Zero Configurations and the 
Corresponding Root Loci 
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exceeds the number of finite zeros by three or more, there is a value of the gain K be- 
yond which root loci enter the right-half s plane, and thus the system can become un- 
stable. A stable system must have all its closed-loop poles in the left-half s plane. 

Note that once we have some experience with the method we can easily evaluate 
the changes in the root loci due to the changes in the number and location of the open- 
loop poles and zeros by visualizing the root-locus plots resulting from various pole—zero 
configurations. 


Summary. From the preceding discussions, it should be clear that it is possible to 
sketch a reasonably accurate root-locus diagram for a given system by following simple 
rules. (The reader is suggested to study various root-locus diagrams shown in the solved 
problems at the end of the chapter.) At preliminary design stages, we may not need the 
precise locations of the closed-loop poles. Often their approximate locations are all that 
is needed to make an estimate of system performance. Thus, it is important that the de- 
signer have the capability of quickly sketching the root loci for a given system. 


6-4 ROOT-LOCUS PLOTS WITH MATLAB 
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In this section we present the MATLAB approach to the generation of root-locus plots. 
Plotting root loci with MATLAB. In plotting root loci with MATLAB we deal 
with the system equation given in the form of Equation (6—13), which may be written as 


1+K—~=0 
den 


where num is the numerator polynomial and den is the denominator polynomial. That is, 
num = (s + z,)(s + Z)°°*(@ + Zp) 
a ee a Ce Scena 9) le Roe 2 a 
den = (s + p,)(s + P2)*** (8 + Pn) 
= 6" (pit pose pays” he ee Piast De 


Note that both vectors num and den must be written in descending powers of s. 
A MATLAB command commonly used for plotting root loci is 


rlocus(num,den) 


Using this command, the root-locus plot is drawn on the screen. The gain vector Kis au- 
tomatically determined. The command rlocus works for both continuous- and discrete- 
time systems. 

For the systems defined in state space, rlocus(A,B,C,D) plots the root locus of the sys- 
tem with the gain vector automatically determined. 

Note that commands 
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EXAMPLE 6-3 


rlocus(num,den,K) and rlocus(A,B,C,D,K) 


use the user-supplied gain vector K. (The vector K contains all the gain values for which 
the closed-loop poles are to be computed.) 
If invoked with left-hand arguments 


[r,K] = rlocus(num,den) 
[r,K] = rlocus(num,cen, K) 
[r,K] = rlocus(A,B,C,D) 
[rk] = rlocus(A,B,C,D,K) 


the screen will show the matrix r and gain vector K. (r has length K rows and length 
den — 1 columns containing the complex root locations. Each row of the matrix corre- 
sponds to a gain from vector K.) The plot command 


plot(r,’ ’) 


plots the root loci. 
If it is desired to plot the root loci with marks ‘o’ or *x’, it is necessary to use the fol- 
lowing command: 


r = rlocus(num,den) 
plot(r’o’) or plot(r,’x’) 


Plotting root loci using marks ‘o’ or ‘x’ is instructive, since each calculated closed- 
loop pole is graphically shown; in some portion of the root loci those marks are densely 
placed and in another portion of the root loci they are sparsely placed. MATLAB sup- 
plies its own set of gain values used to calculate a root-locus plot. It does so by an in- 
ternal adaptive step-size routine. Also, MATLAB uses the automatic axis-scaling 
feature of the plot command. 

Finally, note that, since the gain vector is automatically determined, root-locus plots of 


K(s + 1) 
s(s + 2\(s + 3) 
FX a 


ay . 1OK(s + 1) 
CO) 5 2 Gn Sy 


G(s) = 20K +D 


S(S + 2)(s + 3) 


G(s)H(s) = 


are all the same. The num and den set of the system is the same for all three systems. 
The num and den are 


num=[10 0 1 TJ 
den=[1 5 6 Oj] 


Consider the control system shown in Figure 6-14. To plot the root-locus diagram with MAT- 
LAB, it is necessary to find the numerator and denominator polynomials of the open loop. 
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K(s? +25 +4) C(s) 


s(s + 4) (8 + 6) (8? + 1.4541) 


Figure 6-14 
Control system. 


For this problem, the numerator is already given as a polynomial in s. However, the denomi- 
nator is given as a product of first- and second-order terms, with the result that we must multiply 
these terms to get a polynomial in s. The multiplication of these terms can be done easily by use 
of the convolution command, as shown next. 

Define 


a=s(is+4=s°+4s : a=[l 4 O] 
b=s+6 : b=fl 6] 
c=s? +1441 > c=ll 14 1 


Then use the following command: 


convic,d) 


1.0000 11.4000 39.0000 43.6000 24.0000 0 


d = convia,b); e = convic,d} 
{Note that convia,b) gives the product of two poiynomiais a and b.j See ihe foiliowing computer 
output: 
1 10 24 0O 


The denominator polynomial is thus found to be 
den=[1 11.4 39 43.6 24 QJ 


To find the open-loop zeros of the given transfer function, we may use the following roots com- 
mand: 


p=[1 2 4) 
r = roots(p) 


340 Chapter 6 / Root-Locus Analysis 


The command and the computer output are shown next. 


p= (1 2 4]; 
r = roots(p) 


r= 


—1.0000 + 1.7321i 
~1.0000 — 1.73211 


Similarly, to find the complex-conjugate open-loop poles (the roots of s2 + 1.4s + 1 = 0), we may 
enter the roots commands as follows: 


q = roots(c) 


q= 


0.7000 + 0.71411 
—0.7000 — 0.71411 


Thus the system has the following open-loop zeros and open-loop poles; 


Open-loop zeros: s = —1 + f1.7321, s 1 = 7157321 
Open-loop poles: s = —0,7 + j0.7141, s = —0.7 — j0.7141 
s=0, s=-4, s=-6 


MATLAB Program 6~1 will plot the root-locus diagram for this system. The plot is shown in Fig- 
ure 6-15. 


MATLAB Program 6-1 


% Root-locus plot -—--———- 


num=[0 0 O 1 2 4); 
den={1 11.4 39 43.6 24 O]; 
rlocus(num,den) 


Warning: Divide by zero 

v=[-10 10 -10 10]; axis(v) 

grid 

title(/Root-Locus Plot of G(s) = K(s\2 + 2s + 4)/[s(s + 4)(s + 6)(s\2 + 1.45 + 1)}) 
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Root-Locus Plot of G(s) = K(s*2+2s+4)/[s(s+4)(s+6)(s*2+1.4s+1)] 


Imag Axis 


Figure 6-15 
Root-locus plot. Real Axis 


EXAMPLE 6-4 — Consider the system shown in Figure 6-16, where the open-loop transfer function G(s) H(s) is 


G(s)H(s) = K(s + 0.2) 


s*(s + 3.6) 


The open-loop zero is at s = —0.2, and open-loop poles are at s = 0,s = 0,ands = —3.6. 
MATLAB Program 6-2 generates a root-locus plot. The resulting root-locus plot is shown in 
Figure 6-17. 


MATLAB Program 6-2 


% ---------- Root-locus plot ---------- 


num=[0 O 1. 0.2); 

den=[1 3.6 0 OJ; 

rlocus(num,den) 

v=[-4 2 —-4 4]; axis(v) 

grid 

title(/Root-Locus Plot of G(s) = K(s + 0.2)/[s42(s + 3.6)]’) 


Figure 6-16 
Control system. 
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Figure 6-17 
Root-locus plot. 


EXAMPLE 6-5 


Root-Locus Plot of G(s) = K(s+0.2)/|s*2(s+3.6)] 


Imag Axis 
Oo 
| 


-4 -3 2 -1 0 1 2 
Real Axis 


Consider the system shown in Figure 6-18. Plot root loci with a square aspect ratio so that a line 
with slope 1 is a true 45° line. 

To set the plot region on the screen to be square, enter the command axis(‘square’). With this 
command, a line with slope 1 is at a true 45°, not skewed by the irregular shape of the screen. (It 
is important to note that a hard-copy plot may or may not be of a square region depending on 
a printer.) 

MATLAB Program 6-3 produces a root-locus plot in a square region. The resulting plot is 
shown in Figure 6—19. 


MATLAB Program 6-3 ; 


% ~-—-——-- Root-locus plot -————-- 


num=[0 0 0 1 1); 

den=[1 3 12 -16 O|; 

rlocus{num,den) 

v={[-6 6 —6 6]; axis(v);axis('square') 

grid 

title(‘Root-Locus Plot of G(s) = K(s + 1)/[s(s — 1)(s42 + 4s + 16)]') 


K(s +1) 
s(s— 1s? + 45 + 16) 


Figure 6-18 
Control system. 


Section 6-4 / Root-Locus Plots with MATLAB 343 


Root-Locus Plot of G(s) = K(s+1)/[s(s—1)(s*2+4s+16)] 


Figure 6-19 
Root-locus plot. 


EXAMPLE 6-6 Consider the system whose open-loop transfer function G(s)H(s) is 


K 
s(s + 0.5)(s? + 0.65 + 10) 


K 
~ 54+ Ls? + 103s? + 5s 


There are no open-loop zeros. Open-loop poles are located at s = —0.3 + j3.1480. s = —0.3 - 
J3-1480, s = —0.5, and s = 0. 

Entering MATLAB Program 6—4 into the computer, we obtain the root-locus plot shown in 
Figure 6-20. 


G(s)H(s) = 


Notice that in the regions near x = —0.3, y = 2.3 and x = —0.3, y = —2.3 two loci approach 
each other. We may wonder if these two branches should touch or not. To explore this situation, 
we may plot the root loci using the command 
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Root-Locus Plot of G(s) = K/[s(s+0.5)(s*2+0.6s+10)} 


4 
2 

eo 0 

E 
3 ' 


Figure 6-20 ae —4 -2 0 2 4 6 
Root-locus plot. Real Axis 


r = rlocus(num,den) 
plot(r,'o') 


as shown in MATLAB Program 6-5. Figure 6-21 shows the resulting plot. 


MATLAB Program 6-5 


% -------—- Root-locus plot -—-------- 


num=[0 0 0 O 1); 

den=[1 1.1 103 5 OI; 

r = rlocus(num,den); 

plot(r,‘or’) 

v=[-6 6 -6 6]; axis(v) 

grid 

title(/Root-Locus Plot of G(s) = K/Is(s + 0.5)(s42 + 0.6s + 10)]’) 
xlabel(‘Real Axis’) 

ylabel(‘Imag Axis’) 


% ***** Note that the command ‘plot(r,‘or’)’ gives small circles 
% in the screen plot in red color ***** 


Since there are no computed points near (—0.3, 2.3) and (—0.3, —2.3), it is necessary to adjust 
steps in gain K. By a trial and error approach, we find the particular region of interest to be 
20 = K = 30. By entering MATLAB Program 6-6, we obtain the root-locus plot shown in Fig- 
ure 6-22. From this plot, it is clear that the two branches that approach in the upper half-plane 
(or in the lower half-plane) do not touch. 
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Root-Locus Plot of G(s) = K/[s(s+0.5)(s”2+0.6s+10)] 


Imag Axis 


Figure 6-21 


Root-locus plot. 


EXAMPLE 6-7 Consider the system shown in Figure 6-23. The system equations are 


x = Ax + Bu 
y=Cx+ Du 
u=r-y 


In this example problem we shall obtain the root-locus diagram of the system defined in state 
space. Let us assume, for example, that matrices A, B, C, and D are given by 
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Figure 6-22 
Root-locus plot. 


Figure 6-23 
Closed-loop control 
system. 


Root-Locus Plot of G(s) = K/[s(s+0.5)(s%2+0.65+10)] 


Imag Axis 


Real Axis 


BAN als aelical 


|-160 -56 -14| |-14| 
C=[1 0. Oj, D= [0] 


vant 
oN 
be 
co 
ee] 


The root-locus plot for this system can be obtained with MATLAB by use of the following 
command: 


rlocus(A,B,C,D) 


This command will produce the same root-locus plot as can be obtained by use of the rlocus 
(num,den) command, where num and den are obtained from 


[num,den] = ss2tf(A,B,C,D) 
as follows: 


num=[0 0 1 QO 
den=[1 14 56 160] 
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Figure 6-24 
Root-locus plot of 
system defined in 
state space, where 
A, B,C, and D are 
as given by Equa- 
tion (6-18). 


MATLAB Program 6-7 gives a program that will generate the root-locus plot as shown in Fig- 
ure 6-24. 


Root-Locus Plot of System defined in State Space 


6-5 SPECIAL CASES 


348 


In this section we shall consider two special cases. One is the case in which the gain K 
does not appear as a multiplicative factor, and in the other the closed-loop system is a 
positive-feedback system, rather than a negative-feedback system. 
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Constructing root loci when a variable parameter does not appear as a mul- 
tiplying factor. In some cases the variable parameter K may not appear as a multi- 
plying factor of G(s)H(s). In such cases it may be possible to rewrite the characteristic 
equation such that the variable parameter K appears as a multiplying factor of 
G(s) H(s). Example 6-8 illustrates how to proceed in such a case. 


EXAMPLE 6-8 Consider the system in Figure 6-25. Draw a root-locus diagram. Then determine the value of k 
such that the damping ratio of the dominant closed-loop poles is 0.4. 
Here the system involves velocity feedback. The open-loop transfer function is 


20 


Open- function = ~~~ 7 
pen-loop transfer function s(s + 1s + 4) + 20ks 


Notice that the adjustable variable k does not appear as a multiplying factor. The characteristic 
equation for the system is 


The root locus exists on the real axis between 0 and —5. Since 
lim == = lim x 
sae (8 + j2)(8 — j2)(s +5) sae 
we have 
+180°(2k + 1) 
2 


Angle of asymptote = = +90° 


s? + 5s" + 4s + 20 + 20ks = 0 (6-19) 
Define 
20k = K 
Then Equation (6-19) becomes 
s+ 5s? + 4s + Ks +20 =0 (6-20) 
Dividing both sides of Equation (6-20) by the sum of the terms that do not contain K, we get 
Ks 
434 5s + d+ 20° 
or 
Dea DG =e Pa) ea 
Equation (6-21) is now of the form of Equation (6-5). 
We shall now sketch the root loci of the system given by Equation (6-21). Notice that the 
open-loop poles are located at s = j2,s = —j2,s = —5,and the open-loop zero is located at s = 0. 


20 
(s+1) (s+4) 
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Figure 6-25 
Control system. 


Figure 6-26 
Root-locus plot for 
the system shown in 
Figure 6-25. 


350 


The intersection of the asymptotes with the real axis can be found from 


Ks 
lim = lm = lm —— 7 
ae Be ba PO soe ee ae (s + 2.5? 


as 
0, = —2.5 


The angle of departure (angle @) from the pole at s = j2 is obtained as follows: 
@ = 180° — 90° — 21.8° + 90° = 158.2° 


Thus, the angle of departure from the pole s = j2 is 158.2°. Figure 6-26 shows a root-locus plot 
for the system. 

Note that the closed-loop poles with € = 0.4 must lie on straight lines passing through the ori- 
gin and making the angles +66.42° with the negative real axis. In the present case, there are two 
intersections of the root-locus branch in the upper half s plane and the straight line of angle 
66.42°. Thus, two values of K will give the damping ratio ¢ of the closed-loop poles equal to 0.4. 
At point P the value of K is 


K= (s + j2)(s — j2)(s + 5) 


= 8.9801 
Ss s=~1,0490-+j2.4065 
Hence 
K 
k= 20 7 0.4490 at point P 


6 
p 
5 = 2.1589 + j4.9652 —~ 


j4 
5 =-1.0490 + 72.4065 
B 


j2 
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At point Q, the value of K is 
_ |G +J2y — f2)s + 5) 


s s=—2.1589+)4,9652 = 28.260 


_K 
Hence 


k 


= 1.4130 at point Q 
Thus, we have two solutions for this problem. For k = 0.4490, the three closed-loop poles are 
located at 
s = —1.0490 + 2.4065, s = —1.0490 — 72.4065, s = —2,9021 
For k = 1.4130, the three closed-loop poles are located at 
s§ = —2.1589 + 74.9652, s = —2.1589 — 74.9652, s = —0.6823 


It is important to point out that the zero at the origin is the open-loop zcro, but not the closed- 
loop zero. This is evident, because the original system shown in Figure 6-25 does not have a 
closed-loop zero, since 


C(s) 20 
Rs) s(s + 1)(s + 4) + 20(1 + ks) 


The open-loop zero at s = 0 was introduced in the process of modifying the characteristic equa- 
tion such that the adjustable variable K = 20k was to appear as a multiplying factor. 

We have obtained two different values of k to satisfy the requirement that the damping ratio 
of the dominant closed-loop poles be equal to 0.4. The closed-loop transfer function with 
k = 0.4490 is given by 


C(s) 20 
Ris) 8° + 5s* + 12.985 + 20 


20 
~ (s + 1.0490 + j2.4065)(s + 1.0490 — j2.4065)(s + 2.9021) 


The closed-loop transfer function with k = 1.4130 is given by 
C(s) _ 20 
R(s) 8° + 5s? + 32.268 + 20 


20 
~ (s + 2.1589 + j4.9652)(s + 2.1589 — j4.9652)(s + 0.6823) 


Notice that the system with k = 0.4490 has a pair of dominant complex-conjugate closed-loop 
poles, while in the system with & = 1.4130 the real closed-loop pole at s = ~—0.6823 is dominant, 
and the complex-conjugate closed-loop poles are not dominant. In this case, the response char- 
acteristic is primarily determined by the real closed-loop pole. 

Let us compare the unit-step responses of both systems. MATLAB Program 6-8 may be used 
for plotting the unit-step response curves in one diagram. The resulting unit-step response curves 
[ex(t) for k = 0.4490 and c(t) for k = 1.4130] are shown in Figure 6-27. 

From Figure 6-27 we notice that the response of the system with & = 0.4490 is oscillatory. 
(The effect of the closed-loop pole at s = —2.9021 on the unit-step response is small.) For the 
system with k = 1.4130, the oscillations due to the closed-loop poles at s = ~2.1589 + j4.9652 
damp out much faster than purely exponential response due to the closed-loop pole at 
5s = —0,.6823. 
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Figure 6-27 
Unit-step response 
curves for the system 
shown in Figure 6-25 
when the damping 
ratio € of the domi- 
nant closed-loop 
poles is set equal to 
0.4. (Two possible 
values of k give the 
damping ratio ¢ 
equal to 0.4.) 
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MATLAB Program 6-8 


% ---------- Unit-step response ---------- 


% ***** Enter numerators and denominators of system with 
% k = 0.4490 and k = 1.4130, respectively. ***** 


num1 =[0 0 O 20); 
denl =[1 5 12.98 20); 
num2=[0 0 O 20); 
den2=[1 5 32.26 20); 
t = 0:0.1:10; 

{[c1,x1,t}] = step(num1,den1,t); 
[c2,x2,t] = step(num2,den2,t); 
plot(t,c1,t,c2) 

text(2.5,1.12,’k = 0.4490’) 
text(3.7,0.85,’k = 1.4130’) 
grid 

title(‘Unit-Step Responses of Two Systems’) 
xlabel(‘t Sec’) 

ylabel(‘Outputs c1 and c2’) 


Unit-Step Responses of ‘Two Systems 


k = 0.4490 


Outputs cl and c2 


tSec 


The system with k = 0.4490 (which exhibits a faster response with relatively small overshoot) 
has a much better response characteristic than the system with k = 1.4130 (which exhibits a slow 
overdamped response). Therefore, we should choose k = 0.4490 for the present system. 


Root loci for positive-feedback systems.* [In a complex control system, there 
may be a positive-feedback inner loop as shown in Figure 6-28. Such a loop is usu- 


* Reference W-S. 
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Figure 6—28 
Control system. 


ally stabilized by the outer loop. In what follows, we shall be concerned only with the 
positive-feedback inner loop. The closed-loop transfer function of the inner loop is 


Cs) _ __ G(s) 
R(s) 1 — G(s)H(s) 


The characteristic equation is 
1 — G(s)H(s) = 0 (6-22) 


This equation can be solved in a manner similar to the development of the root-locus 
method in Section 6-2. The angle condition, however, must be altered. 
Equation (6-22) can be rewritten as 


G(s)H(s) = 1 
which is equivalent to the following two equations: 


/G(s)H(s) = 0° + k360° (Kk = 0,1,2,...) 
|G(s)H(s)| = 1 


The total sum of all angles from the open-loop poles and zeros must be equal to 
0° + &360°. Thus the root locus follows a 0° locus in contrast to the 180° locus consid- 
ered previously. The magnitude condition remains unaltered. 

To illustrate the root-locus plot for the positive feedback system, we shall use the 
following transfer functions G(s) and H(s) as an example. 


K(s +2 
j=, 
es (s + 3)(s* + 25 + 2)’ oy 


The gain K is assumed to be positive. 
The general rules for constructing root loci given in Section 6-3 must be modified 
in the following way: 


Rule 2 is modified as follows: If the total number of real poles and real zeros to the right 
of a test point on the real axis is even, then this test point lies on the root locus. 
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Rule 3 is modified as follows: 


+k360° 
Angles of asymptotes = - 


= 0,1,2,... 
ee (kK = 0,1,2,...) 
where n = number of finite poles of G(s)H(s) 

m = number of finite zeros of G(s)H(s) 


Rule 5 is modified as follows: When calculating the angle of departure (or angle of ar- 
rival) from a complex open-loop pole (or at a complex zero), subtract from 0° the sum 
of all angles of the vectors from all the other poles and zeros to the complex pole (or 
complex zero) in question, with appropriate signs included. 


Other rules for constructing the root-locus plot remain the same. We shall now ap- 
ply the modified rules to construct the root-locus plot. 


1, Plot the open-loop poles (s = —1 + j,s = —1— j, s = —3) and zero (s = —2) in the 
complex plane. As K is increased from 0 to », the closed-loop poles start at the open- 
loop poles and terminate at the open-loop zeros (finite or infinite), just as in the case 
of negative-feedback systems. 

2. Determine the root loci on the real axis. Root loci exist on the real axis between —2 
and + and between —3 and —. 

3. Determine the asymptotes of the root loci. For the present system, 

+ oO 

3-1 

This simply means that asymptotes are on the real axis. 

Determine the breakaway and break-in points. Since the characteristic equation is 


(s + 3)(s? + 2s + 2) — K(s + 2) = 0 


Angle of asymptote = = +180° 


> 


we obtain 


2 (s + 3)(s? + 25 + 2) 
st2 
By differentiating K with respect to s, we obtain 
dK _ 2s’ + 11s? + 20s + 10 
ds (s + 2) 
Note that 
2s? + 11s? + 205 + 10 = 2(6 + 0.8)(s? + 4.78 + 6.24) 
= 2(s + 0.8)(s + 2.35 + j0.77)(s + 2.35 — j0.77) 


Point s = —0.8 is on the root locus. Since this point lies between two zeros (a finite zero 
and an infinite zero), it is an actual break-in point. Points s = —2.35 + j0.77 do not sat- 
isfy the angle condition and, therefore, they are neither breakaway nor break-in points. 

5. Find the angle of departure of the root locus from a complex pole. For the complex 
pole ats = —1 + j, the angle of departure @ is 


6 = 0° — 27° — 90° + 45° 
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or 
A= —72° 
(The angle of departure from the complex pole at s = —1 — jis 72°.) 


6. Choose a test point in the broad neighborhood of the jw axis and the origin and apply 
the angle condition. Locate a sufficient number of points that satisfy the angle condition. 


Figure 6-29 shows the root loci for the given positive-feedback system. The root loci 
are shown with dashed lines and curve. 
Note that if 


2 
K> SADE + 2s + 2) 
s+2 s=0 


one real root enters the right-half s plane. Hence, for values of K greater than 3, the sys- 
tem becomes unstable. (For K > 3, the system must be stabilized with an outer loop.) 
Note that the closed-loop transfer function for the positive-feedback system is given by 


= 73 


C(s) G(s) 
R(s) 1 — G(s)H(s) 
K(s + 2) 


mye ay 


(s + 3)(s? + 25 + 2) — K(s + 2) 


To compare this root-locus plot with that of the corresponding negative-feedback 
system, we show in Figure 6-30 the root loci for the negative-feedback system whose 
closed-loop transfer function is 


jo 


\ 
' | 
“ST TgTA SAP 37 e_—_ Figure 6-29 


x 1 Root-locus plot for the positive- 
feedback system with G(s) = 
tL p K(s + 2)i[(s + 3)(s? + 2s + 2)], 
A(s) = 1. 
jo 
B 
pa 


Figure 6-30 

Root-locus plot for the negative- 
feedback system with G(s) = 
K(s + 2)/[(s + 3)(s? + 2s + 2)], 
A(s) = 1. 
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C(s) _ K(s + 2) 
R(s) (8 + 3)(s? + 28 + 2) + K(s + 2) 


Table 6-2 shows various root-locus plots of negative-feedback and positive- 
feedback systems. The closed-loop transfer functions are given by 


Table 6-2 Root-Locus Plots of Negative-Feedback and Positive- 
Feedback Systems 


jw 


oN 
‘ ‘ 

a eh be ee 
‘ 7 fom 

x 


‘ 
*~ 0% 


Heavy lines and curves correspond to negative-feedback systems; dashed lines and 
curves correspond to positive-feedback systems. 
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Cc G 
R14+GH’ for negative-feedback systems 
Cc G A 

R 1-GH’ for positive-feedback systems 


where GH is the open-loop transfer function. In Table 6-2, the root loci for negative- 
feedback systems are drawn with heavy lines and curves and those for positive- 
feedback systems are drawn with dashed lines and curves. 


6-6 ROOT-LOCUS ANALYSIS OF CONTROL SYSTEMS 


Figure 6-31 

Plots of constant- 
gain and constant- 
phase loci in the 
G(s)H(s) plane. 


In this section we shall first discuss orthogonality of the root loci and constant-gain loci 
for the closed-loop systems. Next, we discuss conditionally stable systems. Finally, we 
analyze nonminimum-phase systems. 


Orthogonality of root loci and constant-gain loci. Consider the system 
whose open-loop transfer function is G(s)H(s). In the G(s)H(s) plane, the loci of 
|G(s)H(s)| = constant are circles centered at the origin, and the loci corresponding 
to /G(s)H(s) = +180°(2k + 1) (k =0, 1, 2,...) lie on the negative real axis of the 
G(s)H(s) plane, as shown in Figure 6-31. [Note that the complex plane employed here 
is not the s plane, but the G(s)H(s) plane.] 

The root loci and constant-gain loci in the s plane are conformal mappings of the 
loci of /G(s)H(s) = +180°(2k + 1) and of |G(s)H(s)| = constant in the G(s) H(s) plane. 

Since the constant-phase and constant-gain loci in the G(s)H(s) plane are orthogo- 
nal, the root loci and constant-gain loci in the s plane are orthogonal. Figure 6—32(a) 
shows the root loci and constant-gain loci for the following system: 


K(s + 2) 


CO) 74 os +3” 


H(s) =1 


Notice that since the pole—-zero configuration is symmetrical about the real axis the 
constant-gain loci are also symmetrical about the real axis. 


Im Im 


G(s) H(s) Plane G(s) H(s) Plane 


/G(s) H(s) 


= +180° (2k + 1) 


G(s) A(s)l = constant 
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(a) (b) 


Figure 6-32 
Plots of root loci and constant-gain loci. (a) System with G(s) = K(s + 2)/(s? + 2s + 3), 
H(s) = 1; (b) system with G(s) = Ki/[s(s + 1)(s + 2)], H(s) = 1. 


Figure 6-32(b) shows the root loci and constant-gain loci for the system: 
K 
Gs) = ——_—— 
(s) s(s + 1)(s + 2)’ 


Notice that since the configuration of the poles in the s plane issymmetrical about the real 
axis and the line parallel to the imaginary axis passing through point (o = —1,w = 0), the 
constant-gain loci are symmetrical about the w = 0 line (real axis) and the 0 = —1 line. 


H(s) =1 


Conditionally stabie systems. Consider the system shown in Figure 6-33(a). 
The root loci for this system can be plotted by applying the general rules and procedure 
for constructing root loci. A root-locus plot for this system is shown in Figure 6-33(b). 
It can be seen that this system is stable only for limited ranges of the value of K; that 
is,O< K < 14 and 64 < K < 195. The system becomes unstable for 14 < K < 64 and 
195 < K. If K assumes a value corresponding to unstable operation, the system may 
break down or may become nonlinear due to a saturation nonlinearity that may exist. 
Such a system is called conditionally stable. 

In practice, conditionally stable systems are not desirable. Conditional stability is 
dangerous but does occur in certain systems, in particular, a system that has an unstable 
feedforward path. Such a feedforward path may occur if the system has a minor loop. It 
is advisable to avoid such conditional stability since, if the gain drops beyond the critical 
value for some reason, the system becomes unstable. Note that the addition of a proper 
compensating network will eliminate conditional stability. [An addition of a zero will 
cause the root loci to bend to the left. (See Section 7-2). Hence conditional stability may 
be eliminated by adding proper compensation. ] 
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(S2) K(s? + 2s +4) 
ae (8 +4) (6 + 6)(s2 4 1.4541) a 


(a) 
Figure 6-33 
(a) Conditionally stable system; (b) root-locus plot. 


(b) 


Nonminimum-phase systems. If all the poles and zeros of a system lie in the 
left-half s plane, then the system is called minimum phase. If a system has at least one 
pole or zero in the right-half s plane, then the system is called nonminimum phase. The 
term nonminimum phase comes from the phase shift characteristics of such a system 
when subjected to sinusoidal inputs. 

Consider the system shown in Figure 6—34(a). For this system 


K(1 — T,s) 
s(Ts + 1) 


This is a nonminimum-phase system since there is one zero in the right-half s plane. For 
this system, the angle condition becomes 


G(s) = (T,>0), HAls)=1 


| 


= Bre — 1) 
Ko) s(Ts + 1 


K(1 — Tas) 
s(Ts +1) 


Figure 6-34 

(a) Nonminimum 
phase system; (b) 
toot-locus plot. (a) (b) 
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K(T,s — 1) 


s(Ts + 1 ee 


+180°(2k +1) (k=0,1,2,...) 
or 
K(Z,5 ~ 1) _ 9 


s(Ts +1 ??) 


The root loci can be obtained from Equation (6-23). Figure 6-34(b) shows a root-locus 
plot for this system, From the diagram, we see that the system is stable if the gain K is 
less than 1/T,. 


6-7 ROOT LOCI FOR SYSTEMS WITH TRANSPORT LAG 


Figure 6-35 
Thermal system. 
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Figure 6-35 shows a thermal system in which hot air is circulated to keep the tempera- 
ture of a chamber constant. In this system, the measuring element is placed downstream 
a distance L ft from the furnace, the air velocity is v ft/sec, and T = L/v sec would elapse 
before any change in the furnace temperature is sensed by the thermometer, Such a de- 
lay in measuring, delay in controller action, or delay in actuator operation, and the 
like, is called transport lag or dead time. Dead time is present in most process con- 
trol systems. 

The input x(7) and the output y(‘) of a transport lag or dead time element are re- 
lated by 


y(t) = x — T) 
where T is dead time. The transfer function of transport lag or dead time is given by 
L£[x(t — T)l@¢ — T)] 

L£[x(1)1(@)] 
_ X(sye* _ 


X(s) 


Transfer function of transport lag or dead time = 


Ts 


— 
ce 


Blower 
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Suppose that the feedforward transfer function of this thermal system can be ap- 
proximated by 


Se aloe 


as shown in Figure 6-36. Let us construct a root-locus plot for this system. The charac- 
teristic equation for this closed-loop system is 


Kets 
rarer aa (6-24) 


1+ 


It is noted that for systems with transport lag the rules of construction presented ear- 
lier need to be modified. For example, the number of the root-locus branches is infinite, 
since the characteristic equation has an infinite number of roots. The number of as- 
ymptotes is infinite. They are all parallel to the real axis of the s plane. 

From Equation (6-24), we obtain 


—Ts 
Ke = fe — /s +1 = +180°(2k +1) (K=0,1,2,...) (6-25) 


stl 
To find the angle of e—7, substitute s = o + jw. Then we obtain 
ets a e 0-joT 
Since e-T is a real quantity, the angle of e—7? is zero. Hence 
i = fer = /coswT — j sin oT 
=-oT (radians) 
= —57.30T (degrees) 
The angle condition, Equation (6-25), then becomes 
— 57.30T — /s + 1 = +180°(2k + 1) 
Since T is a given constant, the angle of e~™ is a function of w only. 


We shall next determine the angle contribution due to e~™. For k = 0, the angle con- 
dition may be written 


/s +1 = +180° — 57.3°wT (6-26) 


Cs) 


Figure 6-36 
Block diagram of the system shown 
in Figure 6-35. 
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Figure 6-37 

(a) Construction of 
the root locus; (b) 
root-locus plot. 
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Since the angle contribution of e—* is zero for w = 0, the real axis from —1 to —~ forms 
a part of the root loci. Now assume a value @ for w and compute 57.3°wT. At point —1 
on the negative real axis, draw a line that makes an angle of 180° — 57.3°wiT with the 
real axis. Find the intersection of this line and the horizontal line w = a1. This intersec- 
tion, point P in Figure 6—37(a), is a point satisfying Equation (6-26) and hence is on a 
root locus. Continuing the same process, we obtain the root-locus plot as shown in Fig- 


ure 6-37(b). 
Note that as s approaches minus infinity, the open-loop transfer function 
PP y; P P 
Ke" 
s+1 
approaches minus infinity since 
d 
op a-T 
Ke7Ts ds (Ke *) 
lim = 
s=-o §S + 1 d 
as (s + 1) 
S mi 
= — KTe™|__., 
= —-eo 
Therefore, s = — is a pole of the open-loop transfer function. Thus, root loci start from 
s = —lors = —~and terminate at s = ©, as K increases from zero to infinity. Since the 


right-hand side of the angle condition given by Equation (6-25) has an infinite number 
of values, there are an infinite number of root loci, as the value of k (k = 0,1,2,...) 
goes from zero to infinity. For example, if k = 1, the angle condition becomes 


/s +1 = +540° — 57.3°@T (degrees) 


+32 - wT (radians) 


O~K 


q 


(a) (b) 
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The construction of the root loci for k = 1 is the same as that for k = 0. A plot of root 
loci for k = 0,1, and 2 when T = 1 sec is shown in Figure 6-38. 

The magnitude condition states that 
Ke™® 
st+1 


=1 


Since the magnitude of e~” is equal to that of e-7¢ or 
le-T5| = le-™|- le7eT| = e 
the magnitude condition becomes 
|s +1] = Ke™ 


The root loci shown in Figure 6-38 are graduated in terms of K when T = 1 sec. 

Although there are an infinite number of root-locus branches, the primary branch 
that lies between —jz and jz is most important. Referring to Figure 6-38, the critical 
value of K at the primary branch is equal to 2, while the critical values of K at other 
branches are much higher (8, 14,...). Therefore, the critical value K = 2 on the pri- 
mary branch is most significant from the stability viewpoint. The transient response of 
the system is determined by the roots located closest to the jw axis and lie on the pri- 
mary branch. In summary, the root-locus branch corresponding to k = 0 is the domi- 
nant one; other branches corresponding to k = 1, 2,3,...are not so important and 
may be neglected. 


Ke6xigs %= 02028 


(k =2) 


K=s5s00 K=45 x 10° 


(k= 1) 


K=4000 K=3.9 x 10° 


K=41X10°5 K=0.011 (k=0) 


Figure 6-38 K=4.5 x 10° 
Root-locus plot for 
the system shown 

in Figure 6-36 ek Sios 
(T =1 sec). ; K=0.028 K=5.5 x 10° 


(k= 2) 
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This example illustrates the fact that dead time can cause instability even in the 
first-order system because the root loci enter the right-half s plane for large values of 
K. Therefore, although the gain K of the first-order system can be set at a high value in 
the absence of dead time, it cannot be set too high if dead time is present. (For the sys- 
tem considered here, the value of gain K must be considerably less than 2 for a satis- 
factory operation.) 


Approximation of transport lag or dead time. If the dead time T is very small, 
then e~® is frequently approximated by 
e?=1-—Ts 


or 


1 
—Ts 
. Ts+1 


Such approximations are good if the dead time is very small and, in addition, the input 
time function f(t) to the dead-time element is smooth and continuous. [This means that 
the second- and higher-order derivatives of f(f) are small.] 

A more elaborate expression to approximate e—” is available and is 


1 Ts | (Ts)? _ (Ts) 


ets = Cane ee ees. ee 
7 Ts (Ts , (Tsy 
+ + tree 
sie acer ae 
If only the first two terms in the numerator and denominator are taken, then 
es 
= 2 2-Ts 
e = = 
Ts 2+ Ts 
my 
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Effects of parameter variations on closed-loop poles. In many design prob- 
lems, the effects on the closed-loop poles of the variations of parameters other than the 
gain K need to be investigated. Such effects can be easily investigated by the root-locus 
method. When two (or more) parameters are varied, the corresponding root loci are 
called root contours. 

We shall use an example to illustrate the construction of the root contours when two 
parameters are varied, respectively, from zero to infinity. 

Consider a servo system having tachometer feedback as shown in Figure 6-39(a). 
By eliminating the minor loop, the block diagram can be simplified [Figure 6-39(b)]. 
By defining 


a=b+ KK, 
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Figure 6-39 

(a) Servo system 
with tachometer 
feedback; (b), (c) 
simplified block 

diagrams 

(a= b+ KK,). 


R(s) K Co) 


= 5(5 +a) 
a | 


(c) 


this block diagram can be modified to that shown in Figure 6—39(c). This system in- 
volves two variables, parameter a and gain K. 
In what follows we shall investigate the effect of varying the parameter a as well as 
the gain K. The closed-loop transfer function of this system becomes 
Cs) ___i«K 


R(s) s?t+ast+K 


Tha charactariatic aniatian ic 
BL V1Id1 GViVl ISlivy weyuatiua iD 
S+ast+K=0 (6-27) 
which may be rewritten 
as 
1+ =0 
e+K : 
or 
po = 1 (6-28) 
so+ K 


In Equation (6-28), the parameter a is written as a multiplying factor. For a given value 
of K, the effect of a on the closed-loop poles can be investigated from Equation (6-28). 
The root contours for this system can be constructed by following the usual procedure 
for constructing root loci. 

We shall now construct the root contours as K and a vary, respectively, from zero 
to infinity. The root contours start from the poles (at s = + iVK) and terminate at the 
zeros (at s = 0 and infinity). 
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We shall first construct the locus of roots when a = 0. This can be done easily as fol- 
lows: Substitute a = 0 into Equation (6-27). Then 


r+K=0 


or 
5= 1 (6-29) 


The open-loop poles are thus a double pole at the origin. The root-locus plot of Equa- 
tion (6-29) is shown in Figure 6—40(a). 

To construct the root contours, let us assume that K is a constant; for example, K = 4. 
Then Equation (6-28) becomes 


as 


caer =-1 (6-30) 


The open-loop poles are s = +j2. The finite open-loop zero is at the origin. The root- 
locus plot corresponding to Rauation (6-30) i is shown in Fioure 6— 40(b). For different 


values of K, Equation (6 ~30) yields similar root loci. 
The root contour, the diagram showing the root loci corresponding to0 = K =™, 
0 = a=», can be plotted as in Figure 6-40(c). Clearly, the root contours start at the 


i) (c) 


Figure 6-40 
(a) Root-locus plot for the system shown in Figure 6-39(c) (a = 0,0 = K =~); (b) root locus 
plot (0 = a =~, K = 4); (c) root-contour plot. 
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poles of and end at the zeros of the transfer function as/(s? + K). The arrowheads on 
the root contours indicate the direction of increase in the value of a. 

The root contours show the effects of the variations of system parameters on the closed- 
loop poles. From the root-contour plot shown in Figure 6—40(c), we see that, for0 < K < ~, 
0 <a <~,the closed-loop poles lie in the left-half s plane and the system is stable. 

Note that if the value of K is fixed, say K = 4, then the root contours become sim- 
ply the root loci, as shown in Figure 6—40(b). 

We have illustrated a method for constructing root contours when the gain K and 
parameter a are varied, respectively, from zero to infinity. Basically, we assign one pa- 
rameter a constant value at a time and vary the other parameter from 0 to © and sketch 
the root loci. Then we change the value of the first parameter and repeat sketching the 
root loci. By repeating this process we can sketch the root contour. 

A MATLAB program to generate the root-contour plot is given in MATLAB Pro- 
gram 6-9. The resulting plot is shown in Figure 6—41. 


MATLAB Program 6-9 


% ---------- Root-contour plot 


% ***** Plot root contour of the system shown in Figure 6-39(c), 
% where a and K are variables ***** 


% ***** In Equation (6-28), as/(s\2 + K) = —1, assume K = 1, 4, 9, 
% 16, ... and plot root loci as a varies from zero to infinity ***** 


% ***** Enter the numerator and denominators ***** 


01; 
1); 
4); 
9); 
16]; 


% ***** Enter rlocus(num,den) command ***** 


rlocus(num,den1) 

hold 

Current plot held 

tlocus(num,den2) 

rlocus(num,den3) 

rlocus(num,den4) 

v=[-5 2 ~5_ 5]; axis(v); axis(‘square’); 
grid 

title(‘Root-Contour Plot’) 

% ***** Remove hold on graphics ***** 


hold 
Current plot released 


Section 6-8 / Root-Contour Plots 367 


Root-Contour Plot 


; 
i 
Figure 6-41 
Root-contour plot 
generated with 
MATLAB. Real Axis 


EXAMPLE PROBLEMS AND SOLUTIONS 


A-6-1. Sketch the root loci for the system shown in Figure 6-42(a). (The gain K is assumed to be posi- 
tive.) Observe that for small or large values of K the system is overdamped and for medium val- 


ues of K it is underdamped. 
Solution. The procedure for plotting the root loci is as follows: 


1. Locate the open-loop poles and zeros on the complex plane. Root loci exist on the negative 
teal axis between 0 and —1 and between —2 and —3. 


jw 


Ris) 543 


s(s + 1) 


K(s +2) 


(a) (b) 


Figure 6-42 
(a) Control system; (b) root-locus plot. 
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A-6-2. 


2. The number of open-loop poles and that of finite zeros are the same. This means that there are 
no asymptotes in the complex region of the s plane. 


3. Determine the breakaway and break-in points. The characteristic equation for the system is 
1 + RO+ 26s + 3 =9 
s(s + 1) 
or 
+ 
eres s(s + 1) 
(s + 2)(s + 3) 
The breakaway and break-in points are determined from 
dK (2s + 1)(s + 2)(s + 3) — s(s + 125 + 5) 
ds [(s + 2)(s + 3)P 
_ _ A(s + 0.634)(s + 2.366) 
[(s + 2)(s + 3) 
=0 
as follows: 
5 — —0.634, 5 = —2,366 
Notice that both points are on root loci. Therefore, they are actual breakaway or break-in 
points. At point s = —0.634, the value of K is 
—0,634)(0.366 
a 366)(2.366) 
Similarly, at s = —2.366, 
—2.366)(—1.3 
Ke = —{—2:366)(=1:366) _ 
(—0.366) (0.634) 
(Because point s = —0.634 lies between two poles, it is a breakaway point and because point 
S = —2.366 lies between two zeros, it is a break-in point.) 
4, Determine a sufficient number of a that satisfy the angle condition. (It can be found that 


the root locus is a circle with center at —1.5 that passes through the breakaway and break-in 
points.) The root-locus plot for this te is shown in Figure 6—42(b). 


Note that this system is stable for any positive value of K since all the root loci lie in the left- 
half s plane. 

Small values of K (0 < K < 0.0718) correspond to an overdamped system. Medium values of 
K (0.0718 < K < 14) correspond to an underdamped system. Finally, large values of K (14 < K) 


rr: ce yvaolye of KF the steady stat. an ho chodi 
correspond to an overdamped system. With a large value of X, the steady state can be rcachedin 


much shorter time than with a small value of K. 
The value of K should be adjusted so that system performance is optimum according to a 
given performance index. 


A simplified form of the open-loop transfer function of an airplane with an autopilot in the 
longitudinal mode is 


2 K(s + a) 
G(s) H(s) iG = DG + a any” a>0, b>0 
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Such a system involving an open-loop pole in the right-half s plane may be conditionally stable. 
Sketch the root loci when a = b = 1,€ = 0.5, and w, = 4, Find the range of gain K for stability. 


Solution. The open-loop transfer function for the system is 


3 


K(s +1) 


OHS) = = yg? + ar + 16) 


To sketch the root loci, we follow this procedure: 


. Locate the open-loop poles and zero in the complex plane. Root loci exist on the real axis 


between 1 and 0 and between —1 and —™. 


. Determine the asymptotes of the root loci. There are three asymptotes whose angles can be 


determined as 


180°(2k +1) _ 


60°. — ro) oO 
ae 0°, — 60°, 180 


Angles of asymptotes = 


Referring to Equation (6-15), the abscissa of the intersection of the asymptotes and the real 
axis 18 
_ O-1424+j2v3+2-j2Vv3)-1_ 2 

4-1 3 


a 


Determine the breakaway and break-in points. Since the characteristic equation is 


n K(s + 1) 7 
s(s — 1)(s? + 45 + 16) 


we obtain 


K= _ s(s — 1)(s? + 4s + 16) 


st+1 


By differentiating K with respect to s, we get 
dK __3s* + 10s° + 219° + 24s — 16 


jc . 4N2 


ds (s+ iy 
The numerator can be factored as follows: 
354 + 10s? + 2157 + 249 — 16 
= 3(s + 0.76 + j2.16)(s + 0.76 — j2.16)(s + 2.26)(s — 0.45) 


Points s = 0.45 and s = —2.26 are on root loci on the real axis. Hence, these points are actual 
breakaway and break-in points, respectively, Points s = —0.76 + j2.16 do not satisfy the angle 
condition. Hence, they are neither breakaway nor break-in points, 


Using Routh’s stability criterion, determine the value of K at which the root loci cross the 
imaginary axis. Since the characteristic equation is 


st + 399 + 1287 + (K - 16)s + K =0 


the Routh array becomes 
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A-6-3. 


st 1 12 K 
s 3 K-16 0 
s 52 -K K 0 
3 
_K? = 
st K* + 59K — 832 0 
$2 -—K 
s? K 


The values of K that make the s! term in the first column equal zero are K = 35.7 and K = 23.3. 
The crossing points on the imaginary axis can be found by solving the auxiliary equation 
obtained from the s? row, that is, by solving the following equation for s: 


52-K 
3 


vr +K=0 


The results are 
$= 4/256, for K = 35.7 
5s = +/1.56, for K = 23.3 
The crossing points on the imaginary axis are thus s = +/2.56 ands = +/1.56. 


5. Find the angles of departure of the root loci from the complex poles For the open-loop pole 
ats = —2 + j2\/3, the angle of departure @ is 


@ = 180° — 120° — 130.5° — 90° + 106° 
or 
@ = —54,5° 
(The angle of departure from the open-loop pole at s = —2 — j2V/3 is 54.5°.) 


6. Choose a test point in the broad neighborhood of the jw axis and the origin and apply the 


angle condition. If the test point does not satisfy the angle condition, select another test point 
until it does. Continue the same process and locate a sufficient number of points that satisfy 
the angle condition. 


Figure 6-43 shows the root loci for this system. From step 4 the system is stable for 
23.3 < K < 35.7. Otherwise, it is unstable. 


Sketch the root loci of the control system shown in Figure 6—44(a). 


Solution. The open-loop poles are located at s = 0,5 = —3 + j4, and s = —3 — j4. A root locus 
branch exists on the real axis between the origin and —. There are three asymptotes for the root 
loci. The angles of asymptotes are 


IC cad) ae ee 


Angles of asymptotes = 3 


Referring to Equation (6-15), the intersection of the asymptotes and the real axis is obtained as 


pe dot Sam 


G, 3 =2 
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Figure 6-43 
—i6 Root-locus plot. 


Next we check the breakaway and break-in points. For this system we have 


K = — s(s? + 65 + 25) 


Now we set 
dK 5 
= + 12s + 25) =0 
ds GBs ) 
which yields 
s = —2 + j2.0817,  » = —2 — j2.0817 
Notice that at points s = —2 + j2.0817 the angle condition is not satisfied. Hence, they are nei- 


ther breakaway nor break-in points. In fact, if we calculate the value of K, we obtain 
K = -s(s? + 65 + 25) = 34+ j18.04 
|s=—2+ j2.0817 


(To be an actual breakaway or break-in point, the corresponding value of K must be real and 
positive.) 
The angle of departure from the complex pole in the upper half s plane is 


9 = 180° — 126.87° — 90° 
or 


6 = —36.87° 
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__K 
5(s2 + 65 +25) 


(a) (b) 
Figure 6-44 
(a) Control system; (b) root-locus plot. 


The points where root-locus branches cross the imaginary axis may be found by substituting 
s = jw into the characteristic equation and solving the equation for w and K as follows: Noting 
that the characteristic equation is 


s+ 65° + 255+ K=0 


we have 
(joy? + 6( jw)? + 25(jo) + K = (-6w? + K) + ja(25 — w*) = 0 
which yields 
w= 45, K = 150 or w =0, kK=0 
Root-locus branches cross the imaginary axis at @ = S and w = —5S. The value of gain K at the 


crossing points is 150. Also, the root-locus branch on the real axis touches the imaginary axis at 
@ = 0. Figure 6—44(b) shows a root-locus plot for the system. 

It is noted that if the order of the numerator of G(s)H(s) is lower than that of the denomi- 
nator by two or more, and if some of the closed-loop poles move on the root locus toward the 
right as gain K is increased, then other closed-loop poles must move toward the left as gain K is 
increased. This fact can be seen clearly in this problem. If the gain K is increased from K = 34 to 
K=68, the complex-conjugate closed-loop poles are moved from s = —2+ 3.65 to 
$s =-—1 + j4; the third pole is moved from s = —2 (which corresponds to K = 34) to s = —4 
(which corresponds to K = 68). Thus, the movements of two complex-conjugate closed-loop 
poles to the right by one unit cause the remaining closed-loop pole (real pole in this case) to 
move to the left by two units. 
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A-6-4. Consider the system shown in Figure 6- 45(a). Sketch the root loci for the system. Observe that for 
small or large values of K the system is underdamped and for medium values of K it is overdamped. 


Solution. A root locus exists on the real axis between the origin and —. The angles of asymp- 
totes of the root-locus branches are obtained as 


+180°(2k + 1) 
3 


Angles of asymptotes = 60°, — 60°, — 180° 


The intersection of the asymptotes and the real axis is located on the real axis at 


a Oe 


= —1.3333 
G, 3 


The breakaway and break-in points are found from dK/ds = 0. Since the characteristic equa- 


tion is 
8+ 4? 455+ K=0 
we have 
K = -(8 + 4s° + 5s) 
Now we set 
cX = ~(3s? + 85 +5) =0 


(a) (b) 


Figure 6-45 
(a) Control system; (b) root-locus plot. 
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A-6-5. 


which yields 
s=—l, s = —1.6667 


Since these points are on root loci, they are actual breakaway or break-in points. (At point 
s = —1, the value of K is 2, and at point s = — 1.6667, the value of K is 1.852.) 
The angle of departure from a complex pole in the upper half s plane is obtained from 


@ = 180° — 153.43° — 90° 
or 
@ = —63.43° 


The root-locus branch from the complex pole in the upper half s plane breaks into the real axis 
at s = —1.6667. 

Next we determine the points where root-locus branches cross the imaginary axis. By substi- 
tuting s = jw into the characteristic equation, we have 


(joy + 4(jw)y? + S(jw) + K =0 
or 
(K — 40°) + jw(S — w*) = 0 
from which we obtain 
w= +V5, K=20 or w=0, K=0 


Root-locus branches cross the imaginary axis at w = V5 and w = —V5. The root-locus branch 
on the real axis touches the jw axis at w = 0. A sketch of the root loci for the system is shown in 
Figure 6-45(b). 

Note that since this system is of third order there are three closed-loop poles. The nature of 
the system response to a given input depends on the locations of the closed-loop poles. 

For 0 < K < 1.852, there are a set of complex-conjugate closed-loop poles and a real closed- 
loop pole. For 1.852 = K = 2, there are three real closed-loop poles. For example, the closed-loop 
poles are located at 


For 2 < K, there are a set of complex-conjugate closed-loop poles and a real closed-loop pole. 
Thus, small values of K (0 < K < 1.852) correspond to an underdamped system. (Since the real 
closed-loop pole dominates, only a small ripple may show up in the transient response.) Medium 
values of K (1.852 = K = 2) correspond to an overdamped system. Large values of K (2 < K) cor- 
respond to an underdamped system. With a large value of K, the system responds much faster 
than with a smaller value of K. 


Sketch the root loci for the system shown in Figure 6-46(a). 


Solution. The open-loop poles are located at s = 0,5 = —1,5 = —2 +j3, and s = —2 -j3.A 
root locus exists on the real axis between points s = 0 and s = —1. The asymptotes are found 
as follows: 


+180°(2k 
Angles of asymptotes = ame = 45°, —45°, 135°, —13S° 
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ens JRE oy 
s(s + 1) (s? + 4s +13) 


(a) (b) 


Figure 6-46 
(a) Control system; (b) root-locus plot. 


The intersection of the asymptotes and the real axis is found from 


The breakaway and break-in points are found from dK/ds = 0. Noting that 
K = —s(s + 1)(s? + 4s + 13) = —(s¢ + 5s? + 175? + 13s) 
we have 


GR = =(ds? + 15s? + 3s + 13) = 0 


from which we get 
s = —0.467,  s = —1.642 + j2.067, s = —1.642 — j2.067 


The point s = —0.467 is on a root locus. Therefore, it is an actual breakaway point. The gain val- 
ues K corresponding to points s = —1.642 + j2.067 are complex quantities. Since the gain values 
are not real positive, these points are neither breakaway nor break-in points. 

The angle of departure from the complex pole in the upper half s plane is 


6 = 180° — 123.69° — 108.44° — 90° 
or 
@ = —142.13° 


Next we shall find the points where root loci may cross the jw axis. Since the characteristic 
equation is 
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x4 + 593 + 175? + 135+ K=0 
by substituting s = jw into it wc obtain 
(jo)* + 5(j@)? + 17( jw)? + 13(jw) + K = 0 
or 
(K + w4 — 17”) + ja(13 — 5H?) = 0 
from which we obtain 
@ = +1.6125, K = 37.44 or wo =0, K=0 


The root-locus branches that extend to the right-half s plane cross the imaginary axis at 
w = +1.6125. Also, the root-locus branch on the real axis touches the imaginary axis at w = 0. 
Figure 6—46(b) shows a sketch of the root loci for the system. Notice that each root-locus branch 
that extends to the right half s plane crosses its own asymptote. 


A-6-6. Sketch the root loci for the system shown in Figure 6—47(a). 


Solution. A root locus exists on the real axis between points s = —1 and s = —3.6. The asymp- 
totes can be determined as follows: 


+180°(2k + 1) 


Angles of asymptotes = aa 90°, —90° 
jo 
73 
2 
#1 


K(s + 1) 
s2(s + 3.6) 


(a) (b) 
Figure 6-47 
(a) Control system; (b) root-locus plot. 
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A-6-7, 


The intersection of the asymptotes and the real axis is found from 


‘ 010136-1_ 
: 3-1 


1.3 


Since the characteristic equation is 
so + 3.65? + K(s +1) =0 
we have 
3 2 
s + 3.68 
, 
s+1 


The breakaway and break-in points are found from 


dK (3s? +. 7.2s(s + 1) — (8° + 3.68") 0 


ds (s +1) 


or 
s? + 3.39? + 3.69 = 0 
from which we get 


= 0, s = —1.65 + 70.9367, s = —1.65 — j0.9367 


Point s = 0 corresponds to the actual breakaway point. But points s = —1.65 + j0.9367 are nei- 
ther breakaway nor break-in points, because the corresponding gain values K become complex 
quantities. 


To check the points where root-locus branches may cross the imaginary axis, substitute s = ja 
into the characteristic equation. 


(jo)’ + 3.6(joY + Kjo + K =0 
or 
(K — 3.6’) + ja(K — wv?) =0 


Notice that this equation can be satisfied only if w = 0, K = 0. Because of the presence of a 
double pole at the origin, the root locus is tangent to the jw axis at a = 0.The root-locus branches 
do not cross the jw axis. Figure 6-47(b) is a sketch of the root loci for this system. 


Sketch the root loci for the system shown in Figure 6—48(a). 


Solution. A root locus exists on the real axis between point s = —0.4 and s = —3.6. The asymp- 
totes can be found as follows: 


+180°(2k + 1) és 4 
Angles of asymptotes = 4 = 90°, -90 
The intersection of the asymptotes and the real axis is obtained from 


0+0+3.6 — 0.4 
a 7 ria 


Next we shall find the breakaway points. Since the characteristic equation is 


9 + 3.68? + Ks + 0.4K =0 


-16 


we have 


Chapter6 / Root-Locus Analysis 


(a) 


Figure 6-48 
(a) Control system; (b) root-locus plot. 


The breakaway and break-in points are found from 


dK _ (3s? + 7.2s)(s + 0.4) — (5° + 3.652) _ 


ds (s + 0.4)? : 
from which we get 
s? + 2.45? + 1.445 = 0 
or 
s(s + L2P =0 
Thus, the breakaway or break-in points are at s = 0 ands = —1.2. Note that s = —1.2 is a double 


root. When a double root occurs in dK/ds = 0 at point s = —1.2, d?K/(ds?) = 0 at this point. The 
value of gain K at point s = —1.2 is 


3 2 
K=—5 + 3.6s = 432 
s+04 | 4> 
This means that with K = 4.32 the characteristic equation has a triple root at point s = —1.2. This 


can be easily verified as follows: 
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A-6-8. 


s? + 3.65? + 4.325 + 1.728 = (9 + 1.2 =0 


Hence, three root-locus branches meet at point s = —1.2. ‘Ihe angles ot departures at point 
s = —1.2 of the root locus branches that approach the asymptotes are +180°/3, that is, 60° and 
~60°. (See Problem A-6-8.) 

Finally, we shall examine if root-locus branches cross the imaginary axis. By substituting 
S = ja into the characteristic equation, we have 


(joy + 3.6(jo)? + K(jw) + 0.4K =0 
or 
(0.4K — 3.6m?) + ja(K — w?) = 0 
This equation can be satisfied only if = 0, K = 0. At point w = 0, the root locus is tangent to the 
jo axis because of the presence of a double pole at the origin. There are no points that root-locus 


branches cross the imaginary axis. 
A sketch of the root loci for this system is shown in Figure 6—48(b). 


Referring to Problem A-6-7, obtain the equations for the root-locus branches for the system 
shown in Figure 6-48(a). Show that the root-locus branches cross the real axis at the breakaway 
point at angles +60°. 


FS) ey Cg By POP RPE T EASY SP?) DROME OPSSeN’ OR: POaIMSNNTE ARE GSES SES: ERE MCR Ea ERREGPe Cay te SENSEI, FY LEER a CRS Toe lees 
He CQuUaUOUS LOT WIC TOOL-LOCUS DIADCHeS Can VE ULLAINEO Lom te allylic CODUIUuOn 


K(s + 0.4 
ery = *+180°(2k + 1) 


which can be rewritten as 


/s +04 - 2/5 — /s + 3.6 = +180°(2k + 1) 


By substituting s = o + jw, we obtain 


[0+ jo +04 -2/0+ jo — /o + jo + 3.6 = +180°(2k + 1) 


or 


ep @ \ n _[o)\ ri @ 


De Wes ine 
tan \o+o4) oO lon" \o+36) 


By rearranging, we have 


-1 @ Baie rd pon Weems @ pace -1 @ © 
tan (; . 7 tan 6 tan (3 + tan e rs x2) + 180°(2k + 1) 


Taking tangents of both sides of this last equation, and noting that 


\ 


r / 71 
“4 w ze 4 __@ 
tan ke cE ‘ 36) + 180°(2k + Ewe: 
we obtain 
oo o o 
o6+04 0 _ Go G+36 
ow 4b o_o 
a+04 a aat36 
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A-6-9, 


which can be simplified to 


wo — w(0 + 0.4) _ w(a + 3.6) + wo 
(9 + 0.4)0+@ ofa + 3.6) — & 


or 
o(@ + 2.407 + 1.440 + 1.60? + ow’) = 0 
which can be further simplified to 
wlo(o + 1.2)? + (o + 1.6)e"] = 0 


For o # —1.6, we may write this last equation as 


ofo-o+12 | ig|[e+ ria Fo]=0 


which gives the equations for the root-locus as follows: 


oz 


& 
ll 
sae 
Q 
+ 
i 
iw) 
— 


& 
ll 


-~o 
= 2 
+12) a 


The equation w = 0 represents the real axis. The root locus for 0 = K = is between points 
s = —0.4 and s = —3.6. (The real axis other than this line segment and the origin s = 0 corre- 
sponds to the root locus for -» = K <0.) 

The equations 


at 6 
ao+1.6 


o = +(o + 1.2) (6-31) 


represent the complex branches for 0 = K = ~. These two branches lie between o = —1.6 and 
o = 0. [See Figure 6-48(b).] The slopes of the complex root-locus branches at the breakaway 
point (o = —1.2) can be found by evaluating dw/do of Equation (6-31) at point 0 = —1.2. 


12 
=+ /—=+V¥3 
wea 04 ve 


Since tan-! V3 = 60°, the root-locus branches intersect the real axis with angles +60°. 


do 
da 


o=—-1.2 


Consider the system shown in Figure 6—49, which has an unstable feedforward transfer function. 
Sketch the root-locus plot and locate the closed-loop poles. Show that, although the closed-loop 
poles lie on the negative real axis and the system is not oscillatory, the unit-step response curve 
will exhibit overshoot. 


Solution. The root-locus plot for this system is shown in Figure 6-50. The closed-loop poles are 
located ats = —2 ands = —5S. 
The closed-loop transfer function becomes 


C(s) _ _10(s + 1) 
R(s) s* + 7s + 10 
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Figure 6-50 
Root-locus plot for 
the system shown in 
Figure 6-49. 


A-6-10. 


382 


10(s + 1) 


Figure 6-49 
Control system. 


jo 


wa 
O 
: a 


Closed-loop zero 


j2 


The unit-step response of this system is 
10(s + 1 
cis) = 108+ 1) 
(9) = Ss + Dis + 5) 
The inverse Laplace transform of C(s) gives 


c(t) = 1 + 1.666e" — 2.666e%, fort 20 


The unit-step response curve is shown in Figure 6-51. Although the system is not oscillatory, the 
unit-step response curve exhibits overshoot. (This is due to the presence of a zero at s = —1.) 


Sketch the root loci of the control system shown in Figure 6-52(a). Determine the range of gain 
K for stability. 


Solution. Open-loop poles are located at s = 1,s = —2 +j7V3,ands = —2 —j V3. A root locus 
exists on the real axis between points s = 1 and s = —~. The asymptotes of the root-locus 
branches are found as follows: 


+£180°(2k + 1) ° os aand 
Ok + D _ 66°, 60°, 180 


Angles of asymptotes = 


3 
The intersection of the asymptotes and the real axis is obtained as 
wl CRD 2 oe 
0, = Ps Gee =-i 


The breakaway and break-in points can be located from dK/ds = 0. Since 
K = —(s— 1(s? + 4s + 7) = —(3 + 3s? + 3s — 7) 
we have 


dK 
“p78? + 6s + 3) = 0 
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Figure 6-51 
Unit-step response 
curve for the system 
shown in Figure 
6-49, 


(s— 1) (8? +45 +7) 


0 02 04 06 08 10 12 14 16 18 20 


K 


(a) (b) 
Figure 6-52 
(a) Control system; (b) root-locus plot. 
which yields 
(s+ 1p = 
Thus the equation dK/ds = 0 has a double root at s = —1. The breakaway point is located at 
s = —1. Three root locus branches meet at this breakaway point. The angles of departure of the 


branches at the breakaway point are +180°/3, that is, 60° and —60°. 
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We shall next determine the points where root-locus branches may cross the imaginary axis. 
Noting that the characteristic equation is 


(s—1)(s? +48+7)+K=0 
or 

s+ 3 +3s-7+K=0 
we substitute s = jw into it and obtain 

(joy + 3(joy + 30) -7 + K=0 
By rewriting this last equation, we have 
(K — 7 — 30’) + jo(3 — w*) = 0 
This equation is satisfied when 
o=+V3, K=7+30=16 or w=0, K=7 


The root-locus branches cross the imaginary axis at w = +*/3 (where K = 16) and w = 0 (where 
K = 7). Since the value of gain K at the origin is 7, the range of gain value K for stability is 


71<K<16 


Figure 6-S2(b) shows a sketch of the root locufor the system: Not 
parts of straight lines. 
The fact that the root-locus branches consist of straight lines can be verified as follows: Since 


the angle condition is 


K oO 
bemeaas tee = +180°(2k + 1) 


we have 


— [s~1~ /s +2+jV3 — /s +2 - 7V3 = £180°(2k + 1) 


By substituting s = o + ja into this last equation, 


[o-1+jo + /ot+2+jo+jV3 + fo +2 + jo — jrV3 = £180°(2k + 1) 


or 
/o+2+ jw + V3) + fo +24 iw — V3) = ~/o - 1 + jo +180°(2k + 1) 


which can be rewritten as 


[e=33) 


tan=! ( o + V3) + tana = -tan”! ( ai) + 180°(2k + 1) 
\ / \ / \e~ +] 


+ 2 + 2 


Taking tangents of both sides of this last equation, we obtain 


o+V3 a7 V3 


a+2 a+2 o 


a+ o-V3\ 6-1 
1 - |(—_ smspenseetoecbiemaanny 
o+2 a+2 


or 
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A-6-11. 


2m(o + 2) __a@ 


et+4¢+4—-07+3  o-1 


which can be simplified to 
2w(o + 2)(o — 1) = -w(o? + 40 + 7 — @) 
Or 
(30? + 66 + 3 — w”) = 0 


Further simplification of this last equation yields 


A patie ys jase =0 
VA v3 
which defines three lines: 


1 1 
o=0, Cee t= RSS py 


Thus the root-locus branches consist of three lines. Note that the root laci for K > 0 consist of 
portions of the straight lines as shown in Figure 6-52(b). (Note that each straight line starts from 
an open-loop pole and extends to infinity in the direction of 180°, 60°, or —60° measured from the 


real axis.) The remaining portion of each straight line corresponds to K < 0. 
Consider the system shown in Figure 6-53(a). Sketch the root loci. 


Solution. The open-loop zeros of the system are located at s = +j. The open-loop poles are lo- 
cated at s = 0 and s = —2. This system involves two poles and two zeros. Hence, there is a possi- 
bility that a circular root-locus branch exists. In fact, such a circular root locus exists in this case, 
as shown in the following, The angle condition is 


Figure 6-53 
(a) Control system; (b) root-locus plot. 
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Figure 6-54 


Control system. 


386 


KS + DAD _ 180° +1) 


s(s + 2) 


or 


[sti+/s—j - fs — /s +2 = £180°(2k + 1) 


By substituting s = o + jw into this last equation, we obtain 


[o+jo+j + /o+jo-j =/o+ jo + /o+2 + jo + 180°(2k +1) 


or 


atl _fa- 
tn *( J. tan ( 
o 


Taking tangents of both sides of this equation and noting that 


=1 a an O°} = @ 
tana (Gia) | ee 


we obtain 
a+1 ao-1 o 
ae 
o a _ G o+2 
a+la-il o @ 
1- ok, 
o a goaot+2 
or 


which is equivalent to 


These two equations are equations for the root loci. The first equation corresponds to the root lo- 
cus on the reai axis. (The segment between s = 0 and s = —2 corresponds to the root locus for 
0 = K < ~, The remaining parts of the real axis correspond to the root locus for K < 0.) The sec- 
ond equation is an equation for a circle. Thus, there exists a circular root locus with center at o = $, 
w = 0 and the radius equal to V 5/2. The root loci are sketched in Figure 6—53(b). [That part of 
the circular locus to the left of the imaginary zeros corresponds to K > 0.The portion of the cir- 


cular locus not shown in Figure 6-53(b) corresponds to K < 0.] 


Consider the system shown in Figure 6-54. Determine the value of a such that the damping ra- 


tio £ of the dominant closed-loop poles is 0.5. 


Solution. In this system the characteristic equation is 


eee 
(s+ 1) (s+ 3) 
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= tan °|—]| + tan 
oO a+2 


+ 180°(2k + 1) 


A-6-13. 


1 2(s + a) =, 
s(s + 1)(s + 3) 


Notice that the variable a is not a multiplying factor. Hence, we need to rewrite the characteris- 
tic equation 


s(s + 1)(s + 3) + 2s + 2a =0 
as follows: 


2a 


1+ == = 
s? + 4s? + 5s 


0 


Define 
2a=K 
Then we get the characteristic equation in the form 


K 


1+——. = - 
s(s* + 4s + 5) (6-32) 


In Problem A-6-4 we constructed the root-locus diagram for the system defined by Equa- 
tion (6-32). Hence, the solution to this problem is available in Problem A-6-4. Referring to 
Figure 6—45(b). the closed-loop poles having the damping ratio € = 0.5 can be located at 
s = —0.63 + j1.09. The value of K at point s = —0.63 + j1.09 may be found as 4.32. Hence, the 
value of a in this problem is obtained as follows: 


Consider the system shown in Figure 6-55(a). Determine the value of a such that the damping 
ratio ¢ of the dominant closed poles is 0.5. 


Solution. The characteristic equation is 


10(s +a) 
s(s + 1(s + 8) | 


The variable a is not a multiplying factor. Hence, we need to modify the characteristic equation, 
Since the characteristic equation can be written as 


# + 9s? + 185 + 10a =0 
we rewrite this equation such that a appears as a multiplying factor as follows: 


Seca 
s(s? + 9s + 18) 


Define 
10a=K 
Then the characteristic equation becomes 


K 
1+——— = 0 
s(s? + 9s + 18) 


Notice that the characteristic equation is in a suitable form for the construction of the root loci. 
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10 
s(s+1) 


(a) (b) 


Figure 6-55 
(a) Control system; (b) root-locus plot, where K = 10a. 


This system involves three poles and no zero. The three poles are at s = 0,s = —3,ands = —6. 
A root-locus branch exists on the real axis between points s = 0 ands = —3.Also, another branch 
exists between points s = —6 ands = —»2, 


The asymptotes for the root loci are found as follows: 


#£180°(2k + 
Angles of asymptotes = eae) = 60°, — 60°, 180° 
Fe! 


The intersection of the asymptotes and the real axis is obtained from 


OSES L 


= 3 
Og 3 


The breakaway and break-in points can be determined from dK/ds = 0, where 


K= (8 + 9s? + 18s) 


Now we set 
dK 
ae = —(3s? + 185 + 18) =0 
which yields 
vr t+6s+6=0 
or 
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s = —1.268, s = —4.732 


Point s = —1.268 is on a root-locus branch. Hence, point s = —1.268 is an actual breakaway 
point. But point s = —4.732 is not on the root locus and therefore is neither a breakaway nor 
break-in point. 

Next we shall find points where root-locus branches cross the imaginary axis. We substitute 
S = jw in the characteristic equation, which is 


s+ 9s? + 188+ K=0 
as follows: 
(jw)? + 9( joy’ + 18( jw) + K = 0 
or 
(K - 9w) + ja(18 — w*) = 0 
from which we get 
ow = +32, K = 9a” = 162 or w = 0, kK=0 


The crossing points are at w = +3\/2 and the corresponding value of gain K is 162. Also, a root- 
locus branch touches the imaginary axis at w = 0. Figure 6-55(b) shows a sketch of the root loci 
for the system. 

Since the damping ratio of the dominant closed-loop poles is specified as 0.5, the desired 
closed-loop pole in the upper-half s plane is located at the intersection of the root-locus branch 
in the upper-half s plane and a straight line having an angle of 60° with the negative real axis. The 
desired dominant closed-loop poles are located at 


s=-1+ 1.732, s=-1-1.732 


At these points, the value of gain K is 28. Hence, 


Since the system involves two or more poles than zeros (in fact, three poles and no zero), the third 
pole can be located on the negative real axis from the fact that the sum of the three closed-loop 
poles is —9. Hence, the third pole is found to be at 


s = —9 —(-1 4+ j1.732) — (-1 — 71.732) 
or 
s=-7 


Consider the system shown in Figure 6—56(a). Sketch the root loci of the system as the velocity 
feedback gain k varies from zero to infinity. Determine the value of k such that the closed-loop 
poles have the damping ratio € of 0.7. 


Solution. The open-loop transfer function is 


10 
(s + 1+ 10k)s + 10 


Open-loop transfer function = 


Since & is not a multiplying factor, we modify the equation such that k appears as a multiplying 
factor. Since the characteristic equation is 


si +5+ 10ks+10=0 
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(a) 


Figure 6-56 
(a) Control system; (b) root-locus plot, where K = 10k. 


we rewrite this equation as follows: 


10ks 
eae I an = 
sets +10 (Oe30) 
Define 
10k =K 
Then Equation (6-33) becomes 
Ks 
ai F+s+10— f 


iat the sys a zero ats = 0 and two poles ats — —0.5 + /3.1225. Since this system 
involves two poles and one zero, there is a possibility that a circular root locus exists. In fact, this 


system has a circular root locus, as will be shown. Since the angle condition is 


Ks 


> SO —£:180°(2 1 
sv +s+10 eet) 


we have 


By substituting s = o + jm into this last equation and rearranging, we obtain 


/o +05 + j(w + 3.1225) + / o + 0.5 + jw — 3.1225) = /o + jw + 180°(2k + 1) 


which can be rewritten as 


_,{@ + 3.1225 _,{@ — 3.1225 _ 1f®) 4 pepo 
tan exc t S856 tan e + 180°(2k + 1) 
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Taking tangents of both sides of this last equation, we obtain 


a +3.1225 om — 3.1225 


+ 
a+ 0.5 o+0.5 w 
1_{2 + 3.1225)\ fw — 3.1225 o 
o+05 ao +05 
which can be simplified to 
2u(o + 0.5) o 
(9 + 0.5) — (a? — 3.12257) o 
or 
w(o* — 10 + w’) = 0 
which yields 
o=0 or a+ w= 10 
Notice that # = 0 corresponds to the real axis. The negative real axis (between s = 0 ands = —) 
corresponds to K = 0, and the positive real axis corresponds to K < 0.The equation 


ao + w = 10 


is an equation of a circle with center at o = 0, w = 0 with the radius equal to VIOA portion of 
this circle that lies to the left of the complex poles corresponds to the root locus for K > 0. The 
portion of the circle which lies to the right of the complex poles corresponds to the root locus for 
K < 0. Hence, this portion is not a root locus for the present system, where K > 0. Figure 6-56(b) 
shows a sketch of the root loci. 

Since we require € = 0.7 for the closed-loop poles, we find the intersection of the circular root 
locus and a line having an angle of 45.57° (note that cos 45.57° = 0.7) with the negative real axis. 
The intersection is ats = —2.214 + /2.258. The gain K corresponding to this point is 3.427. Hence, 
the desired value of the velocity feedback gain k is 


K 
k = — = 0.342 
10 a 


Consider the controi system shown in Figure 6-57. Piot root ioci with MATLAB. 


Solution. MATLAB Program 6-10 generates a root-locus plot as shown in Figure 6-58. The root 
loci must be symmetric about the real axis. However, Figure 6-58 shows otherwise. 

MATLAB supplies its own set of gain values that are used to calculate a root-locus plot. It does 
so by an internal adaptive step-size routine. However, in certain systems, very small changes in the 
gain cause drastic changes in root locations within a certain range of gains. Thus, MATLAB takes 
too big a jump in its gain values when calculating the roots, and root locations change by a relatively 
large amount. When plotting, MATLAB connects these points and causes a strange looking graph 
at the location of sensitive gains. Such erroneous root-locus plots typically occur when the loci ap- 
proach a double pole (or triple or higher pole),since the locus is very sensitive to small gain changes. 


K(s +0.4) 
s2(s + 3.6) 


Figure 6-57 
Control system. 
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Figure 6-58 
Root-locus plot. 


A-6-16. 
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Root-Locus Plot of G(s) = K(s+0.4)/[s*2(s+3.6)] 


3 
2 
rk 
E: — 
2 ie 
£ 
| 
—2 
3 
-5 —-4 -3 —2 -1 0 1 


Real Axis 


In the problem considered here, the critical region of gain K is between 4.2 and 4.4. Thus we 
need to set the step size small enough in this region. We may divide the region for K as follows: 


K1 = [0:0.2:4.2]; 

K2 = [4.2:0.002:4.4]; 

K3 = [4.4:0.2:10]; 

K4 = [10:5:200]; 
K=[K1 K2 K3_ Ka]; 


Entering MATLAB Program 6-11 into the computer, we obtain the plot as shown in Figure 6-59. 
If we change the plot command plot(r,'o') in MATLAB Program 6-11 to plot(r,’-), we obtain Fig- 
ure 6—60. Figures 6—59 and 6—60 respectively show satisfactory root-locus plots. 


Consider the system whose open-loop transfer function G(s)H(s) is given by 


K 


OO dat 1s 2) 


Using MATLAB, plot root loci and their asymptotes. 
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Solution. We shall plot the root loci and asymptotes on one diagram. Since the open-loop trans- 


fer function is given by 
K 
a eee) 
tet. See 
s* + 3s? + 2s 
the equation for the asymptotes may be obtained as follows: Noting that 


gma lil aaa 
eStart 2 sas t3retasti (sti) 


Root-Locus Plot of G(s) = K(s+0.4)/[s*2(s+3.6)] 


Real Axis 
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Root-Locus Plot of G(s) = K(s+0.4)/[s*2(s+3.6)] 


Imag Axis 
° 


Figure 6-60 5 =4 =3 -2 =i 0 1 
Root-locus plot. Real Axis 


the equation for the asymptotes may be given by 


K 


G(s)H,(s) = G+ip 


Hence, for the system we have 


num=[0 0 O 1] 
den=[1 3 2 


and for the asymptotes, 


numa=[0 0 O 1] 
dena=[{1 3 3 1} 


Tn using the following root-locus and plot commands 


r = rlocus(num,den) 
a = rlocus(numa,dena) 
plot([r al) 


the number of rows of r and that of a must be the same. To ensure this, we include the gain con- 
stant K in the commands, For example, 


K 

K2 = 0.3:0.005:0.5: 

K3 = 0.5:0.5:10; 

K4 = 10:5:100; 

K=[K1 K2 k3 k4J 
r = rlocus(num,den,K) 

a = rlocus(numa,dena,k) 
y=([r al 

plotty,’ }) 
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Including gain K in rlocus command ensures that the r matrix and a matrix have the same num- 
ber of rows. MATLAB Program 6-12 will generate a plot of root loci and their asymptotes. See 
Figure 6-61. 


: Root-Locus Plot of G(s) = K/[(s(s+1)(s+2)] and Asymptotes 


6-61 
t-locus plot. 
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A-6-17. 


Drawing two or more plots in one diagram can be accomplished by using the hold command. 
MATLAB Program 6-13 uses the hold command. The resulting root-locus plot is shown in Fig- 
ure 6-62. 


MATLAB Program 6-13 


% ~-------- Root-Locus Plots ---------- 


num=[0 0 O 1]; 
den=[1 3 2 O]; 
numa=[0 0 O 1]; 
dena=[1 3 3 1; 

K1 = 0:0.1:0.3; 

K2 = 0.3:0.005:0.5; 

K3 = 0.5:0.5:10; 

K4 = 10:5:100; 

K=[K1 K2 K3_ K4J]; 

r = rlocus(num,den,K); 

a = rlocus(numa,dena, K); 
plot(r,‘o’) 

hold 

Current plot held 

plot(a,’~’) 

v=[-4 4 —4 4]; axis(v) 
grid 

title(‘Root-Locus Plot of G(s) = K/[s(s + 1)(s + 2)] and Asymptotes’) 
xlabel(‘Real Axis’) 
ylabel(‘Imag Axis’) 


% ***** Manually draw open-loop poles in the hard copy ***** 


% ***** Remove hold on graphics aOR 


hold 
Current plot released 


Consider a unity-feedback system with the following feedforward transfer function G(s): 


K(s + 2) 


Sir (2 + 4s + 5)? 


Plot root loci for the system with MATLAB. 


Solution. A MATLAB program to plot the root loci is given as MATLAB Program 6-14. The 
resulting root-locus plot is shown in Figure 6-63. 

Notice that this is a special case where no root locus exists on the real axis. This means that 
for any value of K > 0 the closed-loop poles of the system are two sets of complex-conjugate 
poles. (No real closed-loop poles exist.) Since no closed-loop poles exist in the right-half s plane, 
the system is stable for all values of K > 0. 


Chapter6 / Root-Locus Analysis 


Figure 6-62 
Root-locus plot. 
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Root-Locus Plot of G(s) = K/[s(s+1)(s+2)] and Aysmptotes 


Imag Axis 
Se 


num=[0 0 1 4 4); 
den={[1 10 29 40 100); 
r = rlocus(num,den); 

plot(r,‘o’) 


hold 


Current plot held 

plot(r,’-’) 

v=[-8 4 —-6 6]; axis(v); axis(‘square’) 

grid 

title(‘Root-Locus Plot of G(s) = (s + 2)A2/[(s42 + 4)is + 5)A2]’) 
xlabel(‘Real Axis’) 

ylabel(‘Imag Axis’) 


Consider the system with transport lay shown in Figure 6—64(a). Sketch the root loci and find the 
two pairs of closed-loop poles nearest the jo axis. 

Using only the dominant closed-loop poles, obtain the unit-step response and sketch the re- 
sponse curve. 


Solution. The characteristic equation is 


2e O.3s 
Sita 


+1=0 


which is equivalent to the following angle and magnitude conditions: 


2e 0.3 


s+1 


= +180°(2k + 1) 
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Figure 6-63 
Root-locus plot. 


Figure 6-64 
(a) Control system 
with transport lag; 


(b) root-locus plot. 
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Root-Locus Plot of G(s) = (s+2)*2/[(s%2+4)(s+5)*2] 
6 


Imag Axis 


8 6 -4 #2 O 2 4 
Real Axis 


The angle condition reduces to 


/s + 1 = t2(2k + 1) — 0.30 (radians) 


For k = 0, 
jstl= tn 0.3@ (radians) 
= +180° — 17.2° (degrees) 
R(s) 2670.38 Cs) 
+ 


(b) 


(a) 
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For k = 1, 
/s +1 = +3 — 0.30 (radians) 
= +540° — 17.2°H (degrees) 


The root-locus plot for this system is shown in Figure 6-64(b). 


Let us set s = o + jw in the magnitude condition and replace 2 by K. Then we obtain 


VU + oP +o? 


e 0.30 


By evaluating K at different points on the root loci, the points may be found for which K = 2. 


These points are closed-loop poles. The dominant pair of closed-loop poles is 


s=-2.5 + j39 
The next pair of closed-loop poles is 


5 =— 86+ j251 


Using only the pair of dominant closed-loop poles, the closed-loop transfer function may be 


approximated as follows: Noting that 


C(s) _ 2e~ 03s 
R(s) 1 4+5 4 2e°%8 


2e7 0:38 


0.095? 
1+542(1-oar+ 99%... 


Qe 0.35 
~ 3 + 0.45 + 0.095? + --- 


and 
(s + 2.5 + j3.9)(5 + 2.5 — 73.9) = 5? + 5s + 21.46 
we may approximate C(s)/R(s) by 


C(s) _ $(21.46)e7 9% 
R(s) 5? + 5s + 21.46 


or 


C(s)____14.31e7 98 
Ris) (8 + 2.5)? + 3.9? 


For a unit-step input, 


14,31¢7 93s 
Cc Ep a 
) = 164 25) 4 3p 
Note that 
14.31 = On —ts — 2 
[(@ + 25% +3.%]s 5 (s + 2.5)? + 3.97 
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c(t) 
1.0 


0.5 
Figure 6-65 
Unit-step response 
curves for the system 


shown in Figure 
6-64(a). 0 


Hence, 


C(s) = ( 


oppo 


2 
~ts — 8 


—0.3s + | ——_—————_ — 0.35 
Je fa + 2.5) + =f 


The inverse Laplace transform of C(s) gives 


c(t) = 3[1 — e7 750-9 cos 3.9(¢ — 0.3) — 0.641e 7 sin 3.9(¢ ~ 0.3)]1(¢ — 0.3) 


where 1(f — 0.3) is the unit-step function occurring at t = 0.3. 

Figure 6-65 shows the approximate response curve thus obtained, together with the exact 
unit-step response curve obtained by a computer simulation. Note that in this system a fairly good 
approximation can be obtained by use of only the dominant closed-loop poles. 


PROBLEMS 


B-6-1. Plot the root loci for the closed-loop control system 
with 
K 


~ s(5 + 1(s? + 45 + 5)’ 


G(s) H(s) = 1 


B-6-2. Plot the root loci for a closed-loop control system 
with 


K(s + 9) 


ee s(s? + 4s + 11)’ 


H(s) =1 


Locate the closed-loop poles on the root loci such that the 
dominant closed-loop poles have a damping ratio equal to 
0.5. Determine the corresponding value of gain K. 


B-6-3. Plot the root loci for the system with 


K 
GW) "3G Ose + 0G): 


H(s) = 1 


B-6-4. Plot the root loci for a system with 
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K 


AS) = yds + Dis + Ds + 5)’ 


H(s) =1 


Determine the exact points where the root toci cross the jw 
axis. 


B-6-5. Show that the root loci for a control system with 


G(s) = K(s° + 6s + 10) 


=1 
sv +2s4+10 ’ HG) 


are arcs of the circle centered at the origin with radius equal 
to V 10. 


B-6-6. Plot the root loci for a closed-loop control system 
with 


_ K(s + 0.2) 


CO 2eaae “Peres 


B-6-7. Plot the root loci for a closed-loop control system 
with 


G(s) = K(s + 0.5) 


+741? Hisar 


B-6-8. Plot the root loci for the system shown in Figure 
6-66. Determine the range of gain K for stability. 


B-6-9, Consider a unity-feedback control system with the 
following feedforward transfer function: 


K 


oe s(s? + 4s + 8) 


Plot the root loci for the system. If the value of gain K is set 
equal to 2, where are the closed-loop poles located? 


B-6-10. Consider the system shown in Figure 6-67. Deter- 
mine the values of the gain K and the velocity feedback 
coefficient K, so that the closed-loop poles are at 
s=-1+ iv3. Then, using the determined value of Ky, plot 
the root loci. 


B-6-11. Consider the system shown in Figure 6—68. The 
system involves velocity feedback. Determine the value of 
gain K such that the dominant closed-loop poles have a 
damping ratio of 0.5. Using the gain K thus determined, 
obtain the unit-step response of the system. 


R(s) 


Figure 6-66 
Control system. 


Figure 6-67 
Control system. 


Figure 6-68 
Control system. 


Problems 


—_—_K__ 
areas j 
0.2 


B-6-12. Consider the system whose open-loop transfer 
function G(s)H(s) is given by 


K 
(s? + 2s + 2)(s? + 2s + 5) 


K 
~ st 4s? + 11s? + 149 + 10 


G(s)H(s) = 


Plot a root-locus diagram with MATLAB. 


B-6-13. Consider the system whose open-loop transfer 
function is given by 


K(s — 0.6667) 

G(s)H(s) = ——KE—.0.6667) __ 
(HO) = 4334018 + 7.08258 
Show that the equation for the asymptotes is given by 


K 
5° + 4.00685? + 5.3515s + 2.3825 


G,(s)H(s) = 
Using MATLAB, plot the root loci and asymptotes for 
the system. 


B-6-14. Consider the unity-feedback system whose feed- 
forward transfer function is 
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COKE 41) 


The constant-gain locus for the system for a given value of 
K is defined by the following equation: 


x =1 
s(s + 1) - 


Show that the constant-gain loci for 0= K = © may be 
given by 


[o(o + 1) + w@?)? + w* = K* 


Sketch the constant-gain loci for K = 1, 2,5, 10, and 20 on 


the s plane. 
K(s +1) 
s(s? + 2s + 6) 
i 
stl 
Figure 6-70 


Control system. 


Figur co 6 -71 


Control system. 


Figure 6-72 
Control system. 
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B-6-15. Consider the system shown in Figure 6-69. Plot 
the root loci. Locate the closed-loop poles when the gain K 
is Set equal to 2. 


B-6-16. Consider the system shown in Figure 6-70. Plot the 
root loci as a varies from 0 to ~. Determine the value of a such 
that the damping ratio of the dominant closed-loop poles is 0.5. 


B-6-17. Consider the system shown in Figure 6-71. Plot the 
root loci as the value of k varies from 0 to ». What value of 
k will give the damping ratio of the dominant closed-loop 
poles equal to 0.5? Find the static velocity error constant 
with this value of k. 


B-6-18. Plot the root loci for the system shown in Figure 
6-72. Show that the system may become unstable for large 
values of K. 


Figure 6-69 
Control system. 


2 
100s + 1 


B-6-19. Plot the root contours for the system shown in Fig- root loci when K, = 0.5. Then sketch the root contours for 
ure 6-73 when the gain K and parameter a vary, respec- 0Q<K<~ and 0<K, <~. Locate the closed-loop poles 
tively, from zero to infinity. on the root contour when K = 10 and Ky = 0.5. 


B-6-20. Consider the system shown in Figure 6-74. As- 
suming that the value of gain K varies from 0 to ™, plot the 


Figure 6-73 
Control system. 


Figure 6-74 
Control system. 


Problems 403 


Control Systems 
Design by the Root- 
Locus Method 


7-1 INTRODUCTION 


The primary objective of this chapter is to present procedures for the design and compen- 
sation of single-input-single-output linear time-invariant control systems. Compensation 
is the modification of the system dynamics to satisfy the given specifications. The approach 
to the control system design and compensation used in this chapter is the root-locus ap- 
proach.(The frequency-response approach and the state-space approach to the control sys- 
tems design and compensation will be presented in Chapter 9 and Chapter 11,respectively.) 


Performance specifications. Control systems are designed to perform specific 
tasks. The requirements imposed on the control system are usually spelled out as per- 
formance specifications. They generally relate to accuracy, relative stability, and speed 
of response. 

For routine design problems, the performance specifications may be given in terms 
of precise numerical values. In other cases, they may be given partially in terms of pre- 
cise numerical values and partially in terms of qualitative statements. In the latter case, 
the specifications may have to be modified during the course of design since the given 
specifications may never be satisfied (because of conflicting requirements) or may lead 
to a very expensive system. 

Generally, the performance specifications should not be more stringent than neces- 
sary to perform the given task. If the accuracy at steady-state operation is of prime im- 
portance in a given control system, then we should not require unnecessarily rigid 
performance specifications on the transient response since such specifications will re- 


Figure 7-1 

(a) Series compen- 
sation; (b) feed- 
back or parallel 
compensation. 


quire expensive components. Remember that the most important part of control sys- 
tem design is to state the performance specifications precisely so that they will yield an 
optimal control system for the given purpose. 


System compensation. Setting the gain is the first step in adjusting the system 
for satisfactory performance. In many practical cases, however, the adjustment of the 
gain alone may not provide sufficient alteration of the system behavior to meet the 
given specifications. As is frequently the case, increasing the gain value will improve 
the steady-state behavior but will result in poor stability or even instability. It is then 
necessary to redesign the system (by modifying the structure or by incorporating addi- 
tional devices or components) to alter the overall behavior so that the system will 
behave as desired. Such a redesign or addition of a suitable device is called compensa- 
tion. A device inserted into the system for the purpose of satisfying the specifications 
is called a compensator. The compensator compensates for deficit performance of the 
original system. 


Series compensation and feedback (or parallel) compensation. Figures 7-1 
(a) and (b) show compensation schemes commonly used for feedback control systems. 
Figure 7—1(a) shows the configuration where the compensator G,{s) is placed im series 
with the plant. This scheme is called series compensation. 

An alternative to series compensation is to feed back the signal(s) from some 
element(s) and place a compensator in the resulting inner feedback path, as shown 
in Figure 7-1(b). Such compensation is called feedback compensation or parallel 
compensation. 

In compensating control systems, we see that the problem usually boils down to 
a suitable design of a series or feedback compensator. The choice between series 
compensation and feedback compensation depends on the nature of the signals in the 
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system, the power levels at various points, available components, the designer’s experi- 
ence, economic considerations, and so on. 

In general, series compensation may be simpler than feedback compensation; how- 
ever, series compensation frequently requires additional amplifiers to increase the gain 
and/or to provide isolation. (To avoid power dissipation, the series compensator is in- 
serted at the lowest energy point in the feedforward path.) Note that, in general, the 
number of components required in feedback compensation will be less than the num- 
ber of components in series compensation, provided a suitable signal is available, be- 
cause the energy transfer is from a higher power level to a lower level. (This means that 
additional amplifiers may not be necessary.) 

In discussing compensators, we frequently use such terminologies as lead network, 
lag network, and lag—lead network. As stated in Section 5-9, if a sinusoidal input e; is ap- 
plied to the input of a network and the steady-state output e. (which is also sinusoidal) 
has a phase lead, then the network is called a lead network. (The amount of phase lead 
angle is a function of the input frequency.) If the steady-state output eo has a phase lag, 
then the network is called a lag network. In a lag—lead network, both phase lag and 
phase lead occur in the output but in different frequency regions; phase lag occurs in 
the low-frequency region and phase lead occurs in the high-frequency region. A com- 
pensator having a characteristic of a lead network, lag network, or lag—lead network is 
called a lead compensator, lag compensator, or lag—lead compensator. 


Compensators. Ifa compensator is needed to meet the performance specifica- 
tions, the designer must realize a physical device that has the prescribed transfer func- 
tion of the compensator. 

Numerous physical devices have been used for such purposes. In fact, many noble 
and useful ideas for physically constructing compensators may be found in the literature. 

Among the many kinds of compensators, widely cmployed compensators are the 
lead compensators, lag compensators, lag-lead compensators, and velocity-feedback 
(tachometer) compensators. In this chapter we shall limit our discussions mostly to 
these types. Lead, lag, and lag—lead compensators may be electronic devices (such as cir- 
cuits using operational amplifiers) or RC networks (electrical, mechanical, pneumatic, 
hydraulic, of combinations ihereof) aud amplifiers. 

In the actual design of a control system, whether to use an electronic, pneumatic, or 
hydraulic compensator is a matter that must be decided partially based on the nature 
of the controlled plant. For example, if the controlled plant involves flammable fluid, 
then we have to choose pneumatic components (both a compensator and an actuator) 
to avoid the possibility of sparks. If, however, no fire hazard exists, then electronic com- 
pensators are most commonly used. (In fact, we often transform nonelectrical signals 
into electrical signals because of the simplicity of transmission, increased accuracy, in- 
creased reliability, ease of compensation, and the like.) 


Design procedures. In the trial-and-error approach to system design, we set up 
a mathematical model of the control system and adjust the parameters of a com- 
pensator. The most time-consuming part of such work is the checking of the system 
performance by analysis with each adjustment of the parameters. The designer should 
make use of a digital computer to avoid much of the numerical drudgery necessary for 
this checking. 
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Once a satisfactory mathematical model has been obtained, the designer must con- 
struct a prototype and test the open-loop system. If absolute stability of the closed loop 
is assured, the designer closes the loop and tests the performance of the resulting closed- 
loop system. Because of the neglected loading effects among the components, nonlin- 
earities, distributed parameters, and so on, which were not taken into consideration in 
the original design work, the actual performance of the prototype system will probably 
differ from the theoretical predictions. Thus the first design may not satisfy all the re- 
quirements on performance. By trial and error, the designer must make changes in the 
prototype until the system meets the specifications. In doing this, he or she must ana- 
lyze each trial, and the results of the analysis must be incorporated into the next trial. 
The designer must see that the final system meets the performance specifications and, 
at the same time, is reliable and economical. 

It is noted that in designing control systems by the root-locus or frequency- 
response methods the final result is not unique, because the best or optimal solution 
may not be precisely defined if the time-domain specifications or frequency-domain 
specifications are given. 


Outline of the chapter. Section 7-1 has presented an introduction to the com- 
pensation of control systems. Section 7-2 discusses preliminary considerations for the 
root-locus approach to the control systems design. Section 7-3 treats details of the lead 
compensation techniques based on the root-locus method. Section 74 deals with the 
lag compensation techniques by the root-locus method. Section 7-5 presents lag~lead 
compensation techniques. Detailed discussions of the design of lag—lead compensators 


are presented. 


7-2 PRELIMINARY DESIGN CONSIDERATIONS 


In building a control system, we know that proper modification of the plant dynamics 
may be a simple way to meet the performance specifications. This, however, may not be 
possible in many practical situations because the plant may be fixed and may not be 


modified, Then we must adiust narameters other than those in the fixed plant. In this 
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book, we assume that the plant is given and unalterable. 

The design problems, therefore, become those of improving system performance 
by insertion of a compensator. Compensation of a control system is reduced to the de- 
sign of a filter whose characteristics tend to compensate for the undesirable and unal- 
terable characteristics of the plant. Our discussions are limited to continuous-time 
compensators. 

In Section 7-3 through 7-5, we shall specifically consider the design of lead com- 
pensators, lag compensators, and lag-lead compensators. In such design problems, 
we place a compensator in series with the unalterable transfer function G(s) to obtain 
desirable behavior. The main problem then involves the judicious choice of the pole(s) 
and zero(s) of the compensator G,(s) to alter the root locus (or frequency response) so 
that the performance specifications will be met. 


Root-locus approach to control system design. The root-locus method is a 
graphical method for determining the locations of all closed-loop poles from knowledge 
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Figure 7-2 

(a) Reot-locnus plot 
of a single-pole sys- 
tem; (b) root-locus 
plot of a two-pole 
system; (c) root-locus 
plot of a three-pole 
system. 
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of the locations of the open-loop poles and zeros as some parameter (usually the gain) 
is varied from zero to infinity. The method yields a clear indication of the effects of pa- 
rameter adjustment. 

In practice, the root-locus plot of a system may indicate that the desired perfor- 
mance cannot be achieved just by the adjustment of gain. In fact, in some cases, the sys- 
tem may not be stable for all values of gain. Then it is necessary to reshape the root loci 
to meet the performance specifications. 

In designing a control system, if other than a gain adjustment is required, we must 
modify the original root loci by inserting a suitable compensator. Once the effects 
on the root locus of the addition of poles and/or zeros are fully understood, we can 
readily determine the locations of the pole(s) and zero(s) of the compensator that will 
reshape the root locus as desired. In essence, in the design by the root-locus method, 
the root loci of the system are reshaped through the use of a compensator so that a 
pair of dominant closed-loop poles can be placed at the desired location. (Often, the 
damping ratio and undamped natural frequency of a pair of dominant closed-loop 
poles are specified.) 


Effects of the addition of poles. The addition of a pole to the open-loop trans- 
fer function has the effect of pulling the root locus to the right, tending to lower the 
system’s relative stability and to slow down the settling of the response. (Remem- 
ber that the addition of integral control adds a pole at the origin, thus making the 
system less stable.) Figure 7-2 shows examples of root loci illustrating the effects of 
the addition of a pole to a single-pole system and the addition of two poles to a single- 
pole system. 


Effects of the addition of zeros. The addition of a zero to the open-loop trans- 
fer function has the effect of pulling the root locus to the left, tending to make the sys- 
tem more stable and to speed up the settling of the response. (Physically, the addition 
of a Zero in the feedforward transfer function means the addition of derivative control 


to the system. The effect of such control is to introduce a degree of anticipation into the 
system and speed up the transient response.) Figure 7-3(a) shows the root loci for a sys- 
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tem that is stable for small gain but unstable for large gain. Figures 7-3(b), (c), and (d) 
show root-locus plots for the system when a zero is added to the open-loop transfer 


jo jw jw 


(a) (b) () 
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(a) (b) 


Figure 7-3 jo jo 

(a) Root-locus plot 

of a three-pole sys- 

tem; (b), (c), and 

(d) root-locus o a 
plots showing 

effects of addition 

of a zero to the 

three-pole system. (c) (d) 


function. Notice that when a zero is added to the system of Figure 7—-3(a) it becomes 
stable for all values of gain. 


7-3 LEAD COMPENSATION 


Lead compensators. There are many ways to realize continuous-time (or ana- 
log) lead compensators, such as electronic networks using operational amplifiers, elec- 
trical RC networks, and mechanical spring—dashpot systems. Compensators using 
operational amplifiers are frequently used in practice. (Refer to Chapter 5 for networks 
using operational amplifiers.) 

Figure 7—4 shows an electronic circuit using operational amplitiers. ‘I'he transter 
function for this circuit was obtained in Chapter 5 as follows: 


C 


Figure 7-4 
Electronic circuit 
that is a lead net- 
work if RiC) > RoC2 
and a lag network if 
RiC, < RoC. 
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1 
+ 
F.(s) _ RR Rist 1 _ RC? RG, 


Es) RiR; RCs +1 RC, 1 


RAC, 
ete 
-Ka Ts +1 T 1-1 
“ats +1 es i 1 Gy) 
aT 
where 
R,C 
T=R,C, aT=R,C, K,= R.C, 
Notice that 
Ka = Bo RG BR BGS 
Wigh2 yh] ANN yh] 


This network has a dc gain of K.a = R2R4/(RiR3). 

From Equation (7-1), we see that this network is a lead network if RiC; > R2C, 
or a <1. It is a lag network if RiC,; < R2C2. The pole-zero configurations of this 
network when RiC; > R2C2 and RiC; < R2C, are shown in Figure 7-5(a) and (b), 
respectively. 


Lead compensation techniques based on the root-locus approach. The 
root-locus approach to design is very powerful when the specifications are given in 
terms of time-domain quantities, such as the damping ratio and undamped natural fre- 
quency of the desired dominant closed-loop poles, maximum overshoot, rise time, and 
settling time. 

Consider a design problem in which the original system either is unstable for all val- 
ues of gain or is stable but has undesirable transient-response characteristics. In such a 


1 1 g 


RC, R2C) 
Figure 7-5 
Pole-zero config- 
urations: (a) lead network; (b) lag 
(a) (b) network. 
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case, the reshaping of the root locus is necessary in the broad neighborhood of the jw 
axis and the origin in order that the dominant closed-loop poles be at desired locations 
in the complex plane. This problem may be solved by inserting an appropriate lead com- 
pensator in cascade with the feedforward transfer function. 

The procedures for designing a lead compensator for the system shown in Figure 
7-6 by the root-locus method may be stated as follows: 


1. From the performance specifications, determine the desired location for the 
dominant closed-loop poles. 

2. By drawing the root-locus plot, ascertain whether or not the gain adjustment 
alone can yield the desired closed-loop poles. If not, calculate the angle deficiency ¢. 
This angle must be contributed by the lead compensator if the new root locus is to pass 
through the desired locations for the dominant closed-loop poles. 

3. Assume the lead compensator G,(s) to be 


1 
sta 
Ts +1 T 
= K.a——_=K <a<l 
G,(s) cB ats +1 vaste: (0 a ) 
at 


where a and T are determined from the angle deficiency. K, is determined from the re- 
quirement of the open-loop gain. 

4. If static error constants are not specified, determine the location of the pole and 
zero of the lead compensator so that the lead compensator will contribute the neces- 
sary angle @. If no other requirements are imposed on the system, try to make the value 
of a as large as possible. A larger valuc of @ gencrally results in a larger valuc of K,, 
which is desirable. (If a particular static error constant is specified, it is generally sim- 
pler to use the frequency-response approach.) 

5. Determine the open-loop gain of the compensated system from the magnitude 
condition. 


Once a compensator has been designed, check to see whether all performance 
specifications have been met. If the compensated system does not meet the per- 
formance specifications, then repeat the design procedure by adjusting the com- 
pensator pole and zero until all such specifications are met. If a large static error 
constant is required, cascade a lag network or alter the lead compensator to a lag— 
lead compensator. 

Note that if the selected dominant closed-loop poles are not 1 
e 


t really dominant, it will 
be necessary to modify the location of the pair of such selected dominant closed-loop 


Figure 7-6 
Control system. 
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EXAMPLE 7-1 


Figure 7-7 
(a) Control system; 
(b) root-locus plot. 
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poles. (The closed-loop poles other than dominant ones modify the response obtained 
from the dominant closed-loop poles alone. The amount of modification depends on the 
location of these remaining closed-loop poles.) Also, the closed-loop zeros affect the re- 
sponse if they are located near the origin. 


Consider the system shown in Figure 7-7(a). The feedforward transfer function is 


c= s(s + 2) 


The root-locus plot for this system is shown in Figure 7-7(b). The closed-loop transfer func- 
tion becomes 


Q 


(s) _ 4 
R(s) 3? +25+4 


4 
~ (s+ 1+ jV3)(s + 1 — jV3) 


The closed-loop poles are located at 


s=-14+fy3 


The damping ratio of the closed-loop poles is 0.5. The undamped natural frequency of the closed- 
loop poles is 2 rad/sec. The static velocity error constant is 2 sec-!. 

It is desired to modify the closed-loop poles so that an undamped natural frequency w, = 4 
rad/sec is obtained, without changing the value of the damping ratio, € = 0.5. 

Recall that in the complex plane the damping ratio ¢ of a pair of complex conjugate poles can be 
expressed in terms of the angle 0, which is measured from the jw axis, as shown in Figure 7-8(a), with 


€=sné@ 


In other words, lines of constant damping ratio € are radial lines passing through the origin as 
shown in Figure 7-8(b). For example, a damping ratio of 0.5 requires that the complex poles lie 
on the lines drawn through the origin making angles of +60° with the negative real axis. (If the 
real part of a pair of complex poles is positive, which means that the system is unstable, the cor- 


jw 


Closed-loop poles 


(a) (b) 
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Figure 7-8 

(a) Complex poles; 
(b) lines of constant 
damping ratio ¢. 


(a) 


responding € is negative.) The damping ratio determines the angular location of the poles, while 
the distance of the pole from the origin is determined by the undamped natural frequency @n. 
In the present example, the desired locations of the closed-loop poles are 


s=-24j2V3 


In some cases, after the root loci of the original system have been obtained, the dominant 
closed-loop poles may be moved to the desired location by simple gain adjustment. This is, how- 
ever, not the case for the present system. Therefore, we shall insert a lead compensator in the 
feedforward path. 

A general procedure for determining the lead compensator is as follows: First, find the sum 
of the angles at the desired location of one of the dominant closed-loop poles with the open-loop 
poles and zeros of the original system, and determine the necessary angle @ to be added so that 
the total sum of the angles is equal to +180°(2k + 1). The lead compensator must contribute this 
angle @. (If the angle ¢ is quite large, then two or more lead networks may be needed rather than 
a single one.) 

If the original system has the open-loop transfer function G(s), then the compensated system 
will have the open-loop transfer function 


1 
S +7 
G{)G(s) = | K. —- |G) 
+ — 
. aT 
where 
gee 
Ts +1 T 
GAs) = Ka = . 1° (0<a<1) 
que 
aT 


Notice that there are many possible values for T and a that will yield the necessary angle contri- 
bution at the desired closed-loop poles. 
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The next step is to determine the locations of the zero and pole of the lead compensator. There 
are many possibilities for the choice of such locations. (See the comments at the end of this ex- 
ample problem.) In what follows, we shall introduce a procedure to obtain the largest possible 
value for a. (Note that a larger value of a will produce a larger value of Ky. In most cases, the 
larger the K, is, the better the system performance.) First, draw a horizontal line passing through 
point F the desired location for one of the dominant closed-loop poles. This is shown as line PA 
in Figure 7-9. Draw also a line connecting point P and the origin. Bisect the angle between the 
lines PA and PO, as shown in Figure 7-9. Draw two lines PC and PD that make angles +¢/2 with 
the bisector PB. The intersections of PC and PD with the negative real axis give the necessary 
location for the pole and zero of the lead network. The compensator thus designed will make 
point P a point on the root locus of the compensated system. The open-loop gain is determined 
by use of the magnitude condition. 

In the present system, the angle of G(s) at the desired closed-loop pole is 


— 
s(s + 2) 


Thus, if we need to force the root locus to go through the desired closed-loop pole, the lead com- 
pensator must contribute ¢ = 30° at this point. By following the foregoing design procedure, we 
determine the zero and pole of the lead compensator, as shown in Figure 7-10, to be 


= —210° 


s7 ~ 245244 


Zero ats = —2.9, Pole ats = —5.4 
or 
a 0.345 io = 0.185 
2.9 > 5.4 


Thus a = 0.537. The open-loop transfer function of the compensated system becomes 


GAG) = Kk. + 2.9 4 K(s + 2.9) 


s+ 5.4 s(s + 2) = s(s + 2)(s + 5.4) 


where K = 4K..The root-locus plot for the compensated system is shown in Figure 7-10.The gain K 
is evaluated from the magnitude condition as follows: Referring to the root-locus plot for the com- 
pensated system shown in Figure 7-10, the gain K is evaluated from the magnitude condition as 


| K(s+2.9) | 


=e 
(5 + 2)(6 + 5A) |r ava 


or 


K = 18.7 


Figure 7-9 
Determination of the pole and zero 
of a lead network. 


Chapter 7 / Control Systems Design by the Root-Locus Method 


Figure 7-11 
Lead compensator. 


Figure 7-10 
Root-locus plot of the 
compensated system. 


It follows that 


18.7(s + 2.9) 


GAC) = s(s + 2)(s + 5.4) 


The constant K; of the lead compensator is 


K, aE 6s 


c 


Hence, K.a = 2.51. The lead compensator, therefore, has the transfer function 


03455 +1 _ 4.45 +29 


= 2.51 = 4, 
GA) = 251 0 a855 + 1 s+5A4 
If the electronic circuit using operational amplifiers as shown in Figure 7—4 is used as the lead 
compensator just designed, then the parameter values of the lead compensator are determined from 
E (s) R,R,R.Cs+1 0.345s +1 


MON fos Peg ae acd pop wallace 


Es) R,RyR,Cys +1 7) 0.1855 +1 


as shown in Figure 7-11, where we have arbitrarily chosen C; = C2 = 10 uF and R; =10 kQ. 


10 uF 
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The static velocity error constant K, is obtained from the expression 
K, = limsG,(s)G(s) 
530 


= Ij $18.7(s + 2.9) 
s00 5(8 + 2)(s + 5.4) 


= 5.02 sec! 


Note that the third closed-loop pole of the designed system is found by dividing the characteris- 
tic equation by the known factors as follows: 


s(s + 2)(s + 5.4) + 18.7(s + 2.9) = (s +2 + j2V3)(s + 2 — j2V3)\(s + 3.4) 


The foregoing compensation method enables us to place the dominant closed-loop poles 
at the desired points in the complex plane. The third pole at s = 3.4 is close to the added zero 
at s = —2.9. Therefore, the effect of this pole on the transient response is relatively small. Since 
no restriction has been imposed on the nondominant pole and no specification has been given 
concerning the value of the static velocity error coefficient, we conclude that the present design 
is satisfactory. 


Commenis. We may piace the zero of the compensator at s = —Z and poie ats = —4so 
that the angle contribution of the lead compensator is 30°. (In this case the zero of the lead com- 
pensator will cancel a pole of the plant, resulting in the second-order system, rather than the third- 
order system as we designed.) It can be seen that the K, value in this case is 4 sec~!. Other 
combinations can be selected that will yield 30° phase lead. (For different combinations of a zero 
and pole of the compensator that contribute 30°, the value of a@ will be different and the value of 
K, will also be different.) Although a certain change in the value of K, can be made by altering 
the pole-zero location of the lead compensator, if a large increase in the value of K, is desired, 
then we must alter the lead compensator to a lag—lead compensator. (See Section 7-5 for lag- 
lead compensation.) 


Comparison of step responses of the compensated and uncompensated systems. 
In what follows we shall examine the unit-step responses of the compensated and uncompensated 


Mae ATT 


sysiems with MATLAB. 
The closed-loop transfer function of the compensated system is 


Cs) _ 18.7(5 + 2.9) 
R(s)  s(s + 2)(s + 5.4) + 18.7(s + 2.9) 


= 18.7s + 54.23 
8 + 7.48? + 29.55 + 54.23 


Hence, 


numc = [0 0 18.7 54.23] 
denc=[1 7.4 29.5 54.23] 


For the uncompensated system, the closed-loop transfer function is 


Cs) 4 
R(s) sx? +2944 
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Figure 7-12 
Unit-step responses 
of compensated 
and uncompen- 
sated systems. 


Hence, 


num=[0 O 4] 
den=[1 2 4] 


MATLAB Program 7-1 produces the unit-step response curves for the two systems. The 
resulting plot is shown in Figure 7-12. 


MATLAB Program 7—1 


Unit-step response ---------- 


% *** Unit-step responses of compensated and uncompensated 
% systems ***** 


numc = [0 O 18.7 54.23]; 
denc= [1 7.4 29.5 54.23]; 


[c1,x1,t] tep(numc,denc,t); 

[c2,x2,t] = step(num,den,t); 

plot(t,c1,t,c1,‘o’,t,c2,t,c2,’x’) 

grid 

title Unit-Step Responses of Compensated and Uncompensated Systems’) 
xlabel(‘t Sec’) 

ylabel(‘Outputs c1 and c2’) 

text(0.6,1.32,/Compensated system’) 

text(1.3,0.68,‘Uncompensated system’) 


Tnuesten Responses of Compensated and Uncompensated Systems 
zi. 


: Compensated system : 


S S = 
a fo) m N 


Outputs ci and c2 


S 
BR 


0.2 


t Sec 
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Electronic lag compensator using operational amplifiers. The configuration 
of the electronic lag compensator using operational amplifiers is the same as that for 
the lead compensator shown in Figure 7-4. If we choose R2C2 > RiC; in the circuit 
shown in Figure 7-4, it becomes a lag compensator. Referring to Figure 7-4, the trans- 
fer function of the lag compensator is given by 


1 
EJS) _ gg D+1 ee: 
EX(s) BTs +1 A af, 
BT 
where 
= — = R,C, > R,C, 
T=R,C, PT=RC, B= Ro te. OK me 


Note that we use # instead of a in the above expressions. [In the lead compensator we 
used a to indicate the ratio R2C2/(RiC;), which was less than 1, or 0 < a < 1.] In this 
chapter we always assume thatO0 <a<1landf >1. 


Lag compensation techniques based on the root-locus approach. Consider 
the problem of finding a suitable compensation network for the case where the system 
exhibits satisfactory transient-response characteristics but unsatisfactory steady-state 
characteristics. Compensation in this case essentially consists of increasing the open- 
loop gain without appreciably changing the transient-response characteristics. This 
means that the root locus in the neighborhood of the dominant closed-loop poles should 
not be changed appreciably, but the open-loop gain should be increased as much as 
needed. This can be accomplished if a lag compensator is put in cascade with the given 
feedforward transfer function. 

To avoid an appreciable change in the root loci, the angle contribution of the lag 
network should be limited to a small amount, say 5°. To assure this, we place the pole 
and zero of the lag network relatively close together and near the origin of the s plane. 
Then the closed-loop poles of the compensated system will be shifted only slightly from 
their original locations. Hence, the transient-response characteristics will be changed 
only slightly. 

Consider a lag compensator G-(s), where 


1 
Sok 
» , Ist+1 e T 
GAs) K.B BTs +1 Bs K, A 1 (7-2) 
BT 


If we place the zero and pole of the lag compensator very close to each other, then at 
5 = 51, where s1 is one of the dominant closed-loop poles, the magnitudes s; + (1/7) and 
31 + [1/(8T)] are almost equal, or 
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|G.(s,)| = K, 1 =K, 


This implies that if gain K. of the lag compensator is set equal to 1 then the transient- 
response characteristics will not be altered. (This means that the overall gain of the 
open-loop transfer function can be increased by a factor of 8 where f > 1.) If the pole 
and zero are placed very close to the origin, then the value of 6 can be made large. (A 
large value of £ may be used, provided physical realization of the lag compensator is 
possible.) It is noted that the value of T must be large, but its exact value is not critical. 
However, it should not be too large in order to avoid difficulties in realizing the phase 
lag compensator by physical components. 

An increase in the gain means an increase in the static error constants. If the open- 
loop transfer function of the uncompensated system is G(s), then the static velocity er- 
ror constant K, of the uncompensated system is 

K, = lim sG(s) 
s0 
If the compensator is chosen as given by Equation (7-2), then for the compensated 
system with the open-loop transfer function G,(s)G(s) the static velocity error constant 
K, becomes 


RK, = lim sG,(s)G(s) 
s30 
= lim G,(s)K, 
s0 


= K.BK, 


Thus if the compensator is given by Equation (7-2), then the static velocity error con- 
stant is increased by a factor of Kf, where K, is approximately unity. 


Design procedures for lag compensation by the root-locus method. The 
procedure for designing lag compensators for the system shown in Figure 7-13 by the 
root-locus method may be stated as follows (we assume that the uncompensated sys- 
tem meets the transient-response specifications by simple gain adjustment; if this is not 
the case, refer to Section 7-5): 


1. Draw the root-locus plot for the uncompensated system whose open-loop trans- 
fer function is G(s). Based on the transient-response specifications, locate the dominant 
closed-loop poles on the root locus. 

2. Assume the transfer function of the lag compensator to be 


1 

Se 

, , Is+1 bs T 

GAs) KB ar “4 ma K, : Ae 
BT 


Then the open-loop transfer function of the compensated system becomes G.(s)G(s). 
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Figure 7-13 
Control system. 


3. Evaluate the particular static error constant specified in the problem. 

4, Determine the amount of increase in the static error constant necessary to sat- 
isfy the specifications. 

5. Determine the pole and zero of the lag compensator that produce the necessary 
increase in the particular static error constant without appreciably altering the original 
root loci. (Note that the ratio of the value of gain required in the specifications and the 
gain found in the uncompensated system is the required ratio between the distance of 
the zero from the origin and that of the pole from the origin.) 

6. Draw a new root-locus plot for the compensated system. Locate the desired domi- 
nant closed-loop poles on the root locus. (If the angle contribution of the lag network 
is very small, that is, a few degrees, then the original and new root loci are almost identi- 
cal. Otherwise, there will be a slight discrepancy between them. Then locate. on the 
new root locus, the desired dominant closed-loop poles based on the transient-response 
specifications.) 

7. Adjust gain K, of the compensator from the magnitude condition so that the 
dominant closed-loop poles lie at the desired location, 


Consider the system shown in Figure 7-14(a). The feedforward transfer function is 


1.06 


COs s(s + 1)(s + 2) 


The root-locus plot for the system is shown in Figure 7-14(b). The closed-loop transfer func- 
tion becomes 


C(s) _ 1.06 
Rs) s(s + 1)(s + 2) + 1.06 
_ 1.06 
(s + 0.3307 — j0.5864)(s + 0.3307 + j0.5864)(s + 2.3386) 


The dominant closed-loop poles are 
s = —0.3307 + j0.S864 


The damping ratio of the dominant closed-loop poles is = 0.491. The undamped natural 
frequency of the dominant closed-loop poles is 0.673 rad/sec. The static velocity error constant 
is 0.53 sec”. 

It is desired to increase the static velocity error constant K, to about 5 sec-! without appre- 
ciably changing the location of the dominant closed-loop poles. 

To meet this specification, let us insert a lag compensator as given by Equation (7-2) in cas- 
cade with the given feedforward transfer function. To increase the static velocity error constant 
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Figure 7-14 
(a) Control system; 
(b) root-locus plot. 


jo 


Closed-loop poles 


1.06 
s(s + 1) (9 + 2) 


(a) (b) 


by a factor of about 10, let us choose 8 = 10 and place the zero and pole of the lag compensator 
ats = —0.05 and s = —0.005, respectively. The transfer function of the lag compensator becomes 


. s+ 0.05 
G.(s) = Ke 59.005 


The angle contribution of this lag network near a dominant closed-loop pole is about 4°. Because 
this angle contribution is not very small, there is a small change in the new root locus near the de- 
sired dominant closed-loop poles. 

The open-loop transfer function of the compensated system then becomes 


~ s + 0.05 1,06 


— K(s + 0.05) 
~ s(s + 0.005)(s + 1)(s + 2) 


where 
K = 1.06K, 


The block diagram of the compensated system is shown in Figure 7—15(a). The root-locus plot for 
the compensated system near the dominant closed-loop poles is shown in Figure 7—-15(b), to- 
gether with the original root-locus plot. Figure 7-15(c) shows the root-locus plot of the compen- 
sated system near the origin. The MATLAB program to generate the root-locus plots shown in 
Figures 7-15(b) and (c) is given in MATLAB Program 7-2. 

If the damping ratio of the new dominant closed-loop poles is kept the same, then the poles 
are obtained from the new root-locus plot as follows: 


s, = —0.31 + 70.55, S, = —0.31 — j0.55 
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Figure 7-15 

(a) Compensated 
system; (b) root- 
locus plots of the 
compensated system 
and the uncompen- 
sated system; (c) 
root-locus plot of 
compensated system 
near the origin. 
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Root-Locus Plots of Compensated and Uncompensated Systems 


2 

15 

1 

, 05 
2 
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E 
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Real Axis 
(b) 


Root-Locus Plot of Compensated System near the Origin 


Imag Axis 


0.4 -02 0 0.2 0.4 0.6 
Real! Axis 


(c) 
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MATLAB Program 7-2 


% ***** Root locus plots of the compensated system and 
% uncompensated system ***** 


% ee Enter the numerators and denominators of the 
% compensated and uncompensated systems ***** 


numc = [0 O O 1. 0.05); 

denc = [1 3.005 2.015 0.01 0]; 
num={[0 0 0 1.06]; 

den=[1 3 2 Oj]; 


% ***** Enter rlocus command. Plot the root loci of both 
% systems ***** 


rlocus(numc,denc) 

hold 

Current piot heid 

rlocus(num,den) 

v=[-3 1 -2 2]; axis(v); axis(’square’) 
grid 

text(—2,8,0.2,‘Compensated system’) 
text(—2.8,1.2,‘Uncompensated system’) 
text(—2.8,0.58,’Original closed-loop pole’) 
text(—0.1,0.85,’New closed-’) 
text(—0.1,0.62,‘loop pole’) 

title(‘Root-Locus Plots of Compensated and Uncompensated Systems’) 


hold 
Current plot released 


% ***** Plot root loci of the compensated system near the origin ***** 
Pp y! 8 


rlocus(numc,denc) 

v=[-0.6 0.6 -0.6 0.6]; axis(v); axis(‘square’) 

grid 

title(/Root-Locus Plot of Compensated System near the Origin’) 


The open-loop gain K is 


s(s_+ 0.005)(s + 1)(s + 2) 
s + 0.05 5=—0.31 +j0.55 


= 1.0235 
Then the lag compensator gain K. is determined as 


A K 1.0235 
, — SW  _ 2 965 
a 1.06 1.06 voem 
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Thus the transfer function of the lag compensator designed is 
s + 0.05 20s + 1 


GAs) 09008 00s Sos 1 


Then the compensated system has the following open-loop transfer function: 
1,0235(s + 0.05) 
s(s + 0.005)(s + 1)(s + 2) 


2 5.12(20s + 1) 
s(200s + 1)(s + 1)(0.5s + 1) 
The static velocity error constant Ky is 


K, = lim sG,(s) = 5.12 sec“! 
s30 


G(s) = 


In the compensated system, the static velocity error constant has increased to 5.12 sec~!, or 
5.12/0.53 = 9.66 times the original value. (The steady-state error with ramp inputs has decreased 
to about 10% of that of the original system.) We have essentially accomplished the design objec- 
tive of increasing the static velocity error constant to about 5 sec~!. 

Note that, since the pole and zero of the lag compensator are placed close together and are lo- 
cated very near the origin, their effect on the shape of the original root loci has been small. Except 
for the presence of a small closed root locus near the origin, the root loci of the compensated and the 
uncompensated sysiems are very similar tv each viher. However, ithe value of the static veiocity er- 
ror constant of the compensated system is 9.66 times greater than that of the uncompensated system. 

The two other closed-loop poles for the compensated system are found as follows: 


S, = —2.326, S4 = —0.0549 


The addition of the lag compensator increases the order of the system from 3 to 4, adding one ad- 
ditional closed-loop pole close to the zero of the lag compensator. (The added closed-loop pole 
at s = —0.0549 is close to the zero at s = —0.05.) Such a pair of a zero and pole creates a long tail 
of small amplitude in the transient response, as we will see later in the unit-step response. Since 
the pole at s = —2.326 is very far from the jw axis compared with the dominant closed-loop poles, 
the effect of this pole on the transient response is also small. Therefore, we may consider the 
closed-loop poles at s = —0.31 + j0.55 to be the dominant closed-loop poles. 

The undamped natural frequency of the dominant closed-loop poles of the compensated sys- 
tem is 0.631 rad/sec. This value is about 6% less than the original value, 0.673 rad/sec. This implies 
that the transient response of the compensated system is slower than that of the original system. 
The response will take a longer time to settle down. The maximum overshoot in the step response 
will increase in the compensated system. If such adverse effects can be tolerated, the lag com- 
pensation as discussed here presents a satisfactory solution to the given design problem. 

Next, we shall compare the unit-ramp responses of the compensated system against the un- 
compensated system and verify that the steady-state performance is much better in the compen- 
sated system than the uncompensated system. 

To obtain the unit-ramp response with MATLAB, we use the step command for the system 
C(s)/[sR(s)]. Since C(s)/[sR(s)] for the compensated system is 


C(s) 1.0235(s + 0.05) 
sR(s) _ s[s(s + 0.005)(s + 1)(s + 2) + 1.0235(s + 0.05)] 


a 1.0235s + 0.0512 
s> + 3.005s* + 2.015s° + 1.0335s* + 0.0512 


we have 


numc = [0 0 0 O 1.0235 0.0512] 
denc = [1 3.005 2.015 1.0335 0.0512 0] 
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Also, C(s[sR(s)] for the uncompensated system is 


C(x) 1.06 
sR(s) _ s[s(s + 1)(s + 2) + 1.06] 
1.06 


st + 397 + 2s? + 1.065 


Hence, 


MATLAB Program 7-3 produces the plot of the unit-ramp response curves. Figure 7-16 shows 
the result. Clearly, the compensated system shows much smaller steady-state error (one-tenth of 
the original steady-state error) in following the unit-ramp input. 

MATLAB Program 7-4 gives the unit-step response curves of the compensated and un- 
compensated systems. The unit-step response curves are shown in Figure 7-17. Notice that the 


% *Pe% Unit-ramp responses of compensated system and 
% uncompensated system ***** 


% or Unit-ramp response will be obtained as the unit-step 
% response of C(s)/[sR(s)} ***** 


% ***** Enter the numerators and denominators of C1(s)/[sR(s)] 
% and C2(s)/[sR(s)], where C1(s) and C2(s) are Laplace 

% transforms of the outputs of the compensated and un- 

% compensated systems, respectively. ***** 


numc = (0 0 O O 1.0235 0.0512]; 
1 5 2 


1 , 
0.0512 6); 
den={1 3 2 1.06 O]; 


% *ee* Specify the time range (such as t = 0:0.1:50) and enter 
% step command and plot command. ***** 


t = 0:0.1:50; 

a Peer ume wal obser os BN 
{c1,x 1 it} or steppin AVENnc, ci, 
{c2,x2,t] = sept en,t); 
plot(t,c1,-4t.c2,“,tt a 
grid 


text(2,.2,27,'Compensated system’); 

text(26,21.3,/Uncompensated system’) 

title(‘Unit-Ramp Responses of Compensated and Uncompensated Systems’) 
xlabel(‘t Sec’); 
ylabel(‘Outputs ci and c2’) 
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Figure 7-16 
Unit-ramp responses 
of compensated 

and uncompen- 
sated systems. 
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Unit-Ramp Responses of Compensated and Uncompensated Systems 
5 


Outputs cl and c2 


0 5 10 15 20 25 30 35 40 45 50 


% ***** Unit-step responses of compensated system and 


% uncompensated system ***** 


% ***** Enter the numerators and denominators of the 
% compensated and uncompensated systems ***** 


numc = {0 O O 1.0235 0.0512]; 


denc = {1 3.005 2.015 1.0335 0.0512]; 
num =[0 0 O- 1.06]; 
den=[{i 3 2 1.06]; 


% ***** Specify the time range (such as t = 0:0.1:40) and enter 
% step command and plot command. ***** 


t = 0:0.1:40; 
[c1,x1,t] = step(numc,denc,t); 

[c2,x2,t] = step(num,den,t); 

plat(t,¢1,/-",t,¢2,7.’) 

grid 

text(13,1.12,‘Compensated system’) 

text(13.6,0.88,’Uncompensated system’) 

title(‘Unit-Step Responses of Compensated and Uncompensated Systems’) 
xlabel(‘t Sec’) 
ylabel(/Outputs c1 and c2’) 
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Figure 7-17 
Unit-step responses 
of compensated 
and uncompen- 
sated systems. 


Poretee Responses of Compensated and Uncompensated Systems 
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lag-compensated system exhibits a larger maximum overshoot and slower response than the 
original uncompensated system. Notice that a pair of the pole at s = —0.0549 and zero at 
s = ~0.05 generates a long tail of small amplitude in the transient response. If a larger maximum 
overshoot and a slower response are not desired, we need to use a lag—lead compensator as pre- 
sented in Section 7-5. 


7-5 LAG-LEAD COMPENSATION 


Lead compensation basically speeds up the response and increases the stability of the 
system. Lag compensation improves the steady-state accuracy of the system, but re- 
duces the speed of the response. 

If improvements in both transient response and steady-state response are desired, 
then both a lead compensator and a lag compensator may be used simultaneously. 
Rather than introducing both a lead compensator and a lag compensator as separate 
elements, however, it is economical to use a single lag—lead compensator. 

Lag-lead compensation combines the advantages of lag and lead compensations. 
Since the lag—lead compensator possesses two poles and two zeros, such a compensa- 
tion increases the order of the system by 2, unless cancellation of pole(s) and zero(s) oc- 
curs in the compensated system. 


Electronic lag-lead compensator using operational amplifiers. Figure 7-18 
shows an electronic lag—lead compensator using operational amplifiers. The transfer 
function for this compensator may be obtained as follows: The complex impedance Z; 
is given by 
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Figure 7-18 
Lag-lead 
compensator. 
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or 
= (R, Cis | 1)R, 
1 (R, + R3)Cs + 1 
Similarly, complex impedance Z; is given by 
Zz = (R,Cys + IR, 
7 (R, + Ry)Cyw + 1 


Hence, we have 


E(s) = Z, _ Ra (Ri + Ry)Cys + 1 RCs +1 


Es) Z, R,  R,Cst+1 (Ro +R,)Cs +1 
The sign inverter has the transfer function 
EAs) _ _ Rg 
E(s) Rs 


Thus the transfer function of the compensator shown in Figure 7-18 is 


E,(s) _ E,(s) E(s) _ RsRo[(Ri + RIC s+1][  RCs+1 | 
E(s) E(s) Es) RRs| RiCst+1 ||, + RCs +1| 
Let us define 


(7-3) 


T. 
T, = (R, + R3)C,, a = R,C,, T, = R,C,, BT, = (R, + Ry)C, 


Then Equation (7-3) becomes 


1 1 
EJs) _ , 6[ Ts +1 (Bat) =x Galena (7-4) 
—s4+1 Bier 1 


Lag-—lead network Sign inverter 
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Figure 7-19 
Control system. 


where 


yo Rt, gp Rt Ry K, = RoRiRe Ri + Ry 
R, R, R,R3R, Ry + R, 


Note that # is often chosen to be equal to y. 


Lag-lead compensation techniques based on the root-locus approach. 
Consider the system shown in Figure 7-19. Assume that we use the lag—lead 
compensator: 


1 
G(s) =x 6st Ds+) _ x | ie ats) 


v¥{T) Y 1 
—s+1 T,s +1 So Ss Ba 


where 8 > 1 and y > 1. (Consider K, to belong to the lead portion of the lag—lead 
compensator.) 
In designing lag—lead compensators, we consider two cases where y # #8 and y = f. 


Case 1. y # 8. In this case, the design process is a combination of the design of the 
lead compensator and that of the lag compensator. The design procedure for the 
lag~lead compensator follows: 


1, From the given performance specifications, determine the desired location for 
the dominant closed-loop poles. 

2, Using the uncompensated open-loop transfer function G(s), determine the angle 
deficiency ¢ if the dominant closed-loop poles are to be at the desired location. The 
phase-lead portion of the lag—lead compensator must contribute this angle ¢. 

3. Assuming that we later choose 7> sufficiently large so that the magnitude of the 
lag, portion 


— 
1 ie 


33+ 5 


is approximately unity, where s = s; is one of the dominant closed-loop poles, choose 
the values of T; and y from the requirement that 
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The choice of 7; and y is not unique. (Infinitely many sets of 7; and y are possible.) Then 
determine the value of K, from the magnitude condition: 


4. If the static velocity error constant K, is specified, determine the value of f to sat- 
isfy the requirement for K,. The static velocity error constant Ky is given by 


K, = lim sG{s)G(s) 
s30 


= lim sk, £ G(s) 
s0 y 


where K, and y are aleady determined in step 3. Hence, given the value of K,, the value 
of 8 can be determined from this last equation. Then, using the value of £ thus deter- 
mined, choose the value of T> such that 


(The preceding design procedure is illustrated in Example 7-3.) 


Case 2. y = 8. If y = Bis required in Equation (7-5), then the preceeding design 
procedure for the lag—lead compensator may be modified as follows: 


1. From the given performance specifications, determine the desired location for 
the dominant closed-loop poles. 
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2. The lag—lead compensator given by Equation (7-5) is modified to 


1 1 
st+o]ilst+— 
(Ts +1) (Ts +1) _ Te T. (7-6) 


ae “Tee ae 
(Fs + ) (ers + ) (: + ") : + an 


where 8 > 1. The open-loop transfer function of the compensated system is G.(s)G(s). 
If the static velocity error constant Ky is specified, determine the value of constant K. 
from the following equation: 


G(s) = K, 


K, = limsG,(s)G(s) 
s0 
= limsK,G(s) 
s0 


3. To have the dominant closed-loop poles at the desired location, calculate the 
angle contribution ¢ needed from the phase lead portion of the lag—lead compensator. 
4. For the lag—lead compensator, we later choose 7? sufficiently large so that 


ae | 
yt 
pee i 


eel 

*” BT, 

is approximately unity, where s = s; is one of the dominant closed-loop poles, Deter- 
mine the values of 7; and 6 from the magnitude and angle conditions: 


5, + : 

es 
K, Hi G(s,)} =1 

se 

1 T; 


-S°< 


Section 7-5 / Lag-Lead Compensation 431 


EXAMPLE 7-3 


432 


The value of 87>, the largest time constant of the lag—lead compensator, should not be 
too large to be physically realized. (An example of the design of the lag—lead compen- 
sator when y = f is given in Example 7-4). 


Consider the control system shown in Figure 7-20. The feedforward transfer function is 


4 


i is s(s + 0.5) 


This system has closed-loop poles at 
s = —0,2500 + /1.9843 


The damping ratio is 0.125, the undamped natural frequency is 2 rad/sec, and the static velocity 
error constant is 8 sec™!. 

It is desired to make the damping ratio of the dominant closed-loop poles equal to 0.5 and 
to increase the undamped natural frequency to 5 rad/sec and the static velocity error constant to 
80 sec-1, Design an appropriate compensator to meet all the performance specifications. 

Let us assume that we use a lag—lead compensator having the transfer function 


ee jal 

BN gle 

T, 

Gs) = K{—2]|—2 | > 48>) 
Soa) iS te 
T,]\°* Br, 


St+ J + : 
peel (a erie 
T, T. 
G,{s)G(s) = K, : 7 G(s) 
stAl}\s+—— 
T, BT, 


From the performance specifications, the dominant closed-loop poles must be at 


s = —2.50 + j4.33 


Since 


Figure 7-20 
Control system. 
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the phase lead portion of the laglead compensator must contribute 55° so that the root locus 
passes through the desired location of the dominant closed-loop poles. 

To design the phase lead portion of the compensator, we first delermine the location of the 
zero and pole that will give 55° contribution. There are many possible choices, but we shall here 
choose the zero at s = —0.5 so that this zero will cancel the pole at s = —0.5 of the plant. Once 
the zero is chosen, the pole can be located such that the angle contribution is 55°. By simple cal- 
culation or graphical analysis, the pole must be located at s = —5.021. Thus, the phase lead por- 
tion of the lag-lead compensator becomes 


1 
+ —> 
K 7 T, s +05 
y “s + 5.021 
sore 
T, 
Thus 
5.021 
T, = 2, as = 10.04 


Next we determine the value of K, from the magnitude condition: 


| s+05 4 | ee 
[8 + S.021 95+ 'O.5)|2- 5444433 
Hence, 
+ 5.021 
x [Cees = 6.26 
4 s=—25 + j4.33 


The phase lag portion of the compensator can be designed as follows: First the value of 6 is de- 
termined to satisfy the requirement on the static velocity error constant: 


K, = lim sG,(s)G(s) = lim ras G(s) 
530 s30 Y 


= (ne = 
= lim 9(6.26) + 5 1 e205) > 4.9888 = 80 


Hence, # is determined as 
B = 16.04 


Finally, we choose the value of T2 large enough so that 


1 
st 
Tr, 


1 


St 


16.04T> 


g=-25+)433 


and 


< 0° 


S=-2.5 + j4.33 
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Figure 7-21 

(a) Root-locus plot 
of the compensated 
system; (b) root- 
locus plot near 

the origin. 
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Since T, = 5 (or any number greater than 5) satisfies the above two requirements, we may choose 
T, = 5 


Now the transfer function of the designed lag—lead compensator is given by 


s+5 ste 
GAs) = (6.26) | Fo og |] 1 
s+ a s+ 16.045 
s+05 5+ 0.2 
oe (2235) (ea 
_ 10s + 1)(5s + 1) 


~ (0.19925 + 1)(80.19s + 1) 
The compensated system will have the open-loop transter function 


25.04(s + 0.2) 
s(s + 5.02) (s + 0.01247) 


G.(s)G(s) = 


Becanse of the cancellation of the (s + 0.5) terms, the compensated system is a third-order sys- 
tem. (Mathematically, this cancellation is exact, but practically such cancellation will not be exact 
because some approximations are usually involved in deriving the mathematical model of the sys- 
tem and, as a result, the time constants are not precise.) The root-locus plot of the compensated 
system is shown in Figure 7-21(a). An enlarged view of the root-locus plot near the origin is shown 
in Figure 7-21(b). Because the angle contribution of the phase lag portion of the lag-lead com- 
pensator is quite small, there is only a small change in the location of the dominant closed-loop 
poles from the desired location, s = —2.5 + j4.33. In fact, the new closed-loop poles are located 


Root-Locus Plot of Compensated System 


Imag Axis 


-10 -5 0 5 10 
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Figure 7-21 
(Continued) 


Figure 7-22 
Transient response 
curves for the com- 
pensated system and 
the uncompensated 
system, (a) Unit- 
step response curves; 
(b) unit-ramp re- 
sponse curves. 


Root-Locus Plot of Compensated System near the Origin 


-0.1 0 


-0.2 
RealAxis 


(b) 


-0.4 -0.3 


ats = —2.4123 + j4.2756. (The new damping ratio is ¢ = 0.491.) Therefore, the compensated sys- 
tem meets all the required performance specifications. The third closed-loop pole of the com- 
pensated system is located at s = —0.2078. Since this closed-loop pole is very close to the zero at 
s = —0.2, the effect of this pole on the response is small. (Note that, in general, if a pole and a zero 
lie close to each other on the negative real axis near the origin, then such a pole-zero combina- 
tion will yield a long tail of small amplitude in the transient response.) 

The unit-step response curves and unit-ramp response curves before and after compensation 
are shown in Figure 7-22. 


Walser Responses of Compensated and Uncompensated Systems 


Uncompensated system 
ig ‘ 


v4 
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Figure 7-22 
(Continued) 


EXAMPLE 7-4 


436 


Unit-Ramp Responses of Compensated and Uncompensated Systems 
10 


Steady state error of compensated system — 0.0125 


Steady-state error of uncompensated 
system = 0.125 


Outputs 


Compensated 7 


Uncompensated system 


Consider the control system of Example 7-3. Suppose that we use a lag—lead compensator of the 
form given by Equation (7-4), or 


Assuming the specifications are the same as those given in Example 7-3, design a compensator G-(s). 
The desired locations for the dominant closed-loop poles are at 


5 = —2,50 + j4.33 


The open-loop transfer function of the compensated system is 


G,(s)G(s) = K hee) pas 
: (e+ B\lee ge s(s + 0.5) 
T, BT, 


Since the requirement on the static velocity error constant K, is 80 sec-', we have 


K, = lim sG,(s)G(s) = lim me = 8K, = 80 
5-900 s30 . 


0.5 
Thus 
K. = 10 
The time constant 7; and the value of f are determined from 
Sr a vob at 
T, 40 = T| 8 _ 1 
a _£f s(s + 0.5) s=-2.5+j4.33 gid: B 4.77 
T 7 
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1 = 55° 

st B 

T, s= —-2.5+)4.33 

Referring to Figure 7-23, we can easily locate points A and B such that 


/APB = 55°, BA 477 
PB 8 
(Use a graphical approach or a trigonometric approach.) The result is 
AO = 2.38, BO = 8.34 
or 
1 


Ty = 54g = 0420, P= 8347, = 3.503 


The phase lead portion of the lag—lead network thus becomes 


Tis eC ee oe Dn ce eee ik. ae nt ee 
LUT tue pllase lay pyr uv, wo iuay elluUsc 
T, = 10 
Then 
1 1 


BT, ~ 3.503 x10 ~ 9-085 


Thus, the lag—lead compensator becomes 


s+ 238\/ s+01 
G(s) = (10) ( a sal (; zs rooms 


55° 


Figure 7-23 
Determination of 
the desired pole- 
zero location. 
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Figure 7-24 

(a) Unit-step re- 
sponse curves for the 
compensated and un- 
compensated sys- 
tems; (b) unit-ramp 
response curves for 
both systems. 
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The compensated system will have the open-loop transfer function 


G)G(3) = 40(s + 2.38)(s + 0.1) 


(s + 8.34)(s + 0.0285)s(s + 0.5) 


No cancellation occurs in this case, and the compensated system is of fourth order. Because the 
angle contribution of the phase lag portion of the lag—-lead network is quite small, the dominant 
closed-loop poles are located very near the desired location. In fact, the dominant closed-loop 
poles are located at s = —2,4539 + j4.3099. The two other closed-loop poles are located at 

s = —0.1003, s = —3.8604 


Since the closed-loop pole at s = —0.1003 is very close to a zero at s = —0.1, they almost cancel 
each other. Thus, the effect of this closed-loop pole is very small. The remaining closed-loop pole 


Unit-Step Responses of Compensated and Uncompensated Systems 
1.8 T / 7 r r 


1.6 | Compensated... 
system: 


Uncompensated system 


foe 


Outputs 


0 05 115 2 25 3 35 4 45 £5 
t Sec 


(a) 


Unit-Ramp Responses of Compensated and Uncompensated Systems 
4 ; 


Outputs 


Compensated wou 


< ' Uncompensated system 
gystenny ge fob rrr cnninets 
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A-7-1. 

| Xj 

by 
by i ae 
Y 
k ¥ 

Va 
Figure 7-25 


Mechanical system. 


A-7-2. 


(s = —3.8604) does not quite cancel the zero at s = —2.4. The effect of this zero is to cause a larger 
overshoot in the step response than a similar system without such a zero. The unit-step response 
curves of the compensated and uncompensated systems are shown in Figure 7—24(a). Lhe unit- 
ramp response curves for both systems are depicted in Figure 7-24(b). 


EXAMPLE PROBLEMS AND SOLUTIONS 


Obtain the transfer function of the mechanical system shown in Figure 7-25. Assume that the dis- 
placement x; is the input and displacement «x, is the output of the system. 


Solution. From the diagram we obtain the following equations of motion: 
b,(4, — 44) = bi &, — J) 
bi(x, — ¥) = ky 


Taking the Laplace transforms of these two equations, assuming zero initial conditions, and then 
eliminating Y(s), we obtain 


bo, 

X,(s)_ by ko 

Xs) bj +b, by dy 
ae oa 


This is the transfer function between X,(s) and X;(s). By defining 


b b 
sa Ey 2— =a<l1 
ho Bee ie 
we obtain 
+ ss 
KG ee ee 
X(s)aTs+1. 1 
ree 
: aT 


This mechanical system is a mechanical lead network. 


Obtain the transfer function of the mechanical system shown in Figure 7-26. Assume that the dis- 
placement x; is the input and displacement x, is the output. 


Solntion. The equations of motion for this system are 
Ba(% — Xp) + ky(x; — Xo) = Bi(% — ¥) 
by(X, — ¥) = ky 


By taking the Laplace transforms of these two equations, assuming zero initial conditions, 


we obtain 
b[sX{(s) — sX,(s)] + ka[X(s) — X,(5)] = 5,[sX,(5) — s¥(s)] 


b,[sX,(s) — s¥(s)] = k,Y(s) 
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Zs 


bo ko 


= 
= 
xe 


Figure 7-26 
Mechanical system. 


If we eliminate Y(s) from the last two equations, the transfer function X,(s/X,(s) can be obtained as 


X,(s) a ky 2 
Xs) by b, by 
—s4+1)(2s+1)+4 
Define 
by, by by by by Ty 
=i T=2 ty 2 yp aah > 
i ee, ee a eee Oe 


Then X,(s)/X.(s) can be simplified as 


1 1 
Xs) _ (Ts + ITs +1) _ (: . z)( *| 


wen 


X,(s) (Ts \ \ 7 B 7 1 
(3 pe 1} [ers n 1} f 4: al f + Al 


From this transfer function we see that this mechanical system is a mechanical lag—lead network. 


A-7-3. Consider the electrical network shown in Figure 7-27. Derive the transfer function of the 
network. (As usual in the derivation of the transfer function of any four-terminal network, we 


Figure 7-27 
Electrical network. 
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assume that the source impedance that the network sees is zero and that the output load imped- 
ance is infinite.) 


Solution. Using the symbols defined in Figure 7-27, we find that the complex impedances Z; and 


Zz are 
R 
Z,= > Z,=R 
1 R,Cst+V oe 
The transfer function between the output E,(s) and the input E,(s) is 
EJs) Z _  R; R,Cs+1 
Efs) Z,+2Z, R,+R, RR, ees 
R, +R, 
Define 
R 
R,C = T. 2_=q<1 
: 7 OR +R, 
Then the transfer function becomes 
pe 
E,(s)_ _ Ts +1 T 
E(s) ~ aTs+1 1 
2 ee 
aT 


Since a is less than 1, this network is a lead network. 
A-7-4. Obtain the transfer function of the network shown in Figure 7-28. 
Solution. The complex impedances 2; and Zz are 


R 
Z,= >, 
"RCs +1 


The transfer function between EQ(s) and Eis) is 


Es) 2, (RiCys + 1) RCs + VY 
Efs) 2Z,+2, (R,Cys + 1)(R,Cy + 1) + RCs 


The denominator of this transfer function can be factored into two real terms. Let us define 


T 
R,C,=T, RoC) = T>, RC, + RoC, + RC, = 3 + BT,  (B>1) 


Figure 7-28 
Electrical network. 
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A-7-5. 


A-7-6. 


Then E.(s)/E,s) can be simplified to 


1 
Es) _ (Ts +1)(Tst+ 1) _ f i ;] i 


E\(s) Fe 4 y Ge + | [: + A f + in 


This is a lag—lead network. 


A control system with 


K 
G(s) = e+)’ 


is unstable for all positive values of gain K. 
Plot the root loci of the system. By using this plot, show that this system can be stabilized by 
adding a zero on the negative real axis or by modifying G(s) to Gi(s), where 


K(s + a) 
== <a< 
G,(s) s*(s + 1) (0 a 1) 
Solution. A root-locus plot for the system with 
K 
G(s) = 6 ey H(s) = 1 


is shown in Figure 7—29(a). Since two branches lie in the right half-plane, the system is unstable 
for any value of K > 0. 

Addition of a zero to the transfer function G(s) bends the right half-plane branches to the left 
and brings all root-locus branches to the left half-plane, as shown in the root-locus plot in Figure 
7-29(b). Thus, the system with 


K 
rest H(s)=1  (05a<1) 


is stable for all K > 0. 


Consider a system with an unstable plant as shown in Figure 7-30a. Using the root-locus ap- 
proach, design a proportional-plus-derivative controller (that is, determine the values of K, and 
Ta) such that the damping ratio ¢ of the closed-loop system is 0.7 and the undamped natural fre- 
quency w, is 0.5 rad/sec. 


Solntion. Note that the open-loop transfer function involves two poles at s = 1.085 and 
S = —1.085 and one zero at s = —1/Ty, which is unknown at this point. 

Since the desired closed-loop poles must have w, = 0.5 rad/sec and € = 0.7, they must be lo- 
cated at 


s = 0.5 /180° + 45.573° 


(€ = 0.7 corresponds to a line having an angle of 45.573° with the negative real axis.) Hence, the 
desired closed-loop poles are at 


s = —0.35 + j0.357 


The open-loop poles and the desired closed-loop pole in the upper half-plane are located in the 
diagram shown in Figure 7—30b. The angle deficiency at point s = —0.35 + j0.357 is 


—166.026° — 25.913° + 180° = —11.938° 
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Figure 7-29 

(a) Root-locus plot 
of the system with 
G(s) = Ki{s2(s + 1)] 
and H(s) = 1; 

(b) root-locus plot of 
the system with 
Gi(s) = K(s + a)/ 
[s2(s + 1)] and 

H(s) = 1, where 
a=0.5. 


goes Lore Plot of G(s) = K/[s*2(s+1)], H(s) =1 


Imag Axis 
o 


-2 


Root-1ocus Plot of G(s) = K(s+0.5)/[s*2(s+1)], A(s) =1 
2 


Imag Axis 


5 45 


—2 -15 


-1 -05 0 0O5 
Real Axis 


(a) 


-1 05 0 OS 


1 
Real Axis 
(b) 
This means that the zero at s = —1/Tz must contribute 11.938°, which, in turn, determines the lo- 
cation of the zero as follows: 
s= = = —2.039 
Ty 


Hence, we have 


1 
K,(. + Tys) = tz + 7 = K,T As + 2.039) 


Example Problems and Solutions 


(7-7) 
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i 
Bs Tas) 10000 (s2— 1.1772) 


~2.039 -1.085 
25.913° 
ee a il 
j2 
Figure 7-30 
(a) PD control of an 
unstable plant; (b) a) 
root-locus diagram 
for the system. (b) 
The value of Tz is 
- _ 1 = 1 AgNA 
i d 2.039 U4 FU 


The value of gain K, can be determined from the magnitude condition as follows: 


s + 2.039 
Mote 10000(s? ~ 1.1772)|,--0.35-+j0357 ies 
or 
K,Ty = 6999.5 
Hence, 
6999.5 
K, = 0.4904 = 14,273 


By substituting the numerical values of Ta and K, into Equation (7-7), we obtain 
K,(1 + Ts) = 14,273(1 + 0.4904) = 6999.5(s + 2.039) 


which gives the transfer function of the desired proportional-plus-derivative controller. 
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A-7-7, Consider the control system shown in Figure 7-31. Design a lag compensator G,(s) such that the 
static velocity error constant K, is 50 sec-1 without appreciably changing the location of the orig- 
inal closed-loop poles, which are at s = —2 + j/6. 


Solution. Assume that the transfer function of the lag compensator is 


. Keay T 
Gs) = K.—-  6>1) 
s+ aT 
Since K, is specified as 50 sec—1, we have 
K, = limsG,(s) as K,B2.5 = 50 
590 s(s + 4) 
Thus 
K,8 = 20 
Now choose K. = 1. Then 
p= 20 


Choose T = 10. Then the lag compensator can be given by 


s+01 
GAs) = 579.005 


The angle contribution of the lag compensator at the closed-loop pole s = —2 + j\/6is 


/G.s) “t WB. tant YO. 


= — tan 
pes ae —1.9 —1.995 


= —1.3616° 


which is small. Thus the change in the location of the dominant closed-loop poles is very small. 
The open-loop transfer function of the system becomes 


s+01 10 


GAS)G(S) = 50.005 s(s + 4) 


The closed-loop transfer function is 


C(s) _ 10s +1 
R(s)  s° + 4.005s? + 10.025 + 1 


Figure 7-31 


Control system. 
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A-7-8. 


Figure 7-32 

(a) Unit-step re- 
sponses of the com- 
pensated and 
uncompensated sys- 
tems; (b) unit-ramp 
responses of both 
systems; (c) unit- 
ramp responses 
showing steady-state 
errors. 
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To compare the transient-response characteristics before and after the compensation, the unit- 
step and unit-ramp responses of the compensated and uncompensated systems are shown in Fig- 
ures 7-32(a) and (b), respectively. The steady-state error in the unit-ramp response is shown in 
Figure 7—-32(c). 


Consider a unity-feedback control system whose feedforward transfer function is given by 


i 
~ s(s + 2)(s + 8) 


Design a compensator such that the dominant closed-loop poles are located at s = —2 + j2V/3 
and the static velocity error constant K, is equal to 80 sec~1, 


G(s) 


Unit-Step Responses of Compensated and Uncompensated Systems 


TH T T T T ¥ + T T 


Compensated system 


Compensated system has 
steady-state error of 0.02 


Input Ramp and Outputs 


Uncompensated system has 
steady-state error of (0.4 
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Figure 7-32 
(Continued) 


Figure 7-33 


Root-locus plot of 
G(s) = 10/[s(s + 2) 


(s + 8)]. 


Input Ramp and Outputs 


3 


Unit-Ramp Response (35 < t < 40) 


yes :-~--Compensated system ~ 


: Uncompensated system : 


ele i ma ee eee ee ee See 
35 355 36 365 37 375 38 385 39 395 40 
t Sec 


() 


Solution. The static velocity error constant of the uncompensated system is K, = #$= 0.625. 
Since K, = 80 is required, we need to increase the open-loop gain by 128. (This implies that we 
need a lag compensator.) The root-locus plot of the uncompensated system reveals that it is not 
possible to bring the dominant closed-loop poles to —2 + j2\/3 by just a gain adjustment alone. 
See Figure 7-33. (This means that we also need a lead compensator.) Therefore, we shall employ 
a lag-lead compensator. 

Let us assume that the transfer function of the iag-iead compensator to be 


ey ek 
T T. 

st—]\s+> > 
qT \ BT, 


Root-Locus Plot of G(s) = 10/[s(s+2)(s+8)] 


Imag Axis 
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where K, = 128. This is because 


K, = lim sG,(s)G(s) = lim sK,G(s) = oe = 80 
590 s—90 16 


and we obtain K, = 128. The angle deficiency at the desired closed-loop pole s = —2 + j2\/3 is 
Angle deficiency = 120° + 90° + 30° — 180° = 60° 


The lead portion of the laglead compensator must contribute this angle. To choose 7, we may 
use the graphical method presented in Section 7-5. 
The lead portion must satisfy the following conditions: 


8, + A 
i 
T; 
128 11G(s,) =1 
- 
sy + 
fT, sy-—24+j2V3 
and 
— 
oat = 60° 
B 
sy + 
: T, s=-24j2V3 
The first condition can be simplified as 
| re | 
ge ose 
mane Fy aed 
13. 
ee B 3.3333 


By using the same approach as used in Section 7— 


 7e: 1 1 
por 1 CNOn /—J, TMi e He 5 Re eb 1 yitsCam 


determined as follows: 


ae Bo 
7, 7370, 7 = 53.35 


See Figure 7-34. The value of f is thus determined as 
B = 14.419 


For the lag portion of the compensator, we may choose 


1 
sy = 0.01 
bT, 
Then 
1 
7, 0.1442 
Noting that 
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Figure 7-34 
Graphical determi- 
nation of the zero 
and pole of the 
lead portion of the 
compensator. 


A-7-9, 


sy + 0.1482 ae 
$,+0.01 |,--24pvs 
S, + 0.1442 _ ; 
gs, +001 Duniatens 1.697 
: Isy= —24+j2V3 


the angle contribution of the lag portion is — 1.697° and the magnitude contribution is 0.9837. This 
means that the dominant closed-loop poles lie close to the desired location s = —2 + j2\/3. Thus 
the compensator designed, 


f \ y \ 


s + 3.70 \ /s + 0.1442 
Gy 12a? + 335} s + 0.01 


is acceptable. The feedforward transfer function of the compensated system becomes 


1280(s + 3.7) (s + 0.1442) 
~ s(s + 53.35) (s + 0.01) (s + 2) (s + 8) 


Le 
WJUW) 


A root-locus plot of the compensated system is shown in Figure 7—-35(a). An enlarged root-locus 
plot near the origin is shown in Figure 7—35(b). 

To verify the improved system performance of the compensated system, see the unit-step re- 
sponses and unit-ramp responses of the compensated and uncompensated systems shown in Fig- 
ures 7-36 (a) and (b), respectively. 


Consider the system shown in Figure 7-37. Design a lag—lead compensator such that the static ve- 
locity error constant Ky is 50 sec-! and the damping ratio € of the dominant closed-loop poles is 
0.5. (Choose the zero of the lead portion of the lag-lead compensator to cancel the pole ats = —1 
of the plant.) Determine all closed-loop poles of the compensated system. 


Solution. Let us employ the lag-lead compensator given by 


- (Ts + I)(Ts + YD 
B ee eee 2s 
str $+ or (Be +1] ors + 1} 
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Figure 7-35 

(a) Root-locus plot 
of compensated sys- 
tem; (b) root-locus 
plot near the origin. 
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Root-Locus Plot of Compensated System 
7 ere 


Imag Axis 


“69 40 20.0 20. 40-60 


Real Axis 
(a) 
Root-Locus Plot of Compensated System near the Origin 


aa aS a = 


‘Desired dosed Op Poles 


Imag Axis 


1019 -5 0 5 10 
Real Axis 


(b) 


where 8 > 1.Then 
K, = lim sG,(s)G(s) 
s—0 


._ K¢Ts + 1)(T3s + 1) 1 
=hns OO OO 
£00 (Bs +1)(ors + qian 


K, 
5 


The specification that Ky = 50 sec-1 determines the value of K,, or 
K, = 250 
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Wigan 
eigure 7-36 


(a) Unit-step 
responses of com- 
pensated and uncom- 
pensated systems; 

(b) unit-ramp re- 
sponses of both 
systems. 


Figure 7-37 
Control system. 


Unit-Step Responses of Compensated and Uncompensated Systems 
1.4 


4 Comipensat 
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‘ Uncompensated system 
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We now choose Ti = 1 so that s + (1/T;) will cancel the (s + 1) term of the plant. The lead 
portion then becomes 
stl 
s+ B 


For the lag portion of the lag-lead compensator we require 


where s = s; is one of the dominant closed-loop poles. For s = s1, the open-loop transfer func- 
tion becomes 


sy, +1 1 1 
G.(s,)G(s;) = K.|+ See ne = Kee 
(O01) ( + 3) 54(8, + 1)(s, + 5) (s1 + B)sy(s, + 5) 
Noting that at s = s; the magnitude and angle conditions are satisfied, we have 


1 
Ress, + Bs; +5) 


1 oO 
KO e+ Bhs, + 5) = +180°(2k + 1) (7-9) 


where k = 0,1,2,....In Equations (7-8) and (7-9), 8 and s; are unknowns. Since the damp- 
ing ratio € of the dominant closed-loop poles is specified as 0.5, the closed-loop pole s = s 
can be written as 


=1 (7-8) 


$= —x + jV3x 


where x is as yet undetermined. 
Notice that the magnitude condition, Equation (7-8), can be rewritten as 


K, 
Noting that K. = 250, we have 
xV(B — xP + 3x? V(5 — x + 3x? = 125 (7~10) 
The angle condition, Equation (7-9), can be rewritten as 


1 
Ke Cy + pVI(cn + A + Vaan + 5S +S) 


= —120° — tan = - tn V3 x = —180° 


—-x+5 


or 


tan | V3x + tané! (45 = 60° (7-11) 


-x +6 —x+5 


We need to solve Equations (7-10) and (7-11) for @ and x. By several trial-and-error calculations, 
it can be found that 
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B = 16.025, x = 1.9054 
Thus 
8, = —1.9054 + jfr/3 (1.9054)= —1.9054 + j3.3002 


The lag portion of the lag-lead compensator can be determined as follows: Noting that the 
pole and zero of the lag portion of the compensator must be located near the origin, we may choose 


— = 0.01 
BT, 
That is, 
1 
= = 0.16025 or T, = 6.25 
T, 
With the choice of 72 = 6.25, we find 
eee 
1" T,| _ |=1.9054 + j3.3002 + 0.16025 
es ~ | -1.9054 + j3.3002 + 0.01 
1" BT, 
l_4 9art.e o 7 | 
eS hel ST iY JUUL " 
= = 0.98 = 7T- 
|=390s4 + j3.3002 O98 C2) 
and 
je ee i 40anf#4 . Wann 2 AAAS 
di 2 = TL.FUIF + f2-JUUL T U.L0OULZI 
y | — 1.9054 + j3.3002 + 0.01 
sta 
BT, 
_, {3.3002 24 ( 3.3002 ) 
— 1 = 1th ‘O 
oe ean poe age) 
Since 


~5° < —1.937° < 0° 


our choice of Tz = 6.25 is acceptable. Then the lag—lead compensator just designed can be 


written as 
s+l1 s + 0.16025 
Cat (; 4 welll s+ 0.01 


Therefore, the compensated system has the following open-loop transfer function: 


— —__250(s + 0.16025) 
G,(s)G(s) = s(s + 0.01)(s + 5)(s + 16.025) 


A root-locus plot of the compensated system is shown in Figure 7-38(a). An enlarged root-locus 
plot near the origin is shown in Figure 7-38(b). 
The closed loop transfer function becomes 


C(s) _ 250(s + 0.16025) 


R(s) _ s(s + 0.01)(s + 5)(s + 16.025) + 250(s + 0.16025) 
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Figure 7-38 

(a) Root-locus plot 
of compensated sys- 
tem; (b) root-locus 
plot near the origin. 
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Root-Locus Plot of Compensated System 


Imag Axis 


a) 
Real Axis 
(a) 
Root-Locus Plot of Compensated System near the Origin 


-1 -0.5 0 0.5 1 
Real Axis 


(b) 


The closed-loop poles are located at 


Hl 


s = —1.8308 + j3.2359 


—0.1684 
—17.205 


Notice that the dominant closed-loop poles s = ~—1.8308 + 3.2359 differ from the dominant 
closed-loop poles s = +s; assumed in the computation of 8 and T>. Small deviations of the domi- 
nant closed-loop poles s = —1.8308 + j3.2359 from s = +51 = —1.9054 + j3.3002 are due to the 


approximations involved in determining the lag portion of the compensator [See Equations (7-12) 
and (7-13)]. 


s 


Ss 
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Figure 7-39 

(a) Unit-step re- 
sponse of the com- 
pensated system, 
(b) unit-ramp re- 
sponse of the com- 
pensated system. 


A-7-10. 


Unit-Step Response of Compensated System 


Figures 7-39(a) and (b) show the unit-step response and unit-ramp response of the designed 
system, respectively. Note that the closed-loop pole at s = —0.1684 almost cancels the zero at 
s = —0.16025. However, this pair of closed-loop pole and zero located near the origin produces 
a long tail of small amplitude. Since the closed-loop pole at s = —17.205 is located very much 
farther to the left compared to the closed-loop poles at s = —1.8308 + 3.2359, the effect of this 
real pole on the system response is also very small. Therefore, the closed-loop poles at 
s = —1.8308 + j3.2359 are indeed dominant closed-loop poles that determine the response char- 
acteristics of the closed-loop system. In the unit-ramp response, the steady-state error in follow- 
ing the unit-ramp input eventually becomes 1/Ky = & = 0.02. 


Consider the system shown in Figure 7-40. It is desired to design a PID controller G.(s) such 
that the dominant closcd-loop poles arc located at s = —1 + j\/3. For the PID controller, 
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Figure 7-40 


PID-controlled 


system. 
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A-7-11. 


PID controller 
GAs) 


choose a = 1 and then determine the values of K and b. Sketch the root-locus diagram for the 
designed system. 


Solution. Since 


G (s)G(s) _ cetdwto) 1 


Ss ti 


the sum of the angles at s = —1 + j\/3, one of the desired closed-loop poles, from the zero at 
s = —land poles ats = 0,5 = j, ands = —jis 


90° — 143.794° — 120° — 110.104° = —283.898° 


Hence the zero at s = —b must contribute 103.898°. This requires that the zero be located at 


b = 0.5714 
The gain constant K can be determined from the magnitude condition. 
+ 5 
K& 1)(s_ + 0.5714) ; 1 = 
| s s+ 


ty=—itjv3 
or 
K = 2.3333 


Then the compensator can be written as follows: 


+ - 
G(s) = 2.3333 © pe cstsne) 


The open-loop transfer function becomes 


2.3333(s + 1)(s + 0.5714) 1 


G.(s)G(s) = s sz +1 


From this equation a root-locus plot for the compensated system can be drawn. Figure 7-41 is a 
root-locus plot. 
The closed-loop transfer function is given by 


C(s)___2.3333(s + 1)(s + 0.5714) 
R(s) 98 + 5 + 2.3333(s + 1)(s + 0.5714) 


The closed-loop poles are located at s = —1 +j\/3 and s = —0.3333. A unit-step response curve 
is shown in Figure 7-42. The closed-loop pole at s = —0.3333 and a zero at s = —0.5714 produces 
a long tail of small amplitude. 


Figure 7—43(a) is a block diagram of a model for an attitude-rate control system. The closed-loop 
transfer function for this system is 
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Figure 7-41 
Root-locus plot 

of the compen- 
sated system (Prob- 
lem A-7-10). 


Figure 7-42 
Unit-step response 
of the compensated 
system (Problem 
A-7-10). 


Root-Locus Plot of Ge(s)G(s) 


Imag Axis 


Cs) 2s + 0.1 
R(s) s° + 0.1s* + 6s + 0.1 


_ 2(s + 0.05 
~ (5 + 0.0417 + j2.4489)(s + 0.0417 — j2.4489)(s + 0.0167) 


The unit-step response of this system is shown in Figure 7-43(b). The response shows high- 
frequency oscillations at the beginning of the response due to the poles at s = —0.0417 = j2.4489. 
The response is dominated by the pole at s = —0.0167. The settling time is approximately 240 sec. 

It is desired to speed up the response and also eliminate the oscillatory mode at the begin- 
ning of the response. Design a suitable compensator such that the dominant closed-loop poles are 


ats = -2 + j2V3. 


Unit-Step Response of Compensated System 


12 


Time (sec) 
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Figure 7-43 

(a) Attitude-rate 
control system; 
(b) unit-step 
response. 


Figure 7-44 
Compensated 
attitude-rate control 
system. 
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401 Unit-Step aL bi of Uncompensated seer 


s7+0.15 +4 


Ss 2 
A ON 


= 
Amplitude 
oa 
> 


0 50 100 150 200 250 300 
Time (sec) 


(b) 


Solution. Figure 7—44 shows a biock diagram for the compensated system. Note that the open- 
loop zero at s = —0.05 and the open-loop pole at s = 0 generate a closed-loop pole between s = 0 
and s = —0.05. Such a closed-loop pole becomes a dominant closed-loop pole and make the re- 
sponse quite slow. Hence, it is necessary to replace this zero by a zero that is located far away from 
the jw axis, for example, a zero at s = —4. 

We now choose the compensator in the followi 


ng form: 
<7 


n s+4 
Gls) = GL) 94 04 


Then the open-loop transfer function of the compensated system becomes 


s+4 41 254+01 


GAG) = CA 0152 401s +4 


a st+4 
ae) s(s* + O.1s + 4) 


Hydraulic servo Aircraft 


Rate gyro 
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To determine G(s) by the root-locus method, we need to find the angle deficiency at the desired 
closed-loop pole s = —2 + j2\/3.The angle deficiency can be found as follows: 


—143.088° — 120° — 109.642° + 60° + 180° 
— 132.73° 


Angle deficiency 


Hence, the lead compensator G,(s) must provide 132.73°. Since the angle deficiency is 132.73°, we 
need two lead compensators, each providing 66.365°. Thus G,(s) will have the following form: 


G(s) = K, (8) 


s+s, 


Suppose that we choose two zeros at s = —2.Then the two poles of the lead compensators can be 
obtained from 


er = tan(90° — 66.365°) = 0.4376169 
or 
22+ 
= 9.9158 
Hence, 


The entire compensator G,(s) for the system becomes 


ae ec oe (s+2) s+4 
GA) = CA) 5 4 = Ke 4 9.9158) 2s + 01 


The value of K, can be determined from the magnitude condition. Since the open-loop transfer 
function is 
(s + 2)°(s + 4) 


GANGS) = Ke 59 9158)5(5? + 0.15 + 4) 


the magnitude condition becomes 


Pa (CC) = 
°(s + 9.9158)'s(s° + 0.18 + 4)|,_ ova 
Hence, 
¢ (s + 2)°(s + 4) s=—24p2vV3 


= 88.0227 
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Figure 7-45 
Root-locus plot 
of the compen- 
sated system. 
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Thus the compensator G,(s) becomes 


(s + 2)°(s + 4) 


G.(s) = 88.0227 9 9958)2(2s + 0.1) 


The open-loop transfer function is given by 


a i 
G.(s)G(s) = 88.0227(s + 2)(s + 4) 


(s + 9.9158)*s(s? + 0.1s + 4) 


A root-locus plot for the compensated system is shown in Figure 7—45. The closed-loop poles for 
the compensated system are indicated in the plot. The closed-loop poles, the roots of the charac- 
teristic equation 


(s + 9.9158)?s(s? + 0.18 + 4) + 88.0227(s + 2)*(s + 4) = 0 
are as follows: 


s = —2,0000 + /3.4641 
s = —7.5224 + j6.5326 


= —N 20642 
V.OOU0 


Now that the compensator has been designed, we shall examine the transient response char- 
acteristics with MATLAB. The closed-loop transfer function is given by 


Cs) 88.0227(s + 2)?(s + 4) 
R(s) (5 + 9.9158)°s(s? + O.1s + 4) + 88.0227(s + 2)°(s + 4) 


Figures 7—46(a) and (b) show the plots of the unit-step response and unit-ramp response of the 
compensated system. These response curves show that the designed system is acceptable. 


Root-Locus Plot of Compensated System 


15 


Imag Axis 
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Figure 7-46 

(a) Unit-step re- 
sponse of the com- 
pensated system; 
(b) unit-ramp re- 
sponse of the com- 
pensated system 
(Problem A-7-11). 


A-7-12, 


Unit-Ramp Response of Compensated System 


Input and Output 


Consider the model for a space vehicle contro] system shown in Figure 7-47. Design a lead com- 
pensator G-(s) such that the damping ratio € and the undamped natural frequency w, of the domi- 
nant closed-loop poles are 0.5 and 2 rad/sec, respectively. 


Solution 
First attempt: Assume the lead compensator G,(s) to be 
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Figure 7-47 
Space vehicle control 
system. 


Figure 7-48 
Determination of 
the pole of the 
lead network, 
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Lead Space 
compensator vehicle 


Sensor 


1 
SS 
G As) = c 


(0<a<1) 


5 
aT 


From the given specifications, £ = 0.5 and wa» = 2 rad/sec, the dominant closed-loop poles must 
be located at 


s=-1+jV3 
We first calculate the angle deficiency at this closed-loop pole. 
Angle deficiency = —120° — 120° — 10.8934° + 180° 
= —70.8934° 
This angle deficiency must be compensated by the lead compensator. There are many ways to de- 


termine the locations of the pole and zero of the lead network. Let us choose the zero of the com- 
pensator at s = —1. Then, referring to Figure 7-48, we have the following equation: 


21s = tan(90° — 70.8934°) = 0.34641 
or 
pgp aE 
0.34641 


reine J1.73205 


19.1066° 
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Figure 749 
Root-locus plot 
of the compen- 
sated system. 


Hence, 


s+l1 
s+6 


G(s) = K, 


The value of K. can be determined from the magnitude condition 


s+11 1 2 
*|s+ 6570.15 + 1],. ays 
as follows: 
+ 6)s7(0.1s + 1 
pee ork) = 11.2000 
stil s=-14jV3 
Thus 
stl 
G{s) = 11.2 —— 
As) s+6 
Since the open-loop transfer function becomes 
s+1 


G(s)G(s)H(s) = 11.2 — ——_—~ 
( 


St Ops (Wis + 1) 


_:11.2(s + 1) 
~ O.1s* + 1.65? + 65” 


a root-locus plot of the compensated system can be obtained easily with MATLAB by entering 


num aud den and using riocus command. The resuit is shown in Figure 7-49, 
The closed-loop transfer function for the compensated system becomes 


Cs) | 11.2(6 + 1)(0.1s + 1) 
Rs) (s + 6)s*(0.1s + 1) + 11.2(s + 1) 


Root-Locus Plot of Compensated System 


Imag Axis 


Real Axis 
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Figure 7-50 
Unit-step response 
of the compensated 
system. 


Figure 7-51 
Determination of 
the pole of the 
lead network. 
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x8 Unit-Step Response of Compensated System 


Output 


0.5 bef fy os pate oe 


t Sec 


Figure 7-50 shows the unit-step response curve. It shows a fairly large overshoot (50% over- 
shoot). It is desirable to modify the compensator and make the maximum overshoot smaller. A 
close look at the root-locus plot reveals that the presence of the zero at s = —1 is adding the 
amount of the maximum overshoot. One way to avoid this situation is to modify the lead com- 
pensator as presented in the following second attempt. 


Second attempt: To modify the shape of the root loci, we may use two lead networks, each 
contributing half the necessary lead angle, which is 70.8934°/2 = 35.4467°. Let us choose the lo- 
cation of the zeros at s = —3. (This is an arbitrary choice. Other choices such as s = —2.5 and 
s = —4 may be made.) 

Once we choose two zeros at s = —3, the necessary location of the poles can be determined 
as shown in Figure 7-51, or 

1.73205 


yr 


= tan(40.89334° — 35.4467°) 
= tan 5.4466° = 0.09535 


jo 


35.4467° 


40.89334° 
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Figure 7-52 

(a) Root-locus plot 
of compensated sys- 
tem; (b) root-locus 
plot near the origin. 


which yields 


1.73205 
0.09535 


y=1+ = 19.1652 


Hence, the lead compensator will have the following transfer function: 


s+3 \* 
Gis) =i : + iss] 


The value of K, can be determined from the magnitude condition as follows: 


ers it a4 
°\s + 19.1652} s* 0.18 + 1), sas 
or 
K, = 174.3864 
Then the lead compensator just designed is 
s+3 : 
G.(s) = 174.3864 (; > 191 =) 


Then the open-loop transfer function becomes 


s+3 \1 1 
LO aa (: + sie 01s +1 
A root-locus plot for the compensated system is shown in Figure 7~52(a). Notice that there is no 
closed-loop zero near the origin. An expanded view of the root-locus plot near the origin is shown 
in Figura 7_SOfh)\ 
tL SIG 7: toh Oe Ad 


The closed-loop transfer function becomes 


C(s) _ 174,3864(s + 3)7(0.1s + 1) 
R(s)  (s + 19.1652)*s7(0.1s + 1) + 174.3864(s + 3) 


Root-Locus Plot of Compensated System 


. : Closed-loop poles 


Imag Axis 


7050-25 20-15 10-5 
Real Axis 


(a) 
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Figure 7-52 
(Continued) 


Figure 7-53 

(a) Unit-step re- 
sponse of the com- 
pensated system; 

(b) unit-ramp re- 
sponse of the com- 
pensated system; 

(c) a plot of feedback 
signal versus t in the 
unit-ramp response. 
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ee Plot of Compensated System near Origin 


oT 


ca Closed-loop poles 


Imag Axis 


The closed-loop poles are found as follows: 


5 = —1 + 1.73205 
s = —9,1847 + j7.4814 
5 = —27.9606 


Figures 7-53(a) and (b) show the unit-step response and unit-ramp response of the compensated 
system. The unit-step response curve is reasonable and the unit-ramp response looks acceptable. 
Notice that in the unit-ramp response the output leads the input by a small amount. This is be- 
cause the system has a feedback transfer function 1/(0.1s + 1). If the feedback signal versus ¢ is 
plotted, together with the unit-ramp input, the former will not lead the input ramp at steady state. 
See Figure 7-53(c). 


Unit-Step Response of Compensated System 


Output 
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Unit-Ramp Response of Compensated System 
5 


ey 
wo wo» 


i) 


1.5 


Unit-Ramp Input and Output 
N) 
wm 


Unit-Ramp Input and Feedback Signal 


Figure 7-53 
(Continued) 


Feedback Signal in Unit-Ramp Response 


{ams T T 


PROBLEMS 


B-7-1, Consider the mechanical system shown in Figure 
7-54, It consists of a spring and two dashpots. Obtain the 
transfer function of the system. The displacement x; is the 
input and displacement x, is the output. Is this system a me- 
chanical lead network or lag network? 


B-7-2. Obtain the transfer function of the electrical net- 
work shown in Figure 7-55. Show that it is a lag network. 


Problems 


B-7-3. Consider the system shown in Figure 7-56. Plot the 
root loci for the system. Determine the value of K such that 
the damping ratio € of the dominant closed-loop poles is 
0.5. Then determine all closed-loop poles. Plot the unit-step 
response curve with MATLAB. 


B-7-4, Determine the values of K, T,, and T of the system 
shown in Figure 7-57 so that the dominant closed-loop 
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by Xo 
Figure 7-54 
Mechanical system. 
—_- ——— - Z 
| wv 
a Ry 
| ‘wee ee 4 
eee “ 
|=" | 
ej f | &o 
7 \ 
Figure 7-55 L. ie | 
Electrical network. 
(\ K 
s(s? + 4s + 5) 
Figure 7-56 


Control system. 


Figure 7-57 
Control system. 


poles have the damping ratio € = 0.5 and the undamped 1. Damping ratio of the closed-loop poles is 0.5 


natural frequency w, = 3 rad/sec. 2. Settling time = 2 sec 


a : = = 
B-7-5. Consider the system shown in Figure 7-58, which in- ; Aerie fyerron constant Arey Se 


volves velocity feedback. Determine the values of the am- 
plifier gain K and the velocity feedback gain K, so thatthe B-7-6. Consider the system shown in Figure 7-59. Design a 
following specifications are satisfied: lead compensator such that the dominant closed-loop poles 
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Figure 7-58 
Control system. 


Figure 7-59 
Control system. 


are located at s = —2 + j2\/3. Plot the unit-step response 
curve of the designed system with MATLAB. 


B-7-7, Consider the system shown in Figure 7-60. Design a 
compensator such that the dominant ciosed-ioop poles are 
located ats = —1 4/1. 


B-7-8. Referring to the system shown in Figure 7—61, de- 
sign a compensator such that the static velocity error con- 
stant K, is 20 sec-! without appreciably changing the 
original location (s = —2 + j2\/3) of a pair of the complex- 
conjugate closed-loop poles. 


B-7-9. Consider the angular-positional system shown in 
Figure 7-62. The dominant closed-loop poles are located at 
s = —3.60 + 74.80, The damping ratio € of the dominant 
closed-loop poles is.0.6. The static velocity error constant K, 
is 4.1 sec-!, which means that for a ramp input of 360°/sec 
the steady-state error in following the ramp input is 


Figure 7-60 
Control system. 


Figure 7-61 
Control system. 


Problems 


compensator 


_ 6, _ 360°%sec 


= 87.8° 


" K, 4.lsec"! 


It is desired to decrease e, to one-tenth of the present 
value, or to increase the value of the static velocity error 
constant K, to 41 sec-. It is also desired to keep the damp- 
ing ratio € of the dominant closed-loop poles at 0.6. A small 
change in the undamped natural frequency w, of the dom- 
inant closed-loop poles is permissible. Design a suitable lag 


aR Pe oR, ae An? Ons pT aN eS ee ae ee ery Ue 


pai - ) Peery ne aetoceer ts | oe re ai at oe 
compensator to increase the static velocity error constant as 


desired. 


B-7-10. Consider the control system shown in Figure 7-63. 
Design a compensator such that the dominant closed-loop 
poles are located at s = —2 + j2\/3 and the static velocity 
error constant K, is 50 sec!. 


B-7-11, Consider the same system as considered in Prob- 
jem A-7-10. It is desired to design a PID controller G.(s) 


Lead Space 


vehicle 


469 


Figure 7-62 
Angular-positional 
system. 


Figure 7-63 
Control system. 


such that the dominant closed-loop poles are located at 
gs = —1 +j\/3. For the PID controller, choose a = 0.5 (in- 
stead of a = 1 as discussed in Problem A-7-10) and then de- 
termine the values of K and b. Sketch the root-locus plot for 
the designed system. Also, obtain the unit-step response 
curve with MATLAB. 


B-7-12. Consider the control system shown in Figure 
7-64. The plant is critically stable in the sense that oscilla- 
tions will continue indefinitely. Design a suitable compen- 
sator such that the unit-step response will exhibit maxi- 


820 
s(s + 10) (s + 20) 


10 
5(5 + 2) (8 +5) 


mum overshoot of less than 40% and settling time of 5 sec 
or less. 


B-7-13. Consider the contro] system shown in Figure 7-65. 
Design a compensator such that the unit-step response 
curve will exhibit maximum overshoot of 30% or less and 
settling time of 3 sec or less. 


B-7-14. Consider the contro] system shown in Figure 7-66. 
Design a compensator such that the unit-step response 
curve will exhibit maximum overshoot of 25% or less and 
settling time of 5 sec or less. 


Figure 7-64 
Control system. 


Figure 7-65 
Control system. 


Figure 7-66 
Control system. 
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Frequency-Response 
Analysis 


8-1 INTRODUCTION 


By the term frequency response, we mean the steady-state response of a system to a 
sinusoidal input. In frequency-response methods, we vary the frequency of the input 
signal over a certain range and study the resulting response. 

The Nyquist stability criterion enables us to investigate both the absolute and relative 
stabilities of linear closed-loop systems from a knowledge of their open-loop frequency- 
response characteristics. An advantage of the frequency-response approach is that 
frequency-response tests are,in general,simple andcan be made accurately by use of read- 
ily available sinusoidal signal generators and precise measurement equipment. Often the 
transfer functions of complicated components can be determined experimentally by 
frequency-response tests. In addition, the frequency-response approach has the advan- 
tages that asystem may be designed so that the effects of undesirable noise are negligible 
and that such analysis and design can be extended to certain nonlinear control systems. 

Although the frequency response of a control system presents a qualitative picture 
of the transient response, the correlation between frequency and transient responses is 
indirect, except for the case of second-order systems. In designing a closed-loop system, 
we adjust the frequency-response characteristic of the open-loop transfer function by 
using several design criteria in order to obtain acceptable transient-response charac- 
teristics for the system. 


Steady-state output to sinusoidal input. Consider the linear time-invariant 
system shown in Figure 8—1. For this system 
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Figure 8-2 
Input and output 
sinusoidal signals. 
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The input x(r) is sinusoidal and is given by 

x(t) = X sin wt 
As presented in Chapter 5, if the system is stable, then the output y(7) can be given by 

y(t) = Ysin(wt + ¢) 

where 

Y = X|G(ja)| 
and 

# = Leta) = an [ issn of 


A stable linear time-invariant system subjected to a sinusoidal input will, at steady 
state, have a sinusoidal output of the same frequency as the input. But the amplitude 
and phase of the output will, in general, be different from those of the input. In fact, the 
amplitude of the output is given by the product of that of the input and |G(jw)|, while 
the phase angle differs from that of the input by the amount ¢ = /G(Gw). An example 
of input and output sinusoidal signals is shown in Figure 8-2. 

Note that for sinusoidal inputs 


Y(Gjw)| _ amplitude ratio of the output sinusoid to the 


IG(ja)| = | X(jo) ~ input sinusoid 


ig bP | YGq@) _ phase shift of the output sinusoid with respect to 


.3\ the input sinusoid 
za) cr 


Hence, the response characteristics of a system to a sinusoidal input can be obtained di- 
rectly from 


Ya) 
—_ + = Gi 
X(jw) (io) 
a) x Figure 8-1 
X(s) Ys) Linear time-invariant system. 


Input x(t) = X sin wt 


Output y(t) = Y sin (wt + ) 
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The sinusoidal transfer function G(jw), the ratio of Yjw) to X(jw), is a complex 
quantity and can be represented by the magnitude and phase angle with frequency as a 
parameter. (A negative phase angle is called phase lag, and a positive phase angle is 
called phase lead.) The sinusoidal transfer function of any linear system is obtained by 
substituting jw for s in the transfer function of the system. 


Presenting frequency-response characteristics in graphical forms. The sinu- 
soidal transfer function, a complex function of the frequency , is characterized by its 
magnitude and phase angle, with frequency as the parameter. There are three com- 
monly used representations of sinusoidal transfer functions: 


1. Bode diagram or logarithmic plot 
2. Nyquist plot or polar plot 
3. Log-magnitude versus phase plot 


We shall discuss these representations in detail in this chapter. We shall also discuss the 
MATLAB approach to obtain Bode diagrams and Nyquist plots. 


Outline of the chapter. Section 8-1 has presented introductory material on the 
frequency response. Section 8-2 presents Bode diagrams of various transfer-function 
systems. Section 8-3 discusses a computational approach to obtain Bode diagrams with 
MATLAB, Section 8-4 treats polar plots of sinusoidal transfer functions, and Section 
8-5 discusses drawing Nyquist plots with MATLAB. Section 8-6 briefly presents log- 
magnitude versus phase plots. Section 8-7 gives a detailed account of Nyquist stability 
criterion, Section 8-8 discusses the stability analysis of closed-loop systems using the 
Nyquist stability criterion, and Section 8-9 treats the relative stability analysis of closed- 
loop systems. Measures of relative stability such as phase margin and gain margin are 
introduced here. The correlation between the transient response and frequency re- 
sponse is also discussed. Section 8-10 presents a method for obtaining the closed-loop 
frequency response from the open-loop frequency response by use of the M and N cir- 
cles. Use of the Nichols chart is also discussed for obtaining the closed-loop frequency 
response. Finally, Section 8-11 deals with the determination of the transfer function 
based on an experimental Bode diagram. 


8-2 BODE DIAGRAMS 


Bode diagrams or logarithmic plots. A sinusoidal transfer function may be 
represented by two separate plots, one giving the magnitude versus frequency and the 
other the phase angle (in degrees) versus frequency. A Bode diagram consists of two 
graphs: One is a plot of the logarithm of the magnitude of a sinusoidal transfer func- 
tion; the other is a plot of the phase angle; both are plotted against the frequency in 
logarithmic scale. 

The standard representation of the logarithmic magnitude of G(jw) is 20 log |G(ja)|, 
where the base of the logarithm is 10. The unit used in this representation of the 
magnitude is the decibel, usually abbreviated dB. In the logarithmic representation, the 
curves are drawn on semilog paper, using the log scale for frequency and the linear scale 
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for either magnitude (but in decibels) or phase angle (in degrees). (The frequency range 
of interest determines the number of logarithmic cycles required on the abscissa.) 

The main advantage of using the Bode diagram is that multiplication of magnitudes 
can be converted into addition. Furthermore, a simple method for sketching an ap- 
proximate log-magnitude curve is available. It is based on asymptotic approximations. 
Such approximation by straight-line asymptotes is sufficient if only rough information 
on the frequency-response characteristics is needed. Should exact curve be desired, cor- 
rections can be made easily to these basic asymptotic ones. The phase-angle curves can 
be drawn easily if a template for the phase-angle curve of 1 + jw is available. Expand- 
ing the low-frequency range by use of a logarithmic scale for the frequency is very ad- 
vantageous since characteristics at low frequencies are most important in practical 
systems. Although it is not possible to plot the curves right down to zero frequency be- 
cause of the logarithmic frequency (log 0 = —), this does not create a serious problem. 

Note that the experimental determination of a transfer function can be made 
simple if frequency-response data are presented in the form of a Bode diagram. 


Basic factors of G(j@)H(jw). As stated earlier, the main advantage in using the 
logarithmic plot is the relative ease of plotting frequency-response curves. The basic fac- 
tors that very frequently occur in an arbitrary transfer function Gjw)H(jw) are 


1. Gain K 

2. Integral and derivative factors (jw)*! 

3. First-order factors (1 + jwT)*! 

4. Quadratic factors [1 + 2&(jw/w,) + Go/wn)?|*! 


Once we become familiar with the logarithmic plots of these basic factors, it is possible 
to utilize them in constructing a composite logarithmic plot for any general form of 
G(jw)H(ja) by sketching the curves for each factor and adding individual curves graphi- 
cally, because adding the logarithms of the gains corresponds to multiplying them together. 

The process of obtaining the logarithmic plot can be further simplified by using 
asymptotic approximations to the curves for each factor. (If necessary, corrections can 
be made easily to an approximate plot to obtain an accurate one.) 


The gain K. A number greater than unity has a positive value in decibels, while a 
number smaller than unity has a negative value. The log-magnitude curve for a constant 
gain K is a horizontal straight line at the magnitude of 20 log K decibels. The phase an- 
gle of the gain K is zero. The effect of varying the gain K in the transfer function is that 
it raises or lowers the log-magnitude curve of the transfer function by the correspond- 
ing constant amount, but it has no effect on the phase curve. 

A number-—decibel conversion line is given in Figure 8-3. The decibel value of any num- 
ber can be obtained from this line. As a number increases by a factor of 10, the corre- 
sponding decibel value increases by a factor of 20. This may be seen from the following: 


20 log(K X 10) = 20 log K + 20 
Similarly, 
20 log (K X 10”) = 20 log K + 20n 
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Figure 8-3 
Number-—decibel 
conversion line. 


Decibels (dB) 


0.01 0.02 0.04 0.1 #02 0406 1 2 3 456810 
Numbers 


Note that, when expressed in decibels, the reciprocal of a number differs from its value 
only in sign; that is, for the number K, 


20 log K = —20 log z 


integrai and derivative factors (j@)*i. The logarithmic magnitude of i/jw in 
decibels is 


20 log 


z| = —20 log w dB 
jo 


The phase angle of 1/jw is constant and equal to —90°. 

In Bode diagrams, frequency ratios are expressed in terms of octaves or decades. 
An octave is a frequency band from @, to 2;, where w is any frequency value. A 
decade is a frequency band from w; to 10w:, where again w; is any frequency. (On the 
logarithmic scale of semilog paper, any given frequency ratio can be represented by 
the same horizontal distance. For example, the horizontal distance from w = 1 to 
w = 10 is equal to that from w = 3 tow = 30.) 

If the log magnitude —20 log w dB is plotted against w on a logarithmic scale, it is 
a straight line. To draw this straight line, we need to locate one point (0 dB, w = 1) on 
it. Since 


(—20 log 10w) dB = (—20 log w —20) dB 


the slope of the line is —20 dB/decade (or —6 dB/octave). 
Similarly, the log magnitude of jw in decibels is 


20 log |ja| = 20 log w dB 


The phase angle of jw is constant and equal to 90°. The log-magnitude curve is a straight 
line with a slope of 20 dB/decade. Figures 8—4 (a) and (b) show frequency-response 
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Figure 8-4 

(a) Bode diagram 

of Gijw) = 1/ja, 

(b) Bode diagram of 
G(jw) = ja. 
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Slope = —20 dB/decade 


Slope = 20 dB/decade 


! 
1 
-20 -20 
! 
—40 -40 1 
0.1 1 10 100 0.1 1 10 100 
¢ ¢ 
0° 180° 
-90° 90° 
-180° 0° 
0.1 1 10 100 0.1 1 10 100 ow 
Bode diagram of Bode diagram of 
G(ja) = io G(ja) = jo 


(a) (b) 


curves for l/jw and jw, respectively. We can clearly see that the differences in the 


feanuannoty raannnanag nf the farntara lim and tea lin in the aana af the alaned af tha lag 
a cequcncy beopyliouy VL the Lavo Lipw CLINE jo au in LAL wie Wa Llib wiv pen WL the Ive 


magnitude curves and in the signs of the phase angles. Both log magnitudes become 
equal to 0 dB at w = 1. 

If the transfer function contains the factor (1/jw) or (jw), the log magnitude be- 
comes, respectively, 


20 log = —n X 20 log |ja| = —20n log w dB 


1 
(jw)" 
or 

20 log |(jw)"| = n X 20 log |ja| = 20n log w dB 


The slopes of the log-magnitude curves for the factors (1/jw)” and (jw) are thus —20n 
dB/decade and 20n dB/decade, respectively. The phase angle of (1/jw) is equal to 
—90° X n over the entire frequency range, while that of (jw) is equal to 90° X n over the 
entire frequency range. The magnitude curves will pass through the point (0 dB, = 1). 


First-order factors (1 + jwT)*1. The log magnitude of the first-order factor 
1/(1 + jwT) is 


20 log | 5 


1 
at = —20log V1 + wT? dB 
+ jot 


For low frequencies, such that w <1/T, the log magnitude may be approximated by 
—20 log V1 + wT? = —20log1 = 0dB 
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Figure 8-5 
Log-magnitude curve 
together with the as- 
ymptotes and phase 
angle curve of 

V1 + jwT). 


Thus, the log-magnitude curve at low frequencies is the constant 0-dB line. For high fre- 
quencies, such that w > 1/T, 


—20log V1 + w’?T? = —20 log wT dB 


This is an approximate expression for the high-frequency range. At w = 1/7; the log 
magnitude equals 0 dB; at w = 10/7, the log magnitude is —20 dB. Thus, the value of —20 
log wT dB decreases by 20 dB for every decade of w. For w > 1/T, the log-magnitude 
curve is thus a straight line with a slope of —20 dB/decade (or —6 dB/octave). 

Our analysis show that the logarithmic representation of the frequency-response 
curve of the factor 1/(1 + jwT) can be approximated by two straight-line asymptotes, 
one a Straight line at 0 dB for the frequency range 0 < w < 1/T and the other a straight 
line with slope —20 dB/decade (or —6 dB/octave) for the frequency range 1/T < w < ~, 
The exact log-magnitude curve, the asymptotes, and the exact phase-angle curve are 
shown in Figure 8-5. 

The frequency at which the two asymptotes meet is called the corner frequency or 
break frequency. For the factor 1/(1 + jwT), the frequency w = 1/T is the corner fre- 
quency since at w = 1/T the two asymptotes have the same value. (The low-frequency 
asymptotic expression at w = 1/T is 20 log 1 dB = 0 dB, and the high-frequency 
asymptotic expression at w = 1/T is also 20 log 1 dB = 0 dB.) The corner frequency di- 
vides the frequency-response curve into two regions, a curve for the low-frequency 
region and a curve for the high-frequency region. The corner frequency is very impor- 
tant in sketching logarithmic frequency-response curves. 

The exact phase angle @ of the factor 1/(1 + jwT) is 


@ = -tan! mT 


At zero frequency, the phase angle is 0°. At the corner frequency, the phase angle is 


T 
g = -tan! ae —tan'! 1 = —45° 


—_—— Asymptote 


20T 107 ST 2T T T T 
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Figure 8-6 
Log-magnitude error 
in the asymptotic 
expression of the 
frequency-response 
curve of 1/(1 + jwT). 
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At infinity, the phase angle becomes —90°. Since the phase angle is given by an in- 
verse-tangent function, the phase angle is skew symmetric about the inflection point 
at @ = —45°. 

The error in the magnitude curve caused by the use of asymptotes can be calcu- 
lated. The maximum error occurs at the corner frequency and is approximately equal 
to —3 dB since 


~20 log V1 + 1 + 20log1 = —10log2 = —3.03 dB 


The error at the frequency one octave below the corner frequency, that is, at w = 1/(2T), is 


—20 log i + 1+ 20 log 1 = —20 log Nes = —0.97 dB 


The error at the frequency one octave above the corner frequency, that is, at w = 2/T, is 


5 
~20 log V2? + 1 + 20log2 = —20 tog > = —0.97dB 


Thus, the error at one octave below or above the corner frequency is approximately 
equal to —1 dB. Similarly, the error at one decade below or above the corner frequency 
is approximately —0.04 dB. The error in decibeis invoived in using the asymptotic ex- 
pression for the frequency-response curve of 1/(1 + jw7) is shown in Figure 8—6. The 
error is symmetric with respect to the corner frequency. 

Since the asymptotes are quite easy to draw and are sufficiently close to the exact 
curve, the use of such approximations in drawing Bode diagrams is convenient in es- 
tablishing the general nature of the frequency-response characteristics quickly with a 
minimum amount of calculation and may be used for most preliminary design work. If 
accurate frequency-response curves are desired, corrections may easily be made by re- 
ferring to the curve given in Figure 8-6. In practice, an accurate frequency-response 
curve can be drawn by introducing a correction of 3 dB at the corner frequency and a 
correction of 1 dB at points one octave below and above the corner frequency and then 
connecting these points by a smooth curve. 

Note that varying the time constant T shifts the corner frequency to the left or to the 
right, but the shapes of the log-magnitude and the phase-angle curves remain the same. 


Corner frequency 
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The transfer function 1/(1 + jwT) has the characteristics of a low-pass filter. For fre- 
quencies above w = 1/T, the log magnitude falls off rapidly toward —~. This is essen- 
tially due to the presence of the time constant. In the low-pass filter, the output can 
follow a sinusoidal input faithfully at low frequencies. But as the input frequency is in- 
creased, the output cannot follow the input because a certain amount of time is required 
for the system to build up in magnitude. Thus, at high frequencies, the amplitude of the 
output approaches zero and the phase angle of the output approaches —90°. Therefore, 
if the input function contains many harmonics, then the low-frequency components are 
reproduced faithfully at the output, while the high-frequency components are attenu- 
ated in amplitude and shifted in phase. Thus, a first-order element yields exact, or al- 
most exact, duplication only for constant or slowly varying phenomena. 

An advantage of the Bode diagram is that for reciprocal factors, for example, the factor 
1 + jwT, the log-magnitude and the phase-angle curves need only be changed in sign. Since 


20 log |1 + jwT| = —20 log aT 


/L + jo = tan wT = -/ + 
1+ joT 


the corner frequency is the same for both cases. The slope of the high-frequency asymp- 
tote of 1 + jwT is 20 dB/decade, and the phase angle varies from 0° to 90° as the fre- 
quency w is increased from zero to infinity. The log-magnitude curve together with the 
asymptotes and the phase-angle curve for the factor 1 + jwT are shown in Figure 8-7. 
The shapes of phase-angle curves are the same for any factor of the form 


(1 + jwT)*'. Hence, it is convenient to have a template for the phase-angle curve on 
cardboard. Then such a template may be used repeatedly for constructing phase-angle 


dB 4 


Exact curve 


Asymptote 


gl L 
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45° Figure 8-7 

Log-magnitude curve together with 
10 ai the asymptotes and phase-angle 
curve for 1 + jwT. 
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curves for any function of the form (1 + jwT)*!. If such a template is not available, we 
have to locate several points on the curve. The phase angles of (1 + jwT)*! are 


ies _i 
+45 at a= T 
+26.6° at = - 
+ . a= oT 
aes _i 
+5.7 at o= 10T 
2 
+63.4° at o= T 
10 
+84.3° at = T 


For the case where a given transfer function involves terms like (1 + jwT)*", a sim- 
ilar asymptotic construction may be made. The corner frequency is still at w = 1/7; and 
the asymptotes are straight lines. The low-frequency asymptote is a horizontal straight 
line at 0 dB, while the high-frequency asymptote has the slope of —20n dB/decade or 
20n dB/decade. The error involved in the asymptotic expressions is n times that for 
(1 + jwT)*1. The phase angle is n times that of (1 + jwT)*! at each frequency point. 


Quadratic factors [1 + 2¢(ja@/an) + (jo/on)?]*!. Control systems often possess 


quadratic factors of the form 
2 
_@ _@ 
1+ 2(i<| + | z 
,, oO, 


If €¢ > 1, this quadratic factor can be expressed as a product of two first-order fac- 

tors with real poles. If 0 < ¢€ <1, this quadratic factor is the product of two complex- 

conjugate factors. Asymptotic approximations to the frequency-response curves are not 

accurate for a factor with low values of ¢. This is because the magnitude and phase of 

the quadratic factor depend on both the corner frequency and the damping ratio €. 
The asymptotic frequency-response curve may be obtained as follows: Since 


1 
20 log i _o | = —20 log w\? oO . 
1+2915-]+(i5,] eee 3 eis 


(8-1) 


for low frequencies such that w « w,, the log magnitude becomes 
—20 log 1 = 0dB 
The low-frequency asymptote is thus a horizontal line at 0 dB. For high frequencies such 


that w > w,, the log magnitude becomes 


2 
~20 log > = —40 log— dB 


n 
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The equation for the high-frequency asymptote is a straight line having the slope —40 
dB/decade since 
10, 
—40 log == = -40 - 40 log 
The high-frequency asymptote intersects the low-frequency one at w = wz, since at 
this frequency 


—40 log—" = —40 log 1 = 0 dB 
This frequency, w,, is the corner frequency for the quadratic factor considered. 

The two asymptotes just derived are independent of the value of €. Near the fre- 
quency w = w,, a resonant peak occurs, as may be expected from (8-1). The damping 
ratio € determines the magnitude of this resonant peak. Errors obviously exist in the ap- 
proximation by straight-line asymptotes. The magnitude of the error depends on the 
value of ¢. It is large for small values of ¢. Figure 8—8 shows the exact log-magnitude 
curves together with the straight-line asymptotes and the exact phase-angle curves for 
the quadratic factor given by (8-1) with several values of ¢. If corrections are desired 
in the asymptotic curves, the necessary amounts of correction at a sufficient number of 
frequency points may be obtained from Figure 8-8. 

The phase angle of the quadratic factor [1 + 2&(jw/w,,) + (jw/w,)?|-! is 


= [ x2 | 


g= te tan‘ | ——_*+— 5 
1 ie + i 1 ges 
a, QO, Qo, 


The phase angle is a function of both w and €. At w = 0, the phase 


requency w = w,, the phase angle is -90° regardless of ¢ si 


g = ~tan”! G = -tan! «= —90° 


(8-2) 


ngle equals 0°. At 


o 
a 

mt 
3 

mt 
7 


At w = ©, the phase angle becomes — 180°. The phase-angle curve is skew symmetric 
about the inflection point, the point where g = —90°. There are no simple ways to 
sketch such phase curves. We need to refer to the phase-angle curves shown in Figure 
8-8. 

The frequency-response curves for the factor 


vezi) (a) 


can be obtained by merely reversing the sign of the log magnitude and that of the phase 
angle of the factor 
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Figure 8-8 
Log-magnitude 
curves together with 
the asymptotes and 
phase-angle curves 
of the quadratic 
transfer function 
given by (8-1). 
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To obtain the frequency-response curves of a given quadratic transfer function, we 
must first determine the value of the corner frequency w, and that of the damping ra- 


tio ¢. Then, by using the family of curves given in Figure 8-8, the frequency-response 
curves can be plotted. 


The resonant frequency @, and the resonant peak value M,. The magnitude of 


1 
veal) +() 
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G(ja) = 


1 


G(jo)| = ——$—$—$——$—— (8-3 
IGGa)| (-2) +(e} 3} - fa) ) 
Qo, WO, 


If |G(Gjw)| has a peak value at some frequency, this frequency is called the resonant 
frequency. Since the numerator of |G(jw)| is constant, a peak value of |G(jw)| will oc- 


cur when 
sw) =(1~ 3) + (203) (8-4) 


n n 


is a minimum. Since Equation (8-4) can be written 


w — w(1 — 22)2 
au) = | P—0i 2) 1 4ra - 2) (8-5) 
the minimum value of g(w) occurs at w = w,'V1 — 2¢2.Thus the resonant frequency , is 
o,=0,V1—2@, for0=&=0.707 (8-6) 


As the damping ratio approaches zero, the resonant frequency approaches wp. For 
0 < ¢ <0.707, the resonant frequency w, is less than the damped natural frequency 
@a = @nVi — &, which is exhibited in the transient response. From Equation (8-6) it 
can be seen that for £ > 0.707 there is no resonant peak. The magnitude |G(jw)| de- 
creases monotonically with increasing frequency w. (The magnitude is less than 0 dB 
for ali values of w > 0. Recaii that, for 0.7 < ¢ < i, the step response is osciliatory, Dut 
the oscillations are well damped and are hardly perceptible.) 
The magnitude of the resonant peak M, can be found by substituting Equation (8-6) 
into Equation (8-3). For 0 = § = 0.707, 
1 
M, = |GY)|max = |GYo,)| EVI (8-7) 


For ¢ > 0.707, 
M,=1 (8-8) 


As & approaches zero, M, approaches infinity. This means that if the undamped system 
is excited at its natural frequency the magnitude of G(jw)becomes infinity. The rela- 
tionship between M, and € is shown in Figure 8-9. 

The phase angle of G(jw) at the frequency where the resonant peak occurs can be 
obtained by substituting Equation (8-6) into Equation (8-2). Thus, at the resonant 
frequency w,, 


[G(jo,) = —tan“ wae = -90° + sin! To 


General procedure for plotting Bode diagrams. First rewrite the sinusoidal- 
transfer function G(jw)H(jw) as a product of basic factors discussed above. Then 
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M, indB 


Figure 8-9 

ig M, versus € curve for the second- 
0 02 04 06 08 10 Order system 1/[1 + 2¢(jw/w,) + 
rs (jo/o,)?]. 


identify the corner frequencies associated with these basic factors. Finally, draw the as- 
ymptotic log-magnitude curves with proper slopes between the corner frequencies. 
The exact curve, which lies close to the asymptotic curve, can be obtained by adding 
proper corrections. 

The phase-angie curve of G(jw)H 
curves of individual factors. 

The use of Bode diagrams employing asymptotic approximations requires much 
less time than other methods that may be used for computing the frequency response 
of a transfer function. The ease of plotting the frequency-response curves for a given 
transfer function and the ease of modification of the frequency-response curve as 
compensation is added are the main reasons why Bode diagrams are very frequently 
used in practice. 


(jw) can be drawn by adding the phase-angie 


Draw the Bode diagram for the following transfer function: 


10(jo + 3) 


SU) = Gaye + DiGay + jo +2] 


Make corrections so that the log-magnitude curve is accurate. 

To avoid any possible mistakes in drawing the log-magnitude curve, it is desirable to put G(jw) 
in the following normalized form, where the low-frequency asymptotes for the first-order factors 
and the second-order factor are the 0-dB line. 


Bes + | 
G(jo) = 


cin ees | 


This function is composed of the following factors: 


-1 » \2]-1 
wy 2 2 ,@ , Goy 
75, (jay", 1+Jj5- lias) jigs * 


The comer frequencies of the third, fourth, and fifth terms are w = 3, w = 2, and w = V/2, re- 
spectively. Note that the last term has the damping ratio of 0.3536. 
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To plot the Bode diagram, the separate asymptotic curves for each of the factors are shown in 
Figure 8-10. The composite curve is then obtained by adding algebraically the individual curves, 
also shown in Figure 8-10. Note that when the individual asymptotic curves are added at each 
frequency the slope of the composite curve is cumulative. Below w = +/2, the plot has the slope 
of —20 dB/decade. At the first corner frequency w = 1/2, the slope changes to —60 dB/decade 
and continues to the next corner frequency w = 2, where the slope becomes —80 dB/decade. At 
the last corner frequency w = 3, the slope changes to —60 dB/decade. 

Once such an approximate log-magnitude curve has been drawn, the actual curve can be ob- 
tained by adding corrections at each corner frequency and at frequencies one octave below and 
above the corner frequencies. For first-order factors (1 + jw7T)*', the corrections are +3 dB at the 
corner frequency and +1 dB at the frequencies one octave below and above the corner frequency. 
Corrections necessary for the quadratic factor are obtained from Figure 8-8. The exact log- 
magnitude curve for G(jw) is shown by a dashed curve in Figure 8-10. 

Note that any change in the slope of the magnitude curve is made only at the corner frequen- 
cies of the transfer function G(jw). Therefore, instead of drawing individual magnitude curves and 
adding them up, as shown, we may sketch the magnitude curve without sketching individual 
curves. We may start drawing the lowest-frequency portion of the straight line (that is, the straight 


40 
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Figure 8-10 
—270° Bode diagram of the system consid- 
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Figure 8-11 
Pole-zero configura- 
tions of a minimum- 
phase system G;(s) 
and nonminimum- 
phase system G2(s). 
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line with the slope —20 dB/decade for w < \/2). As the frequency is increased, we get the effect 
of the complex-conjugate poles (quadratic term) at the corner frequency w = 1/2. The complex- 
conjugate poles cause the slopes of the magnitude curve to change from —20 to —60 dB/decade. 
At the next corner frequency, w = 2, the effect of the pole is to change the slope to —80 dB/ 
decade. Finally, at the corner frequency w = 3, the effect of the zero is to change the slope from 
—80 to —60 dB/decade. 

For plotting the complete phase-angle curve, the phase-angle curves for all factors have to be 
sketched. The algebraic sum of all phase-angle curves provides the complete phase-angle curve, 
as shown in Figure 8-10. 


Minimum-phase systems and nonminimum-phase systems. Transfer func- 
tions having neither poles nor zeros in the right-half s plane are minimum-phase trans- 
fer functions, whereas those having poles and/or zeros in the right-half s plane are 
nonminimum-phase transfer functions. Systems with minimum-phase transfer functions 
are called minimum-phase systems, whereas those with nonminimum-phase transfer 
functions are called nonminimum-phase systems. 

For systems with the same magnitude characteristic, the range in phase angle of 
the minimum-phase transfer function is minimum among all such systems, while the range 
in phase angle of any nonminimum-phase transfer function is greater than this minimum. 

It is noted that for a minimum-phase system the transfer function can be uniquely 
determined from the magnitude curve alone. For a nonminimum-phase system, this is 
not the case. Multiplying any transfer function by all-pass filters does not alter the mag- 
nitude curve, but the phase curve is changed. 

Consider as an example the two systems whose sinusoidal transfer functions are, 


ctively. 
sea 


1 + joT 
1+ joT,’ 


1 — joT 


G,Go) = 1 + jor 
1 


Gia) = 0<T<T, 


The pole-zero configurations of these systems are shown in Figure 8—11. The two sinu- 
soidal transfer functions have the same magnitude characteristics, but they have differ- 


ent phase-angle characteristics, as shown in Figure 8-12. These two systems differ from 
each other by the factor 


1 — joT 


CGO) STG joT 


1-Ts 


Gos) = 


147 \s 
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Figure 8-12 
Phase-angle charac- 
teristics of the sys- 
tems G,(s) and G(s) 
shown in Figure 
8-11. 


Ga) 
~90° 


—180° 


The magnitude of the factor (1 — jwT)/(1 + jwT) is always unity. But the phase 
angle equals —2 tan-! wT and varies from 0° to —180° as w is increased from zero to 
infinity. 

As stated earlier, for a minimum-phase system, the magnitude and phase-angle 
characteristics are uniquely related. This means that if the magnitude curve of a sys- 
tem is specified over the entire frequency range from zero to infinity, then the phase- 
angle curve is uniquely determined, and vice versa. This, however, does not hold for a 


nonminimum- phase system. 

Nonminimum-phase situations may arise in two different ways. One is simply when 
a system includes a nonminimum-phase element or elements. The other situation may 
arise in the case where a minor loop is unstable. 

For a minimum- “phase system, the phase angle at w = © becomes —90°(q — P), 
where p and q are the degr rees of the numerator and denominator polynomials of the 
transfer function, respectively. For a nonminimum-phase system, the phase angle at 
w = © differs from —90°(q — p).In either system, the slope of the log-magnitude curve 
at w = © is equal to —20(q — p) dB/decade. It is therefore possible to detect whether 
the system is minimum phase by examining both the slope of the high-frequency as- 
ympiote of the iog-magniiude curve and the phase angie ai w = ~. if the siope of the 
log-magnitude curve as w approaches infinity is —20(q — p) dB/decade and the phase 
angle at w = “is equal to —90°(q — p), then the system is minimum phase. 

Nonminimum-phase systems are slow in response because of their faulty behav- 
ior at the start of response. In most practical control systems, excessive phase lag 
should be carefully avoided. In designing a system, if fast speed of response is of 
primary importance, we should not use nonminimum-phase components. (A common 
example of nonminimum-phase elements that may be present in control system is 
transport lag.) 

It is noted that the techniques of frequency-response analysis and design to be pre- 
sented in this and the next chapter are valid for both minimum-phase and nonminimum- 
phase systems. 


Transport lag. Transport lag is of nonminimum-phase behavior and has an ex- 
cessive phase lag with no attenuation at high frequencies. Such transport lags normally 
exist in thermal, hydraulic, and pneumatic systems. 

Consider the transport lag given by 


G(jw) = eT 
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Figure 8-13 
Phase-angle charac- 
teristic of transport 
lag. 
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The magnitude is always equal to unity since 
|GGa)| = |cos oT — j sin wT| = 1 


Therefore, the log magnitude of the transport lag e-/T is equal to 0 dB. The phase 
angle of the transport lag is 


/G(jw) 


The phase angle varies linearly with the frequency w. The phase-angle characteris- 
tic of transport lag is shown in Figure 8-13. 


-—wT (radians) 


= —37.3 oT (degrees) 


Draw the Bode diagram of the following transfer function: 
e fel 
G(jo) = ——— 
(iw) 1+ joT 
The log magnitude is 


20 log|G( jw)| = 20 logle/”~| + 20 log 


a ee 
1+ jwoT 


=0+ 20 ee = 
eich 


cys | 1 
/G( jo) = (eres 1+ jot 


= -—wL — tan! wT 


The phase angle of G(ja) is 


0° 


—100° 


—200° 


feiet ~300° 


—400° 


—-500° 


-600° 
0.1 0.2 0.4 0.6081 2 4 6 810 
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Figure 8-14 
Bode diagram for 
the system e—/#L/ 
(1 + jwT) with 


L=0.5 and T= 1. 


0° 0° 


100° -90 


—180° 
-200° 


—300° 
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The log-magnitude and phase-angle curves for this transfer function with L = 0.5 and T = 1 are 
shown in Figure 8-14. 


Relationship between system type and log-magnitude curve. Consider the 
unity-feedback control system. The static position, velocity, and acceleration error con- 
stants describe the low-frequency behavior of type 0, type 1, and type 2 systems, re- 
spectively. For a given system, only one of the static error constants is finite and 
significant. (The larger the value of the finite static error constant, the higher the loop 
gain is as w approaches Zero.) 

The type of the system determines the slope of the log-magnitude curve at low fre- 
quencies. Thus, information concerning the existence and magnitude of the steady-state 
error of a control system to a given input can be determined from the observation of 
the low-frequency region of the log-magnitude curve. 


Determination of static position error constants. Consider the unity- 
feedback control system shown in Figure 8-15. Assume that the open-loop transfer 
function is given by 

G(s) = K(T,s + (Gs + 1)--- s+) 
s\(T;s + 1)(Tys + 1)-+: (7,5 + 1) 
C(s) 


Figure 8-15 
Unity-feedback control system. 
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20 log Kp 


-40 dB/decade 


x 


w in log scale 


Figure 8-16 
Log-magnitude curve of a type 0 
system. 


or 
K(I, ja + 1)(T,jo + 1) +++ (Tpi@ + 1) 

(jo)(T,jo + 1)(Tyjw + 1)--- (T,jo + 1) 

Figure 8-16 shows an example of the log-magnitude plot of a type 0 system. In such a 

system, the magnitude of G(jw) equals K, at low frequencies, or 


G(Gja) = 


lim G(jw) = K, 
w>0 
It follows that the low-frequency asymptote is a horizontal line at 20 log K, dB. 


Determination of static velocity error constants. Consider the unity-feedback 
control system shown in Figure 8-15. Figure 8-17 shows an example of the log-magni- 
tude plot of a type 1 system. The intersection of the initial -20 dB/decade segment (or 
its extension) with the line w = 1 has the magnitude 20 log K,. This may be seen as fol- 
lows: In a type 1 system 


K, 
Cw) ===, forw <1 


dB 


-20 dB/decade 


@ in log scale 


—40 dB/decade 


Figure 8-17 
Log-magnitude curve of a type 1 
system, 
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Thus, 


20 log |— 


= 20 log K, 


ja=1 


The intersection of the initial -20-dB/decade segment (or its extension) with the 0-dB 
line has a frequency numerically equal to K,. To see this, define the frequency at this in- 
tersection to be w1; then 


Ayl = 
Jo, 

or 
K, =o, 


As an example, consider the type 1 system with unity feedback whose open-loop 
transfer function is 


If we define the corner frequency to be w2 and the frequency at the intersection of the 
—40-dB/decade segment (or its extension) with 0-dB line to be w3, then 


ayes  oiysihe 
2 J ’ 3 J 
Since 
K 
WM, = K, = F 
it follows that 
@\@, = 03 
or 
Oy W3 
M3 Wy 
On the Bode diagram, 


log w, — log w, = log w, — log w, 


Thus, the w3 point is just midway between the w2 and @; points. The damping ratio § of 
the system is then 


Determination of static acceleration error constants. Consider the unity- 
feedback control system shown in Figure 8-15. Figure 8-18 shows an example of the 
log-magnitude plot of a type 2 system. The intersection of the initial —40-dB/decade 
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Figure 8-18 
Log-magnitude curve 
of a type 2 system. 


dB 
—40 dB/decade 


—60 dB/decade 


@ in log scale 


segment (or its extension) with the w = 1 line has the magnitude of 20 log Ka. Since at 
low frequencies 


K 
C00) =e fora <1 
o 
it follows that 
20 tol us | = 2 jog K 
GoPlont ; 


The frequency «, at the intersection of the initial —40-dB/decade segment (or its ex- 
tension) with the 0-dB line gives the square root of K, numerically. This can be seen 
from the following: 


20 lo “—| = 20 log1 = 0 
"Ga,r] 
which yields 
o,= VK, 


8-3 PLOTTING BODE DIAGRAMS WITH MATLAB 
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The command bode computes magnitudes and phase angles of the frequency response 
of continuous-time, linear, time-invariant systems. 

When the command bode (without left-hand arguments) is entered in the computer, 
MATLAB produces a Bode plot on the screen. 

When invoked with left-hand arguments, 


[mag,phase,w] = bode(num,den,w) 


bode returns the frequency response of the system in matrices mag, phase and w. No 
plot is drawn on the screen. The matrices mag and phase contain magnitudes and phase 
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angles of the frequency response of the system evaluated at user-specified frequency 
points. The phase angle is returned in degrees, The magnitude can be converted to deci- 
bels with the statement 


magdB = 20*log10(mag) 


To specify the frequency range, use the command logspace(d1,d2) or logspace 
(d1,d2,n). logspace(d1,d2) generates a vector of 50 points logarithmically equally 
spaced between decades 104! and 1092. That is, to generate 50 points between 0.1 rad/sec 
and 100 rad/sec, enter the command 


w = logspace(— 1,2) 


logspace(d1,d2,n) generates n points logarithmically equally spaced between 
decades 10°1 and 10%, For example, to generate 100 points between 1 rad/sec and 1000 
rad/sec, enter the following command: 


w = logspace(0,3,100) 


To incorporate these frequency points when plotting Bode diagrams, use the com- 
mand bode(num,den,w) or bode(A,B,C,D,iu,w). These commands use the user-specified 
frequency vector w. 


Consider the following transfer function: 


25 


RON Ge aes 
Plot a Bode diagram for this transfer function. 
When the system is defined in the form 


_ num(s) 
ot) den(s) 
use the command bode(num,den) to draw the Bode diagram. [When the numerator and denom- 
inator contain the polynomial coefficients in descending powers of s, bode(num,den) draws the 
Bode diagram.] MATLAB Program 8-1 shows a program to plot the Bode diagram for this sys- 
tem. The resulting Bode diagram is shown in Figure 8-19. 


MATLAB Program 8~1 


num= [0 QO 25]; 
den=[1 4 25]; 


bode(num,den) 
subplot(2,1,1); 
title(‘Bode Diagram of G(s) = 25/(sA2 + 4s + 25)') 
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Figure 8-19 
Bode diagram of 


Gls) = 25 


ss? +45 + 25° 


Bode Diagram of G(s) = 25/(s*2+4s+25) 
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EXAMPLE 8-4 Consider the system shown in Figure 8-20. The open-loop transfer function is 
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_ (5? + 0.28 + 1) 
Gy) s(s? + 1.25 + 9) 


Plot a bode diagram. 
MATLAB Program 8-2 plots a Bode diagram for the system. The resulting plot is shown 
in Figure 8-21. The frequency range in this casc is automatically determined to be from 0.1 to 


10 rad/sec. 


MATLAB Program 8-2 


num =[0 9 1.8 91]; 
den=[1 1.2 9 OI; 
bode(num,den) 
subplot(2,1,1); 

title(‘Bode Diagram of G(s) = 


Q(sA2 + 0.25 + 1)/[s(s42 + 1.25 + 9) 


If it is desired to plot the Bode diagram from 0.01 to 1000 rad/sec, enter the following command: 


= logspace(—2,3,100) 
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Figure 8-20 
Control] system. 


Figure 8-21 

Bode diagram 

of G(s) 

_ 9s? + 0.25 + 1) 
s(x? + 1.25 +9)" 


(SL) 9(s? + 0.25 + 1) 
<> s(s? + 1.2549) 


Bode Diagram of G(s) = 9(s*2+0.25+1)/[s(s*2+1.25+9)] 
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This command generates 100 points logarithmically equally spaced between 0.01 and 1000 rad/sec. 
(Note that such a vector w specifies the frequencies in radians per second at which the frequency 
response will be calculated.) 

If we use the command 


bode(num,den, w) 
then the frequency range is as user specified, but the magnitude range and phase-angle range will 


be automatically determined. See MATLAB Program 8-3 and the resulting plot in Figure 8-22. 
To specify the magnitude range and phase-angle range, use the following command: 


[mag,phase,w] = bode(num,den,w) 


The matrices mag and phase contain the magnitudes and phase angles of the frequency response 
evaluated at the user-specified frequency points. The phase angle is returned in degrees. The mag- 
nitude can be converted to decibels with the statement 
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Figure 8-22 
Bode diagram 
of G(s) 


_ 9(s? + 0.25 + 1) 


~ g(s? + 1.25 +9)" 


496 


MATLAB Program 8-3 


num=[0 9 1.8 9); 
den={[1 1.2 9 OJ; 


= logspace(—2,3,100); 
bode(num,den,w) 
subplot(2,1,1); 
title(‘Bode Diagram of G(s) = 9(642 + 0.2s + 1)/[s(sA2 + 1.25 + 9)]’) 


magdb = 20*log10(mag) 


If we wish to specify the magnitude range to be, for example, at least between —45 dB and 
+45 dB, then enter invisible lines at —45 dB and +45 dB in the plot by specifying dBmax (maxi- 
mum magnitude) and dBmin (minimum magnitude) as follows: 


dBmax = = eee ee 


Then enter the following semilog plot command: 


semilogx(w,magadB,'o',w,magaB, '-',w,dBmax,'--i',w,dBmin, ':i’) 


Bode Diagram of G(s) = 9(s2+0.25+1)/[s(s*2+1.2s+9)] 
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(Note that the number of dBmax points and that of dBmin points must be equal to the 
number of frequency points in w. In this example, all numbers are 100.) Then the screen will 
show the magnitude curve magdB with ‘o’ marks. (Straight lines at +45 dB and —45 dB are 
invisible.) 

Note that ‘i’ is an invisible color. For example, ‘og’ will show small circles in green color and 
‘oi’ will show small circles in ‘invisible’ color: that is, you will not see small circles in the screen. 
By changing a portion of the preceding semilogx command from 


w,dBmax,'--i',w,dBmin,':i' 
to 
w,dBmax,'--',w,dBmin, ':' 


the +45-dB line and —45-dB line will become visible on the screen. 

The range for the magnitude is normally a multiple of 5, 10, 20, or SO dB. (There are excep- 
tions.) For the present case, the range for the magnitude will be from —50 dB to +50 dB. 

For the phase angie, if we wish to specify the range to be, for example, at least between — 145° 
and + 115°, we enter invisible lines at —145° and +115° in the program by specifying pmax (maxi- 
mum phase angle) and pmin (minimum phase angle) as follows: 


pmax = 115*ones(1,100) 
pmin = —145*ones(1,100) 


Then enter the semilog plot command: 
semilogx(w,phase,'o',w,phase, '-',w, pmax, '--i',w,pmin, 77’) 


(The number of pmax points and that of pmin points must be equal to the number of fre- 
quency points in w.) The screen will show the phase curve. Straight lines at +115° and —145° 
are invisible. 

The range for the phase angle is normally a multiple of 5°, 10°, 50°, or 100°. (There are ex- 
ceptions.) For the present case, the range for the phase angle will be from —150° to +150°. 

MATLAB Program 8-4 produces the Bode diagram for the system such that the frequency 
range is from 0.01 to 1000 rad/sec, the magnitude range is from --50 to +50 dB (the magnitude 
range is a multiple of 50 dB), and the phase-angle range is from ~—150° to +150° (the phase- 
angle range is a multiple of 50°). Figure 8-23 shows the Bode diagram obtained by use of 
MATLAB Program 8-4. 


What happens to the Bode diagram if the gain becomes infinite at a certain 
frequency point? If there is a system pole on the jw axis and the w vector happens to 
contain this frequency point, the gain becomes infinite at this frequency. In such a case, 
MATLAB produces warning messages. Consider the following example. 
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MATLAB Program 8—4 


% ***** In this program we shall obtain Bode diagram of 
% transfer-function system using user-specified frequency 
% range se EK 


% ***** Enter the numerator and denominator of the transfer 
% function ***** 


num =[0 9 1.8 9]; 
den={1 1.2 9 O]; 


% ***** Specify the frequency range and enter the command 
% [mag,phase,w] = bode(num,den,w) ***** 


w = logspace(—2,3,100); 
[mag,phase,w] = bode(num,den,w); 


% ***** Convert mag t 
magdB = 20*log10(mag); 


% ***** Specify the range for magnitude. For the system 

% considered, the magnitude range should include ~45 dB 
% and +45 dB. Enter dBmax and dBmin in the program and 
% draw dBmax line and dBmin line in invisible color. To 

% plot the magdB curve and invisible lines, enter the 

% following dBmax, dBmin, and semilogx command ***** 


dBmax = 45*ones(t, 100); 
dBmin = —45*ones(1,100); 
semilogx(w, magadB,’o’ ,w,magcB,’-’,w,dBmax, '--i’,w,dBmin,:i) 


% ***** Enter grid, title, xlabel, and ylabel ***** 


grid 

title(/Bode Diagram of Gis) = 9(s42 + 0.2s + 1)/[s(s42 + 1.25 + 9)]’) 
xlabel(/Frequency (rad/sec)’) 

ylabel(‘Gain dB’) 


% *#*** Next, we shall plot the phase-angle curve ***** 


% ***** Snecify the range for phase angle. For the system 

% considered, the phase-angle range should include —145 degrees 
% and +115 degrees. Enter pmax and pmin in the program and 

% draw pmax line and pmin line in invisible color. To plot 

% the phase curve and invisible lines, enter the following 

% pmax, pmin, and semilogx command ***** 
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pmax = 115*ones(1,100); 
pmin = —145*ones(1,100); 
semilogx(w, phase,’o’,w, phase, ‘-’, w, pmax, ‘--i’,w,pmin, ':i’) 


% **** Enter grid, xlabel, and ylabel ***** 


grid 
xlabel(‘Frequency (rad/sec)’) 
ylabel(‘Phase deg’) 


Bode Diagram of G(s) = 9(8*2+0.25+1)/[s(s*2+1.25+9)] 
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Figure 8-24 
Bode diagram of 


G(s) = 


1 
ae ae 


500 


Consider a system with the following open-loop transfer function: 


1 
OO = F471 
This open-loop transfer function has poles on the ja axis at +}. 

MATLAB Program 8-5 may be used to plot the Bode diagram for this system. The resulting 
plot is shown in Figure 8-24, Theoretically, the magnitude becomes infinite at a frequency point 
where w = 1 rad/sec. However, this frequency point is not among the computing frequency points. 
In the plot the peak magnitude is shown to be approximately 50 dB. This value is computed near, 
but not exactly at, @ = 1 rad/sec. 


MATLAB Program 8-5 


num = [0 0 1]; 
den=[1 O 1]; 
bode(num,den) 
subplot(2, 1 Wi 


If, however, one of the co: np frequency points coincides with the pole at w = 1, then the 
quency 
magnitude becomes infinite at this point. MATLAR sends out warning messages. See MATLAB 


Bode Diagram of G(s) = 1/(s*2+1) 
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Figure 8-25 
Incorrect Bode 
diagram of 


1 
eBags 


Program 8-6 where computing points include the point at w = 1 rad/sec. (There are 101 com- 
puting points in this case. The computing points range from w = 0.1 to w = 10. The fifty-first 
point is at a = 1.) When MATLAB Program 8-6 is entered into the computer, warning mes- 
sages appear, as shown. The resulting Bode diagram, shown in Figure 8-25, does not include 
the computed magnitude at w = 1. (Theoretically, this magnitude is infinite.) The magnitude 
curve shows the peak value at about 20 dB. The phase curve shows a gradual change in the 
phase angle from 0° to +180 ° near point w = 1. (Theoretically, the change in the phase 
angle from 0° to +180° should be abrupt at w = 1.) Obviously, the Bode diagram shown in 
Figure 8-25 is incorrect. 

If the w vector contains such a frequency point, where the gain becomes infinite, change the 
number of frequency points, for examplic, from 101 to 100. Normally, a small change in the num- 
ber of frequency points will avoid this kind of problem. 


MATLAB Program 8-6 


num = [0 0. 1]; 
den= [1 O 1]; 
w = logspace(—1,1,101); 


bode(num,den,w) 


Warning: Divide by zero 
subplot(2,1,1); 
title(‘Incorrect Bode Diagram’) 


Incorrect Bode Diagram 
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Obtaining Bode diagrams of systems defined in state space. Consider the 
system defined by 


x = Ax+ Bu 
y= Cx+ Du 


where x = state vector (-vector) 
y = output vector (m-vector) 
u = control vector (r-vector) 
A = state matrix (n X n matrix) 
B = control matrix (n X r matrix) 
C = output matrix (m X n matrix) 
D = direct transmission matrix (7 < r matrix) 


A Bode diagram for this system may be obtained by entering the command 


bode(A,B,C,D) 
or 


bode(A,B,C,D,iu) 


The command bode(A,B,C,D) produces a series of Bode plots, one for each input of the 
system, with the frequency range automatically determined. (More points are used 
when the response is changing rapidly.) 

The command bode(A,B,C,D,iu) where iu is the ith input of the system, produces the 


Bode di ms from ; ; Oe : 
Bode diagrams from the input iu to all the outputs (1, y2,....m) of the system, with 


frequency range automatically determined. (The scalar iu is an index into the inputs of 
the system and specifies which input is to be used for plotting Bode diagrams). If the 
control vector u has three inputs such that 

[u, | 


“El 


then iu must be set to either 1, 2, or 3. 
Ifthesystem has only one input uv, then either of the following commands may be used: 


bode(A,B,C,D) 
or 
bode(A,B,C,D,1) 
Consider the following system: 
xt | O | 1lfxy, 2 0 * 
a) |-25 —4]lx,| [25 
= *y 
y=[l af 
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Bode diagram of the 
system considered in 


This system has one input u and one output y. By using the command 
bode(A,B,C,D) 


and entering MATLAB Program 8-7 into the computer, we obtain the Bode diagram shown in 
Figure 8-26. 


MATLAB Program 8~7 


1;-25 —4]; 
B = [0;25]; 
0]; 


D = [0]; 
bode(A,B,C,D) 
subplot(2,1,1); 
title(/Bode Diagram’) 


If we replace the command bode(A,B,C,D) in MATLAB Program 8-7 with 
bode(A,B,C,D,1) 


Bode Diagram 
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8-4 POLAR PLOTS 
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Note that if we use, by mistake, the command 
bode(A,B,C,D,2) 


MATLAB produces an error message, because the present system has only one input and iu 
should be set to ‘1’, not ‘2’ or any other number. 


The polar plot of a sinusoidal transfer function G(ja) is a plot of the magnitude of GGw) 
versus the phase angle of G(jw) on polar coordinates as w is varied from zero to infin- 
ity. Thus, the polar plot is the locus of vectors |G(ja)| /G(jw) as w is varied from zero to 
infinity. Note that in polar plots a positive (negative) phase angle is measured counter- 
clockwise (clockwise) from the positive real axis. The polar plot is often called the 
Nyquist plot. An example of such a plot is shown in Figure 8-27. Each point on the po- 
lar plot of G(jw) represents the terminal point of a vector at a particular value of w. In 
the polar plot, it is important to show the frequency graduation of the locus. The pro- 
jections of G(j) on the real and imaginary axes are its real and imaginary components. 
Both the magnitude |G(ja)| and phase angle /G(jw) must be calculated directly for each 
frequency @ in order to construct polar plots. Since the logarithmic plot is easy to con- 
struct, however, the data necessary for plotting the polar plot may be obtained directly 
from the logarithmic plot if the latter is drawn first and decibels are converted into or- 
dinary magnitude. Or, of course, MATLAB may be used to obtain a polar plot G(jw) or 
to obtain |GGjw)| and /G(jw) accurately for various values of in the frequency range 
of interest. (See Section 8-5.) 

An advantage in using a polar plot is that it depicts the frequency-response charac- 
teristics of a system over the entire frequency range in a single plot. One disadvantage 
is that the plot does not clearly indicate the contributions of each individual factor of 
the open-loop transfer function. 


ImIGG 
G(jw) [GGe)] 


Figure 8-27 
0 Polar plot. 
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Integral and derivative factors (jw)*!. The polar plot of G{jw) = 1/jw is the 
negative imaginary axis since 
1 1 


a ee , 
OO a Gr —90 


The polar plot of GGw) = jw is the positive imaginary axis. 


First-order factors (1 + j@T)*!. For the sinusoidal transfer function 


the values of GGw) at w = 0 and w = 1/T are, respectively, 


G(j0)=1/0° and di] =a peas. 


If w approaches infinity, the magnitude of G(jw) approaches zero and the phase angle 
approaches —90°. The polar plot of this transfer function is a semicircle as the frequency 
@ is varied from zero to infinity, as shown in Figure 8—28(a). The center is located at 0.5 
on the real axis, and the radius is equal to 0.5. 

To prove that the polar plot is a semicircle, define 


G(jw) = X + jY 


en ee 
1+ @°T 


Figure 8-28 

(a) Polar plot of 

1/(1 + jwT); (b) plot 
of G(jw) in X-Y 
plane: (@) ) 
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Figure 8-29 
Polar plot of 1 + jwT. 
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Thus, in the X—Y plane G(jw) is a circle with center at X = 3, Y = 0 and with radius 
3, as shown in Figure 8-28(b). The lower semicircle corresponds to 0 = w = ™, and the 
upper semicircle corresponds to -~ = w =0. 

The polar plot of the transfer function 1 + jwT is simply the upper half of the 
straight line passing through point (1,0) in the complex plane and parallel to the imag- 
inary axis, as shown in Figure 8-29. The polar plot of 1 + jwT has an appearance com- 
pletely different from that of 1/(1 + jwT). 


Quadratic factors [1 + 2¢(j@/o,) + (jo/on)2]*!1._ The low- and high-frequency 
portions of the polar lot of the following sinusoidal transfer function 


a A 
r+ 2e(j2)4 (72) 
J o, ] o, 
are given, respectively, by 


lim GGw) = 1 /o° and lim GG) = 0/-180 
The polar plot of this sinusoidal transfer function starts at 1/0° and ends at 0/—180° as 
@ increases from zero to infinity. Thus, the high-frequency portion of G(j@) is tangent 
to the negative real axis. The values of G(jw) in the frequency range of interest can be 
calculated directly or by use of the Bode diagram or by use of MATLAB. 

Examples of polar plots of the transfer function just considered are shown in Figure 
8-30. The exact shape of a polar plot depends on the value of the damping ratio ¢, but 
the general shape of the plot is the same for both the underdamped case (1 > € > 0) 
and overdamped case (¢ > 1). 

For the underdamped case at w = wy, we have G(jw,) = 1/(26), and the phase 
angle at w = @, is —90°. Therefore, it can be seen that the frequency at which the 


GU) = for ¢>0 


Figure 8-30 
Polar plots of 
1 


vais) +(e) 


for 6 >0. 
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G(j@) locus intersects the imaginary axis is the undamped natural frequency @,. In the 
polar plot, the frequency point whose distance from the origin is maximum corre- 
sponds to the resonant frequency w,. The peak value of G(jw) is obtained as the ratio 
of the magnitude of the vector at the resonant frequency w, to the magnitude of 
the vector at w = 0. The resonant frequency @, is indicated in the polar plot shown in 
Figure 8-31. 

For the overdamped case, as € increases well beyond unity, the G(jw) locus ap- 
proaches a semicircle. This may be seen from the fact that for a heavily damped system 
the characteristic roots are real and one is much smaller than the other. Since for suffi- 
ciently large ¢ the effect of the larger root (larger in the absolute value) on the response 
becomes very small, the system behaves like a first-order one. 

Next, consider the following sinusoidal transfer function: 


G(jo) = 1+ (19) + al 


n 


Z 2 
“b-8) 


The low-frequency portion of the curve is 


lim GGjw) = 1 /0° 


w—>0 


and the high frequency portion is 


lim G(ja) = 2 /180° 


00 


Since the imaginary part of G(jw) is positive for w > 0 and is monotonically increas- 
ing and the real part of G(jw) is monotonically decreasing from unity, the general 
shape of the polar plot of G(Gw) is as shown in Figure 8-32. The phase angle is between 
0° and 180°. 


Figure 8-31 
Polar plot showing the resonant 
peak and resonant frequency wy. 
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Figure 8-32 re wo 
Polar plot of 1 + (i 2 + ( ) > 
for €>0. 2 2 


n 


Consider the following second-order transfer function: 


Sketch a polar plot of this transfer function. 
Since the sinusoidal transfer function can be written 
1 wna 1 
jo(1 + joT) 1+ 07? Jo + wT) 


G(jw) = 


the low-frequency portion of the polar plot becomes 


lim G(jw) = —T — jo = ~/ —90° 
i oe) j / 
and the high-frequency portion becomes 


lim G(jw) = 0 — j0 = 0 /-180° 

we o——____ 

The general shape of the polar plot of G(jw) is shown in Figure 8-33. The G(jw) plot is asymp- 
totic to the vertical line passing through the point (— T, 0). Since this transfer function involves an 
integrator (1/s), the general shape of the polar plot differs substantially from those of second- 
order transfer functions that do not have an integrator. 


Transport lag. The transport lag 
G(jw) = e 7? 


can be written 


G(ja) = 1/cos oT — jsinwT 


Figure 8-33 
Polar plot of 1/[fw(1 + jwT)]. 
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EXAMPLE 8-8 


Figure 8-34 
Polar plot of transport lag. 


Low-frequency 
Tegion Figure 8-35 
Polar plots of e~#7 and 1/(1 + jwT). 


Since the magnitude of G(jw) is always unity and the phase angle varies linearly with 
, the polar plot of the transport lag is a unit circle, as shown in Figure 8-34. 

At low frequencies, the transport lag e~/@7 and the first-order lag 1/(1 + jwT) behave 
similarly, as shown in Figure 8-35. The polar plots of e~/#T and 1/(1 + jwT) are tangent 
to each other at w = 0. This may be seen from the fact that, for w < 1/7, 

: 1 
—joT 3 OS _3 
e = 1 —joT and 1+ jot” 1 -— joT 
For w > 1/T, however, an essential difference exists between e~/#T and 1/(1 + jwT), as 
may also be seen from Figure 8-35. 


Obtain the polar plot of the following transfer function: 
e@ Jel 
1+ joT 


G(jw) = 


Since G(jw) can be written 


the magnitude and phase angle are, respectively, 


: 1 1 
i = |p-joL|, | —__—___ ] — ————— 
|G(ia)| le | 1 Jal 4/1 + wT 
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and 


: 1 
G(je) = pene + E + jot = —-wL — tan! wT 


Since the magnitude decreases from unity monotonically and the phase angle also decreases mo- 
notonically and indefinitely, the polar plot of the given transfer function is a spiral, as shown in 
Figure 8-36. 


General shapes of polar plots. The polar plots of a transfer function of the form 
K(1 + joT,)Q + joT,)-- 

(joy'(1 + joT,)0 + joT,)- +: 

_ bol jw)” + bi(joy" "1 +++ 
ao( jw)" + a,(joy*) +++ 


G(jo) = 


where n > m or the degree of the denominator polynomial is greater than that of the 
numerator, will have the following general shapes: 


1. For A = 0 or type 0 systems: The starting point of the polar plot (which corre- 
sponds to w = 0) is finite and is on the positive real axis. The tangent to the polar plot 
at w = 0 is perpendicular to the real axis. The terminal point, which corresponds to 
w = %,is at the origin, and the curve is tangent to one of the axes. 

2. For A = 1 or type 1 systems: the jw term in the denominator contributes —90° to 
the total phase angle of G(jw) for 0 = w = ». At w = 0, the magnitude of GGw) is in- 
finity, and the phase angle becomes —90°. At low frequencies, the polar plot is asymp- 
totic to a line parallel to the negative imaginary axis. Atw = ©, the magnitude becomes 
zero, and the curve converges to the origin and is tangent to one of the axes. 

3. Ford = 2 or type 2 systems: The (jw)? term in the denominator contributes — 180° 
to the total phase angle of G(jw) for 0 = w = ~. At w = 0, the magnitude of G(jw) is 
infinity, and the phase angle is equal to —180°. At low frequencies, the polar plot is 
asymptotic to a line parallel to the negative real axis. At w = ~, the magnitude becomes 
zero, and the curve is tangent to one of the axes. 


The general shapes of the low-frequency portions of the polar plots of type 0, type 
1, and type 2 systems are shown in Figure 8-37. It can be seen that, if the degree of the 
denominator polynomial of G(j) is greater than that of the numerator, then the GGw) 


Im 


Re 


Figure 8-36 
Polar plot of e~#4/(1 + jwT). 
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Figure 8-37 
Polar plots of type 0, type 1, and 
type 2 systems. 


Type 0 system 


loci converge to the origin clockwise. At @ = ~, the loci are tangent to one or the other 
axes, as shown in Figure 8-38. 

Note that any complicated shapes in the polar plot curves are caused by the nu- 
merator dynamics, that is, by the time constants in the numerator of the transfer func- 
tion. Figure 8-39 shows examples of polar plots of transfer functions with numerator 
dynamics. In analyzing control systems, the polar plot of G(jw) in the frequency range 
of interest must be accurately determined. 

Table 8-1 shows sketches of polar plots of several transfer functions. 


Im 


Figure 8-38 
Polar plots in the 
high-frequency 
range. 


Im 


Re 


Figure 8-39 

Polar plots of trans- 
fer functions with nu- 
merator dynamics. 


o~—s 
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Table 8-1 Polar Plots of Simple Transfer Functions 


8-5 DRAWING NYQUIST PLOTS WITH MATLAB 


Nyquist plots, just like Bode diagrams, are commonly used in the frequency-response 
representation of linear, time-invariant, feedback control systems. Nyquist plots are po- 
lar plots, while Bode diagrams are rectangular plots. One plot or the other may be more 
convenient for a particular operation, but a given operation can always be carried out 
in either plot. 
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EXAMPLE 8-9 


The command nyquist computes the frequency response for continuous-time, linear, 
time-invariant systems. When invoked without left-hand arguments, nyquist produces a 
Nyquist plot on the screen. 

The command 


nyquist(num,den) 


draws the Nyquist plot of the transfer function 


_ num(s) 
i ae den(s) 


where num and den contain the polynomial coefficients in descending powers of s. 
The command 


nyquist(num,den,w) 


uses the user-specified frequency vector w. The vector w specifies the frequency points 
in radians per second at which the frequency response will be calculated. 
When invoked with the left-hand arguments 


[re,im,w] = nyquist(num,den) 
or 
[re,im,w] = nyquist(num,den,w) 


MATLAB returns the frequency response of the system in the matrices re, im and w. 
No plot is drawn on the screen. The matrices re and im contain the real and imaginary 
parts of the frequency response of the system evaluated at the frequency points speci- 
fied in the vector w. Note that re and im have as many columns as outputs and one row 
for each element in w. 


Consider the following open-loop transfer function: 


1 


OO) Fs 08rd 


Draw a Nyquist plot with MATLAB. 
Since the system is given in the form of the transfer function, the command 


nyquist(num,den) 


may be used to draw a Nyquist plot. MATLAB Program 8-8 produces the Nyquist plot shown 
in Figure 8—40. In this plot the ranges for the real axis and imaginary axis are automatically 
determined. 

If we wish to draw the Nyquist plot using manually determined ranges, for example, from —2 
to 2 on the real axis and from —2 to 2 on the imaginary axis, enter the following command into 
the computer: 
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MATLAB Program 8-8 


num= [0 0 14]; 

den= [1 0.8 1]; 

nyquist(num,den)} 

grid 

title(‘Nyquist Plot of G(s) = 1/4842 +0.8s+1)) 


Nyquist Plot of G(s) = 1/(s*2+0.85+1) 


Nyquist plot of G(s) iss : i : ; i : : 
Cee 706 -04 -02 0 02 04 06 08 1 12 
s+ 0.85 +1 Real Axis 


v=[-2 2 -2 2]; 
axis(v); 


or, combining these two lines into one, 
axis([-2 2 -—2 2)); 
See MATLAB Program 8-9 and the resulting Nyquist plot shown in Figure 8—41. 


MATLAB Program 8-9 


num =[0 0 1]; 
den=[11 0.8 1]; 

nyquist(num,den) 

v=[-2 2 ~-2 2]: axis(v) 

grid 

title/Nyquist Plot of G(s) = 1/(s42 + 0.85 + 1)’) 


Caution. In drawing a Nyquist plot, where MATLAB operation involves “Divide 
by zero,” the resulting Nyquist plot may be erroneous. For example, if the transfer func- 
tion G(s) is given by 
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Nyquist Plot of G(s) = 1/(s*2+0.8s+1) 


4 - 
< : 
ob ‘ 
ae _ 
i See J. 4 
Figure 8-41 : oe ee nee e 
Nyquist plot of G(s) 5 ; 
ee AS 1 OSS 0 OS. St BS 2 
+085 +1 Real Axis 
G(s) = J 
s(s + 1) 
then the MATLAB command 
num=[0 0 1); 
den=[1 1 O); 
nyquist(num,den) 
produces an erroneous Nyquist plot. An example of an erroneous Nyquist plot is shown 
in Figure 8—42. If such an erroneous Nyquist plot appears on the computer, then it can 
be corrected if we specify the axis(v). For example, if we enter the axis command 
x10! Erroneous Nyquist Plot 
1 
: 
E 
Figure 8-42 
Erroneous Nyquist “lp 5 08 07 06 ~05 04 03 03 010 
plot. Real Axis 
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EXAMPLE 8-10 


Figure 8-43 
Nyquist plot of 


G(s) = 


1 
sis +1)° 
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v=[-2 2 —5_ 5); axis(v) 
in the computer, then a correct Nyquist plot can be obtained. See Example 8-10. 
Draw a Nyquist plot for the following G(s): 
1 
Gels s(s + 1) 
MATLAB Program 8-10 will produce a correct Nyquist plot on the computer even 


though a warning message “Divide by zero” may appear on the screen. The resulting 
Nyquist plot is shown in Figure 8—43. 


MATLAB Program 8-10 


num = [0 0 1] 
den=[1 1° O); 
nyquist(num,den) 
v=[-2 2 -—5 5]; axis(v) 

grid 

title’Nyquist Plot of G(s) = 1/([s(s + 1)]’) 


Notice that the Nyquist plot shown in Figure 8—43 includes the loci for both w > 0 and w < 0. 
If we wish to draw the Nyquist plot for only the positive frequency region (@ > 0), then we need 
to use the command 


[re,im,w] = nyquist(num,den,w) 


Imag Axis 
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Figure 8-44 
Nyquist plot of 


G(s) = 


1 


s(s +1)" 


Imag Axis 


MATLAB Program 8-11 


num =[0 0 1]; 
den=[1 1. 0}; 
w = 0.1:0.1:100; 

[re,im,w] = nyquist(num,den,w); 


plot(re,im) 
v=[-2 2 —5 5]; axis(v) 
grid 


title’/Nyquist Plot of G(s) = 1/[s(s + 1)]’) 
xlabel(‘Real Axis’) 
ylabel(‘Imag Axis’) 


Nyquist Plot of G(s) = 1/{[s(s+1)] 


Real Axis 


Drawing Nyquist plots of a system defined in state space. 
tem defined by 


x = Ax + Bu 
y = Cx + Du 


where x = state vector (n-vector) 
y = output vector (m-vector) 
u = control vector (r-vector) 
A = state matrix (n X n matrix) 
B = control matrix (7 X r matrix) 
C = output matrix (m X n matrix) 
D = direct transmission matrix (m X r matrix) 


Nyquist plots for this system may be obtained by use of the command 


nyquist(A,B,C,D) 
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Consider the sys- 


EXAMPLE 8-11 


518 


This command produces a series of Nyquist plots, one for each input and output com- 
bination of the system. The frequency range is automatically determined. 
The command 


nyquist(A,B,C,D,iu) 
produces Nyquist plots from the single input iu to all the outputs of the system, with the 
frequency range determined automatically. The scalar iu is an index into the inputs of 
the system and specifies which input to use for the frequency response. 
The command 


nyquist(A,B,C,D,iu,w) 


uses the user-supplied frequency vector w. The vector w specifies the frequencies in ra- 
dians per second at which the frequency response should be calculated. 


Consider the system defined by 


Draw a Nyquist piot. 
This system has a single input u and a single output y. A Nyquist plot may be obtained by en- 
tering the command 
nyquist(A,B,C,D) 
or 


nyquist(A,B,C,D,1) 


MATLAB Program 8-12 will provide the Nyquist plot. (Note that we obtain the identical result 
by using either of these two commands.) Figure 8-45 shows the Nyquist plot produced by 


MATLAB Program 8-12. 


A=[0 1;-25 4]; 
B = [0;25]; 

C=[1 O] 

D = [0]; 
nyquist(A,B,C,D) 

grid 


title Nyquist Plot’) 
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Figure 8-45 
Nyquist plot of sys- 
tem considered in 
Example 8-11. 


EXAMPLE 8-12 


Nyquist Plot 


0G 04 -02 0 02 04 06 08 1 1.2 


Consider the system defined by 
4] _f- -ffa) [2 ifs 
% 6.5 Of] x, 1 Oflu 
vit _ 1 O}fx, ri 0 Oflu, 
yy 0 iilx, 0 Ow 


This system involves two inputs and two outputs. There are four sinusoidal output-input rela- 
tionships: Yigiw)/Ui(jw), YxGw)/ Ui (ja), Yi(jw)/U2(jw), and Y2jw)/U2(jw). Draw Nyquist plots for 


the system. (When considering input i, we assume that input w is zero, and vice versa.) 
The four individual Nyquist plots can be obtained by use of the command 


nyquist(A,B,C, D) 
MATLAB Program 8-13 produces the four Nyquist plots. They are shown in Figure 8-46. 


MATLAB Program 8-13 


A=[-1 ~1,6.5 0]; 
B=([1 1;1 0); 


C=[1 0,0 1]; 
D=[0 0,0 0}; 
nyquist(A,B,C,D) 


8-6 LOG-MAGNITUDE VERSUS PHASE PLOTS 


Another approach to graphically portraying the frequency-response characteristics is 
to use the log-magnitude versus phase plot, which is a plot of the logarithmic magnitude 
in decibels versus the phase angle or phase margin for a frequency range of interest. 
[The phase margin is the difference between the actual phase angle ¢ and —180”; that 
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Figure 8-46 
Nyquist plots of sys- 
tem considered in 
Example 8-12. 
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Input 1 Output 1 Input 1 Output 2 
8 0.5 8 2 
5 8 
= 05 re 
asa 0 1 2 45 0 2 4 
Real Axis Real Axis 
1 Input 2 Output | Input 2 Output 2 
8 0.5 8 2 
e = 
5-05 = 2 
19 0.5 1 reo ei ie a 8 
Real Axis Real Axis 


is, 6 — (—180°) = 180° + @.] The curve is graduated in terms of the frequency w. Such 
log-magnitude versus phase plots are commonly called Nichols plots. 

In the Bode diagram, the frequency-response characteristics of G(jw) are shown on 
semilog paper by two separate curves, the log-magnitude curve and the phase-angle 
curve, while in the log-magnitude versus phase plat, the twa curves in the Bade diagram 
are combined into one. The log-magnitude versus phase plot can easily be constructed 
by reading values of the log magnitude and phase angle from the Bode diagram. Notice 
that in the log-magnitude versus phase plot a change in the gain constant of G(jw) 
merely shifts the curve up (for increasing gain) or down (for decreasing gain), but the 
shape of the curve remains the same. 

Advantages of the log-magnitude versus phase plot are that the relative stability of 
the closed-loop system can be determined quickly and that compensation can be 
worked out easily. 

The log-magnitude versus phase plots for the sinusoidal transfer function G(jw) and 
1/G(jw) are skew symmetrical about the origin since 


: in dB = —|G(jo)| in dB 
aaa |GGa)| 


| 1 | 
GG ~ ~ LOU) 


Figure 8—47 compares frequency-response curves of 
1 


vars) + (ra) 
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and 


G(jw) = 


~=180° -90° 0° 


(b) (c) 


rT. a as at 
ince iepresenl 1aUuvul 


£ak nw Fon net eee ence nen pre £. 
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(a) Bode diagram; (b) polar plot; (c) log-magnitude versus phase plot. 


in three different representations. In the log-magnitude versus phase plot, the vertical 
distance between the points w = 0 and w = w,, where , is the resonant frequency, is 
the peak value of G(jw) in decibels. 

Since log-magnitude and phase-angle characteristics of basic transfer functions have 
been discussed in detail in Sections 8-2 and 8-3, it will be sufficient here to give exam- 
ples of some log-magnitude versus phase plots, Table 8-2 shows such examples. 


8-7 NYQUIST STABILITY CRITERION 


This section presents the Nyquist stability criterion and associated mathematical back- 
grounds. Consider the closed-loop system shown in Figure 8—48. The closed-loop trans- 
fer function is 


Cis) ___ Gs), 
Ris) «14+ G@)H(s) 


For stability, all roots of the characteristic equation 


1+ G(s)H(s) = 0 
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Table 8-2 Log-Magnitude versus Phase Plots of Simple Transfer 
Functions 


0 
180° —-180° a° 180° 
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Figure 8-48 
Closed-loop system. 
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must lie in the left-half s plane. [It is noted that, although poles and zeros of the open- 
loop transfer function G(s)H(s) may be in the right-half s plane, the system is stable if 
all the poles of the closed-loop transfer function (that is, the roots of the characteristic 
equation) are in the left-half s plane.] The Nyquist stability criterion relates the open- 
loop frequency response G(jw)H(jw) to the number of zeros and poles of 1 + G(s)H(s) 
that lie in the right-half s plane. This criterion, derived by H. Nyquist, is useful in con- 
trol engineering because the absolute stability of the closed-loop system can be deter- 
mined graphically from open-loop frequency-response curves, and there is no need for 
actually determining the closed-loop poles. Analytically obtained open-loop frequency- 
response curves, as well as those experimentally obtained, can be used for the stabil- 
ity analysis. This is convenient because, in designing a control system, it often happens 
that mathematical expressions for some of the components are not known; only their 
frequency-response data are available. 

The Nyquist stability criterion is based on a theorem from the theory of complex 
variables. To understand the criterion, we shall first discuss mappings of contours in the 
complex plane. 

We shall assume that the open-loop transfer function G(s)H(s) is representable as 
a ratio of polynomials in s. For a physically realizable system, the degree of the denom- 
inator polynomial of the closed-loop transfer function must be greater than or equal to 
that of the numerator polynomial. This means that the limit of G(s) H(s) as s approaches 
infinity is zero or a constant for any physically realizable system. 


Preliminary study. ‘Thecharacteristic equation of the system shown in Figure 8—48 is 


qs 


Wl o\ = {o\Eo\ = 
Ss) re | ee 1 ACE LES Ce 


ca 


We shall show that for a given continuous closed path in the s plane, which does not go 

through any singular points, there corresponds a closed curve in the F(s) plane. The 

number and direction of encirclements of the origin of the F(s) plane by the closed 

curve plays a particularly important role in what follows, for later we shall correlate the 
number and direction of encirclements with the stability of the system. 

Consider, for example, the following open-loop transfer function: 
G(S)H() ; 
s = 
(s + 1)(s + 2) 


The characteristic equation is 


6 
+ —_———— 
(s + 1)(s + 2) 
— +15 + j2.4)(5 + 1.5 — j2.4) _ 0 
(s + 1)(s + 2) 
The function F(s) is analytic everywhere in the s plane except at its singular points. For 
each point of analyticity in the s plane, there corresponds a point in the F(s) plane. For 
example, if s = 1 + j2, then F(s) becomes 
6 
a a, ea A 
(2 + j2)(3 + f2) 


F(s) = 1+ G(s)H(s) = 1 


F(1 + j2) =1 = 1.115 — j0.577 
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Thus,the points = 1 + j2inthes plane mapsintothe point 1.115 — j0.577 in the F(s) plane. 

Thus, as stated previously, for a given continuous closed path in the s plane, which 
does not go through any singular points, there corresponds a closed curve in the F(s) 
plane. Figure 8—49 (a) shows conformal mappings of the lines » = 0,1,2,3 and the lines 
o = 1,0, —-1, —2, —3, —4 in the upper-half s plane into the F(s) plane. For example, the 
line s = jw in the upper-half s plane (w = 0) maps into the curve denoted by o = 0 in 
the F(s) plane. Figure 8—49(b) shows conformal mappings of the lines # = 0, —1, —2, 
~3 and the lines o = 1,0, —1, —2, —3, —4 in the lower-half s plane into the F(s) plane. 
Notice that for a given o the curve for negative frequencies is symmetrical about the 
real axis with the curve for positive frequencies. Referring to Figures 8—49(a) and (b), 
we see that for the path ABCD in the s plane traversed in the clockwise direction the 
corresponding curve in the F(s) plane is A’B'C’D’. The arrows on the curves indicate 
directions of traversal. Similarly, the path DEFA in the s plane maps into the curve 
D'E'F’A’ in the F(s) plane. Because of the property of conformal mapping, the corre- 
sponding angles in the s plane and F(s) plane are equal and have the same sense. [For 
example, since lines AB and BC intersect at right angles to each other in the s plane, 
curves A’B' and B'C’ also intersect at right angles at point B’ in the F(s) plane.] Re- 
ferring to Figure 8-49(c), we see that on the closed contour ABCDEFA in the s plane 
the variable s starts at point A and assumes values on this path in a clockwise direction 
until it returns to the starting point A. The corresponding curve in the F(s) plane is de- 
noted A’B’C'D' E’F'A'. If we define the area to the right of the contour when a repre- 
sentative point s moves in the clockwise direction to be the inside of the contour and 
the area to the left to be the outside, then the shaded area in Figure 8—49(c) is enclosed 
by the contour ABCDEFA and is inside it. From Figure 8—49(c), it can be seen that 
when the contour in the s plane encloses two poles of F(s) the locus of F(s) encircles the 
origin of the F(s) plane twice in the counterclockwise direction. 

The number of encirclements of the origin of the F(s) plane depends on the 
closed contour in the s plane. If this contour encloses two zeros and two poles of F(s), 
then the corresponding F(s) locus does not encircle the origin, as shown in Figure 
8-49(d). If this contour encloses only one zero, the corresponding locus of F(s) en- 
circles the origin once in the clockwise direction. This is shown in Figure 8-49(e). Fi- 
nally, if the closed contour in the s plane encloses neither zeros nor poles, then the 
locus of F(s) does not encircle the origin of the F(s) plane at all. This is also shown 
in Figure 8—49(e). 

Note that for each point in the s plane, except for the singular points, there is only 
one corresponding point in the F(s) plane; that is, the mapping from the s plane into the 
F(s) plane is one to one. The mapping from the F(s) plane into the s plane may not be 
one to one, however, so that a given point in the F(s) plane may correspond to more 
than one point in the s plane. For example, point B’ in the F(s) plane in Figure 8—49(d) 
corresponds to both point (—3, 3) and point (0, —3) in the s plane. 

From the foregoing analysis, we can see that the direction of encirclement of the 
origin of the F(s) plane depends on whether the contour in the s plane encloses a pole 
or a zero. Note that the location of a pole or zero in the s plane, whether in the right- 
half or left-half s plane, does not make any difference, but the enclosure of a pole or 
zero does. If the contour in the s plane encloses & zeros and k poles (k = 0,1, 2,...), 
that is, an equal number of each, then the corresponding closed curve in the F(s) 
plane does not encircle the origin of the F(s) plane. The foregoing discussion is a 
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graphical explanation of the mapping theorem, which is the basis for the Nyquist sta- 
bility criterion. 


Mapping theorem. Let F(s) be a ratio of two polynomials in s. Let P be the num- 
ber of poles and Z be the number of zeros of F(s) that lie inside some closed contour in 
the s plane, with multiplicity of poles and zeros accounted for. Let this contour be such 
that it does not pass through any poles or zeros of F(s). This closed contour in the s plane 
is then mapped into the F(s) plane as a closed curve. The total number N of clockwise 
encirclements of the origin of the F(s) plane, as a representative point s traces out the 
entire contour in the clockwise direction, is equal to Z — P. (Note that by this mapping 
theorem the numbers of zeros and of poles cannot be found, only their difference.) 

We shall not present a formal proof of this theorem here but leave the proof to Prob- 
lem A-8-10. Note that a positive number N indicates an excess of zeros over poles of the 
function F(s) and a negative N indicates an excess of poles over zeros. In control system 
applications, the number P can be readily determined for F(s) = 1 + G(s)A(s) from the 
function G(s)H(s). Therefore, if N is determined from the plot of F(s), the number of 
zeros in the closed contour in the s plane can be determined readily. Note that the ex- 
act shapes of the s-plane contour and F(s) locus are immaterial so far as encirclements 
of the origin are concerned, since encirclements depend only on the enclosure of poles 
and/or zeros of F(s) by the s-plane contour. 


Application of the mapping theorem to the stability analysis of closed-loop 
systems. For analyzing the stability of linear contro] systems, we let the closed con- 
tour in the s plane enclose the entire right- half s plane. The contour consists of the 
entire jw axis from @ = —~to +~anda semicircular path of infinite radius in the right- 
half s plane. Such a contour is called the Nyquist path. (The direction of the path is clock- 
wise.) The Nyquist path encloses the entire right-half s plane and encloses all the zeros 
and poles of 1 + G(s)H(s) that have positive real parts. [If there are no zeros of 


1+ GOS\HOs\ in the right-half s plane. then there are no closed-loan poles there and the 
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system is stable.] It is necessary that the closed contour, or the Nyquist path, not pass 
through any zeros and poles of 1 + G(s)H(s). If G(s)H(s) has a pole or poles at the ori- 
gin of the s plane, mapping of the point s = 0 becomes indeterminate. In such cases, the 
origin is avoided by taking a detour around it. (A detailed discussion of this special case 
is given later.) 

If the mapping theorem is applied to the special case in which F(s) is equal to 
1 + G(s)H(s), then we can make the following statement: If the closed contour in the s 
plane encloses the entire right-half s plane, as shown in Figure 8-50, then the number 
of right-half plane zeros of the function F(s) = 1 + G(s)H(s) is equal to the number of 
poles of the function F(s) = 1 + G(s)H(s) in the right-half s plane plus the number of 
clockwise encirclements of the origin of the 1 + G(s)H(s) plane by the corresponding 
closed curve in this latter plane. 

Because of the assumed condition that 


lim [1 + G(s)H(s)] = constant 


the function of 1 + G(s)H(s) remains constant as s traverses the semicircle of infinite 
radius. Because of this, whether the locus of 1 + G(s)H(s) encircles the origin of the 
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Figure 8-50 
Closed contour in the s plane. 


1 + G(s)H(s) plane can be determined by considering only a part of the closed contour 
in the s plane, that is, the jw axis. Encirclements of the origin, if there are any, occur only 
while a representative point moves from —j to +je along the jw axis, provided that no 
zeros or poles lie on the jw axis. 

Note that the portion of the 1 + G(s)H(s) contour from @ = —& to wm = is simply 
1 + GG@)H(jw).Since 1 + G(jw)H(ja) is the vector sum of the unit vector and the vec- 
tor G(jw)H(jw), 1 + G(j@)H(ja) is identical to the vector drawn from the —1 + j0 point 
to the terminal point of the vector G(jw)H(jw), as shown in Figure 8-51. Encirclement 
of the origin by the graph of 1 | C(Gw)H(jw) is equivalent to encirclement of the 
—1 + j0 point by just the GG@)H(ja) locus. Thus, stability of a closed-loop system can 
be investigated by examining encirclements of the —1 + j0 point by the locus of 
G(jw)H(jw). The number of clockwise encirclements of the —1 + j0 point can be found 
by drawing a vector from the —1 + j0 point to the G(jw)H(j@) locus, starting from 
wo = —%, going through w = 0, and ending ait w — +, and by counting the number of 
clockwise rotations of the vector. 

Plotting G(jw)H(jw) for the Nyquist path is straightforward. The map of the nega- 
tive j@ axis is the mirror image about the real axis of the map of the positive ja axis. 
That is, the plot of G(jw)H(jw) and the plot of G(—jw)H(—jo) are symmetrical with 
each other about the real axis. The semicircle with infinite radius maps into either the 
origin of the GH plane or a point on the real axis of the GH plane. 

In the preceding discussion, G(s)H(s) has been assumed to be the ratio of two poly- 
nomials in s. Thus, the transport lag e~7» has been excluded from the discussion. Note, 
however, that a similar discussion applies to systems with transport lag, although a proof 
of this is not given here. The stability of a system with transport lag can be determined 
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from the open-loop frequency-response curves by examining the number of encir- 
clements of the —1 + j0 point, just as in the case of a system whose open-loop transfer 
function is a ratio of two polynomials in s. 


Nyquist stability criterion. The foregoing analysis, utilizing the encirclement of 
the —1 + j0 point by the G(jw)H(ja) locus, is summarized in the following Nyquist sta- 
bility criterion: 


Nyquist stability criterion [for a special case when G(s) H(s) has neither poles nor ze- 
ros on the jw axis.]: In the system shown in Figure 8-48, if the open-loop transfer 
function G(s)H(s) has & poles in the right-half s plane and lim,» G(s)H(s) = con- 
stant, then for stability the GGw)H(j@) locus, as » varies from —~ to ~, must en- 
circle the —1 + j0 point k times in the counterclockwise direction. 


Remarks on the Nyquist stability criterion 


1. This criterion can be expressed as 
Z=N+P 
where Z = number of zeros of | + G(s)H(s) in the right-half s plane 
N = number of clockwise encirclements of the —1 + j0 point 
P = number of poles of G(s) H(s) in the right-half s plane 


If P is not zero, for a stable control system, we must have Z = 0, or N = —P, which 
means that we must have P counterclockwise encirclements of the —1 + j0 point. 

If G(s)H(s) does not have any poles in the right-half s plane, then Z = N. Thus, for 
stability there must be no encirclement of the —1 + j0 point by the G(j@)H(jw) locus. 
In this case it is not necessary to consider the locus for the entire jw axis, only for the 
positive-frequency portion. The stability of such a system can be determined by seeing 
if the —1 + /0 point is enclosed by the Nyquist plot of GGw)H(jw). The region enclosed 
by the Nyquist plot is shown in Figure 8-52. For stability, the = + j0 point must lie 
outside the shaded region. 

2. We must be careful when testing the stability of multiple-loop systems since they 
may include poles in the right-half s plane. (Note that although an inner loop may be 


unstable the entire closed-loop system can be made stable by proper design.) Simple in- 
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Figure 8-52 
Region enclosed by a Nyquist plot. 
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spection of encirclements of the —1 + j0 point by the G(jw)H(jw) locus is not sufficient 
to detect instability in multiple-loop systems. In such cases, however, whether any pole 
of 1 + G(s)A(s) is in the right-half s plane can be determined easily by applying the 
Routh stability criterion to the denominator of G(s) H(s). 

If transcendental functions, such as transport lag e~™, are included in G(s)H(s), they 
must be approximated by a series expansion before the Routh stability criterion can be 
applied. One form of a series expansion of e~ ™ was given in Chapter 5 and repeated here: 
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As a first approximation, we may take only the first two terms in the numerator and de- 
nominator, respectively, or 


ree 
or 2 2-Ts 
Ts 2+Ts 
1+ 


This gives a good approximation to transport lag for the frequency range OS w = 
(0.5/T). [Note that the magnitude of (2 — jwT)(2 + jwT) is always unity, and the phase 
lag of (2 — jwT)/(2 + jaT) closely approximates that of transport lag within the stated 
frequency range.]} 

3. If the locus of G(jw)H(jw) passes through the —1 + j0 point, then zeros of the 
characteristic equation, or closed-loop poles, are located on the jw axis. This is not de- 
sirable for practical control systems. For a well-designed closed-loop system, none of the 
roots of the characteristic equation should lie on the jw axis. 


Special case when G(s)H(s) involves poles and/or zeros on the j@ axis. In 
the previous discussion, we assumed that the open-loop transfer function G(s)H(s) has 
neither poles nor zeros at the origin. We now consider the case where G(s) H(s) involves 
poles and/or zeros on the jw axis. 

Since the Nyquist path must not pass through poles or zeros of G(s)H(s), if the func- 
tion G(s)H(s) has poles or zeros at the origin (or on the jw axis at points other than the 
origin), the contour in the s plane must be modified. The usual way of modifying the 
contour near the origin is to use a semicircle with the infinitesimal radius €, as shown in 
Figure 8-53. A representative point s moves along the negative jw axis from —je to j0-. 
From s = jO— tos = j0+, the point moves along the semicircle of radius ¢ (where € < 1) 
and then moves along the positive jw axis from j0+ to joc. From s = j%, the contour fol- 
lows a semicircle with infinite radius, and the representative point moves back to the 
starting point. The area that the modified closed contour avoids is very small and ap- 
proaches zero as the radius ¢ approaches zero. Therefore, all the poles and zeros, if any, 
in the right-half s plane are enclosed by this contour. 

Consider, for example, a closed-loop system whose open-loop transfer function 
is given by 
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(As) s(Ts + 1) 
The points corresponding to s = j0+ and s = j0— on the locus of G(s)H(s) in the 
G(s)H(s) plane are —jeo and jo, respectively. On the semicircular path with radius € 
(where € < 1), the complex variable s can be written 


s= ee? 
where @ varies from —90° to +90°. Then G(s)H(s) becomes 


; . KK _, 
G(ee"*) H(ee!?) = ets 9 

The value K/e approaches infinity as € approaches zero, and — @ varies from 90° to —90° 
as a representative point s moves along the semicircle. Thus, the points G(j0—) 
H(jO—-) = jo and G(j0+)H(0+) = —jco are joined by a semicircle of infinite radius in 
the right-half GH plane. The infinitesimal semicircular detour around the origin maps 
into the GH plane as a semicircle of infinite radius. Figure 8-54 shows the s-plane con- 
tour and the G(s) H(s) locus in the GH plane. Points A, B, and C on the s-plane contour 
map into the respective points A’, B’, and C’ on the G(s)H(s) locus. As seen from Fig- 
ure 8-54, points D, E, and F on the semicircle of infinite radius in the s plane map into 
the origin of the GH plane. Since there is no pole in the right-half s plane and the 
G(s)H(s) locus does not encircle the —1 + j0 point, there are no zeros of the function 
1 + G(s)H(s) in the right-half s plane. Therefore, the system is stable. 

For an open-loop transfer function G(s)H(s) involving a 1/s" factor (where n = 
2, 3,...), the plot of G(s)H(s) has n clockwise semicircles of infinite radius about the 
origin as a representative point s moves along the semicircle of radius € (where € < 1). 
For example, consider the following open-loop transfer function: 
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Figure 8-54 
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Figure 8-55 
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Then 


lim G(s)H(s) = 

ln COAG) aaa 2 

As @ varies from —90° to 90° in the s plane, the angle of G(s)H(s) varies from 180° to 

—180°, as shown in Figure 8-55. Since there is no pole in the right-half s plane and the lo- 

cus encircles the —1 + j0 point twice clockwise for any positive value of K, there are two 

zeros of 1 + G(s)H(s) in the right-half s plane. Therefore, this yetem is always unstable. 
Note that «o similoe analercie can he ade if OU NIM - ANS sa ee Vi 
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the jw axis. The Nyquist stability criterion can now be generalized as follows: 


Nyquist stability criterion [for a general case when G(s)H(s) has poles and/or zeros 
on the jw axis.|: In the system shown in Figure 8-48, if the open-loop transfer func- 
tion G(s)H(s) has & poles in the right-half s plane, then for stability the G(s)H(s) 
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locus, as a representative point s traces on the modified Nyquist path in the 
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clockwise direction, must encircle the —1+ j0 point k times in the counter- 
clockwise direction. 


8-8 STABILITY ANALYSIS 


EXAMPLE 8-13 


EXAMPLE 8-14 


532 


In this section, we shall present several illustrative examples of the stability analysis of 
control systems using the Nyquist stability criterion. 

If the Nyquist path in the s plane encircles Z zeros and P poles of 1 + G(s)H(s) and 
does not pass through any poles or zeros of 1 + G(s)H(s) as a representative point s 
moves in the clockwise direction along the Nyquist path, then the corresponding con- 
tour in the G(s)H(s) plane encircles the —1 + j0 point N = Z — P times in the clock- 
wise direction. (Negative values of N imply counterclockwise encirclements.) 

In examining the stability of linear control systems using the Nyquist stability crite- 
rion, we see that three possibilities can occur. 


1. There is no encirclement of the —1 + j0 point. This implies that the system is stable 
if there are no poles of G(s)Hi(s) in the right-half s plane; otherwise, the system is 
unstable. 

2. There is a counterclockwise encirclement or encirclements of the —1 + j0 point. In 
this case the system is stable if the number of counterclockwise encirclements is the 
same as the number of poles G(s)H(s) in the right-halfs plane; otherwise, the system 
is unstable. 

3. There is a clockwise encirclement or encirclements of the —1 + j0 point. In this case 
the system is unstable. 


In the following examples, we assume that the values of the gain K and the time con- 
stants (such as 7; 7), and 72) are all positive. 


Consider a closed-loop system whose open-loop transfer function is given by 


K 


COAG) > (T,s + 1)(Tys + 1) 


Examine the stability of the system. 

A plot of GGw)H(jw) is shown in Figure 8-56. Since G(s)H(s) does not have any poles in the 
right-half s plane and the —1 + j0 point is not encircled by the G(jw)H(jw) locus, this system is 
stable for any positive values of K, 71, and To. 


Consider the system with the following open-loop transfer function: 


K 


OS) = rsa Tet D 


Determine the stability of the system for two cases: (1) the gain K is small and (2) K is large. 

The Nyquist plots of the open-loop transfer function with a small value of K and a large value 
of K are shown in Figure 8-57. The number of poles of G(s)H(s) in the right-half s plane is zero. 
Therefore, for this system to be stable, it is necessary that N = Z = 0 or that the G(s)H(s) locus 
not encircle the —1 + j0 point. 
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Figure 8-57 ! 
Polar plots of the sys- aoe w= 0+ 
tem considered in : : 
Example 8-14. Small K Large K 


For small values of K, there is no encirclement of the —1 + j0 point. Hence, the system is sta- 
ble for small values of K. For large values of K, the locus of G(s)H(s) encircles the —1 + j0 point 
twice in the clockwise direction, indicating two closed-loop poles in the right-half s plane, and the 
system is unstable. (For good accuracy, K should be large. From the stability viewpoint, however, 
a large value of K causes poor stability or even instability. To compromise between accuracy and 
stability, it is necessary to insert a compensation network into the system. Compensating tech- 
niques in the frequency domain are discussed in Chapter 9.) 


Im 
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Figure 8-56 
Polar plot of G(jw)H(jw) considered 


EXAMPLE 8-15 The stability of a closed-loop system with the following open-loop transfer function 
K(T>s + 1) 
s*(T,s + 1) 
depends on the relative magnitudes of T; and 72. Draw Nyquist plots and determine the stability 
of the system. 
Plots of the locus G(s)H(s) for three cases, 71 < To, T1 = T2, and Ti > T2, are shown in Fig- 


ure 8-58. For T; < T2, the locus of G(s)H(s) does not encircle the —1 + 0 point, and the closed- 
loop system is stable. for 7, = 72 the G(s)/I(s) locus passes through the —1 + j0 point, which 


G(s)H(s) = 
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Figure 8-58 
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indicates that the closed-loop poles are located on the jw axis. For T; > 72, the locus of G(s)H(s) 
encircles the —1 + j0 point twice in the clockwise direction. Thus, the closed-loop system has two 
closed-loop poles in the right-half s plane, and the system is unstable. 


Consider the closed-loop system having the following open-loop transfer function: 


K 


G(s)H(s) = (Ts —) = 
Determine the stability of the system. 

The function G(s)H(s) has one pole (s = 1/T) in the right-half « plane. Therefore, P = 1.The 
Nyquist plot shown in Figure 8-59 indicates that the G(s)H(s) plot encircles the —1 + j0 point 
once clockwise. Thus, VN = 1.Since Z = N + PB we find that Z = 2.This means that the closed-loop 


system has two closed-loop poles in the right-half s plane and is unstable. 


Investigate the stability of a closed-loop system with the following open-loop transfer function: 


G(s)H(s) = ea (K >1) 
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Figure 8-59 
Polar plot of the system considered 
in Example 8-16. 
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Figure 8-60 
Polar plot of the system considered 
in Example 8-17. 


The open-loop transfer function has one pole (s = 1) in the right-half s plane, or P = 1. The 
open-loop system is unstable. The Nyquist plot shown in Figure 8-60 indicates that the —1 + j0 
point is encircled by the G(s)H(s) locus once in the counterclockwise direction. Therefore, 
N= ~1. Thus, Z is found from Z = N + P to be zero, which indicates that there is no zero of 
1 + G(s)H(s) in the right-half s plane, and the closed-loop system is stable. This is one of the ex- 
amples for which an unstable open-loop system becomes stable when the loop is closed. 


Conditionally stable systems. Figure 8-61 shows an example of a Gjw)H(Uja) 
locus for which the closed-loop system can be made unstable by varying the open-loop 
gain. If the open-loop gain is increased sufficiently, the Gjiw)H(jw) locus encloses the 
—1 + j0 point twice, and the system becomes unstable. If the open-loop gain is de- 
creased sufficiently, again the G(jw)H(jw) locus encloses the —1 + j0 point twice. For 
stable operation of the system considered here, the critical point —1 + jO0 must not be 
located in the regions between OA and BC shown in Figure 8-61. Such a system that is 
stable only for limited ranges of values of the open-loop gain for which the —1 + j0 
point is completely outside the G(jw)H(Gjw) locus is a conditionally stable system. 

A conditionally stable system is stable for the value of the open-loop gain lying be- 
tween critical values, but it is unstable if the open-loop gain is either increased or de- 
creased sufficiently. Such a system becomes unstable when large input signals are 
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Figure 8-61 
Polar plot of a conditionally 
stable system. 
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Figure 8-62 


Multiple-loop system. 
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Figure 8-63 
Control system. 
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applied, since a large signal may cause saturation, which in turn reduces the open-loop 
gain of the system. It is advisable to avoid such a situation. 


Multiple-loop system. Consider the system shown in Figure 8-62. This is a 
multiple-loop system. The inner loop has the transfer function 


G,(s) 
1 + G,(s)H,(s) 


If G(s) is unstable, the effects of instability are to produce a pole or poles in the right- 
half s plane. Then the characteristic equation of the inner loop, 1 + G2(s)H(s) = 0, has 
a zero or zeros in this portion of the plane. If G2(s) and H2(s) have Pi poles here, then 
the number Z, of right-half plane zeros of 1+ Go(s)Hb(s) can be found from Z; = 
N, + Pi, where N; is the number of clockwise encirclements of the —1 + j0 point by the 
G2(s)H2(s) locus. Since the open-loop transfer function of the entire system is given by 
Gi(s)G(s)H(s), the stability of this closed-loop system can be found from the Nyquist 
plot of G 1(s)G(s)H1(s) and knowledge of the right-half plane poles of G:(s)G(s)Hi(s). 


Notice that if a feedback loop is eliminated by means of block diagram reductions 


there is a possibility that unstable poles are introduced; if the feedforward branch is 
eliminated by means of block diagram reductions, there is a possibility that right-half 
plane zeros are introduced. Therefore, we must note all right-half plane poles and zeros 
as they appear from subsidiary loop reductions. This knowledge is necessary in deter- 
mining the stability of multiple-loop systems. 


Consider the control system shown in Figure 8-63. The system involves two loops. Determine 
the range of gain K for stability of the system by use of the Nyquist stability criterion. (The gain 


K is positive). 
1 
Kis + 0.5) s+ 
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To examine the stability of the control system, we need to sketch the Nyquist locus of G(s), 
where 


G(s) = Gy(s)G,(5) 


However, the poles of G(s) are not known at this point. Therefore, we need to examine the mi- 
nor loop if there are right-half s-plane poles. This can be done easily by use of the Routh stabil- 
ity criterion. Since 


1 
G,(s) = => 
2s) ets? 41 
the Routh array becomes as follows: 
’ 1 0 
sol 1 
s' -1 0 
ss 1 


Notice that there are two sign changes in the first column. Hence, there are two poles of G2(s) in 
the right-half s plane. 

Once we find the number of right-half s plane poles of G2(s), we proceed to sketch the Nyquist 
locus of G(s), where 


K(s + 0.5) 


G(s) = G,(s)G,(s) = eter tl 


Our problem is to determine the range of gain K for stability. Hence, instead of plotting Nyquist 
loci of G(jw) for various values of K, we plot the Nyquist locus of G(jw)/K. Figure 8-64 shows 
the Nyquist plot or polar plot of G/j@)/K. 

Since G(s) has two poles in the right-half s plane, we have P; = 2. Noting that 


Z,=N, +P, 


for stability, we require Z; = 0 or Ni = —2. That is, the Nyquist locus of G(jw) must encircle the 
—1 + 70 point twice counterclockwise. From Figure 8-64, we see that, if the critical point lies be- 
tween 0 and —0.5, then the G(jw)/K locus encircles the critical point twice counterclockwise. 


Therefore, we require 
-0.5K <-1 
The range of gain K for stability is 
2<K 


Nyquist stability criterion applied to inverse polar plots. In the previous 
analyses, the Nyquist stability criterion was applied to polar plots of the open-loop 
transfer function G(s)H(s). 

In analyzing multiple-loop systems, the inverse transfer function may sometimes be 
used in order to permit graphical analysis; this avoids much of the numerical calcula- 
tion. (The Nyquist stability criterion can be applied equally well to inverse polar plots. 
The mathematical derivation of the Nyquist stability criterion for inverse polar plots is 
the same as that for direct polar plots.) 

The inverse polar plot of Gjw)H(jq) is a graph of 1/[GGw)H(Ua)] as a function of 
w. For example, if GGw)H(jw) is 
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Figure 8-64 
Polar plot of 
G(jw)/K. 
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joT 


Gljo)H jo) = ae 


then 


—i1__.1 4; 
G(jo)H(jo) — joT 


The inverse polar plot for w = Ois the lower half of the vertical line starting at the point 
(1, 0) on the real axis. 

The Nyquist stability criterion applied to inverse plots may be stated as follows: For 
a closed-loop system to be stable, the encirclement, if any, of the —1 + j0 point by the 
1/[G(s)H(s)] locus (as s moves along the Nyquist path) must be counterclockwise, and 
the number of such encirclements must be equal to the number of poles of 1/[G(s)H(s)] 
[that is, the zeros of G(s)H(s)] that lie in the right-half s plane. [The number of zeros of 
G(s)H(s) in the right-half s plane may be determined by use of the Routh stability cri- 
terion.] If the open-loop transfer function G(s)H(s) has no zeros in the right-half s 


Im 4 


RIA 


Plane 
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EXAMPLE 8-19 


plane, then for a closed-loop system to be stable the number of encirclements of the 
—1 + j0 point by the 1/[G(s)H(s)] locus must be zero. 

Note that although the Nyquist stability criterion can be applied to inverse po- 
lar plots, if experimental frequency-response data are incorporated, counting the 
number of encirclements of the 1/[G(s)H(s)] locus may be difficult because the 
phase shift corresponding to the infinite semicircular path in the s plane is difficult 
to measure. For example, if the open-loop transfer function G(s)H(s) involves trans- 
port lag such that 

eek 
s(Ts + 1) 


then the number of encirclements of the —1 + j0 point by the 1/[G(s)H(s)] locus be- 
comes infinite, and the Nyquist stability criterion cannot be applied to the inverse po- 
lar plot of such an open-loop transfer function. 

In general, if experimental frequency-response data cannot be put into analytical 
form, both the G(jw)H(jw) and 1/[GG@)H(jw)] loci must be plotted. In addition, the 
number of right-half plane zeros of G(s)H(s) must be determined. It is more difficult to 
determine the right-half plane zeros of G(s)H(s) (in other words, to determine whether 
a given component is minimum phase) than it is to determine the right-half plane poles 
of G(s)H(s) (in other words, to determine whether the component is stable). 

Depending on whether the data are graphical or analytical and whether 
nonminimum-phase components are included, an appropriate stability test must be 
used for multiple-loop systems. If the data are given in analytical form or if mathe- 
matical expressions for all the components are known, the application of the Nyquist 
stability criterion to inverse polar plots causes no difficulty, and multiple-loop systems 
may be analyzed and designed in the inverse GH plane. 


G(s)H(s) = 


Consider the control system shown in Figure 8-63, (Refer to Example 8-18.) Using the inverse 
polar plot, determine the range of gain K for stability. 


Since 
G4) =z 
S++] 
we have 
G6) = GG) = FE) 
Hence 


1  st+se+) 
G(s) _K(s + 0.5) 


Notice that 1/G(s) has a pole ats = —0.5. It does not have any pole in the right-half s plane. There- 
fore, the Nyquist stability equation 


Z=Nt+P 


reduces to Z = N since P = 0. The reduced equation states that the number Z of the zeros of 
1 + [1/G(s)] in the right-half s plane is equal to N, the number of clockwise encirclements of the 
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Figure 8-65 
Polar plot of 
K/G(jo). 
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—1 + j0 point. For stability, N must be equal to zero, or there should be no encirclement. Figure 
8-65 shows the Nyquist plot or polar plot of K/G(jw). 
Notice that since 


K ; joy + Gay + “los - i) 


G(jo) — jo+05 0.5 — ja 
_ 0.5 — 0.507 — wt + jo(-1 + 0.5e7) 
~ 0.25 + 


the K/G(ja) locus crosses the negative real axis at @ = \/2, and the crossing point at the negative 
real axis is —2. 

From Figure 8—65 we see that if the critical point lies in the region between —2 and —™ then 
the critical point is not encircled. Hence, for stability we require 


-1<— 
K 


Thus, the range of gain K for stability is 
2<K 
which is the same result as we obtained in Example 8-18. 
Relative stability analysis through modified Nyquist plots. The Nyquist path 


for stability tests can be modified in order that we may investigate the relative stability 
of closed-loop systems. For the following second-order characteristic equation, 


s+ 2fu,5 + w= 0 (0<€<1) 
the roots are complex conjugates and are 


5, = ta, + ja,V1-— 0, = —bw 


n 
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Figure 8-66 
Plot of complex-conjugate roots in 
the s plane. 


If these roots are plotted in the s plane, as shown in Figure 8—66, then we see that sin 
8 = ¢, or the angle @ is indicative of the damping ratio ¢. As @ becomes smaller, so does 
the value of €. 

If we modify the Nyquist path and use radial lines with angle 6,, instead of the jw 
axis, as shown in Figure 8-67, then it can be said, following the same reasoning as in the 
case of the Nyquist stability criterion, that if the G(s)H(s) locus corresponding to the 
modified s-plane contour does not encircle the —1 + j0 point and none of the poles of 
G(s)H(s) lie within the closed s-piane contour then this contour does not enciose any 
zeros of 1 + G(s)H(s). The characteristic equation, 1 + G(s)H(s) = 0, then does not 
have any roots within the modified s-plane contour. If no closed-loop poles of a higher- 
order system are enclosed by this contour, we can say that the damping ratio of each 
pair of complex-conjugate closed-loop poles of the system is greater than sin 6,. 

Suppose that the s-plane contour consists of a line to the left of and parailel to the 
jw axis at a distance —o, (or the line s = —o, + jw) and the semicircle of infinite radius 
enclosing the entire right-half s plane and that part of the left-half s plane between the 
lines s = —o, + jw and s = ja, as shown in Figure 8-68(a). If the G(s)H(s) locus corre- 
sponding to this s-plane contour does not encircle the —1 + j0 point and G(s) H(s) has 
no poles within the enclosed s-plane contour, then the characteristic equation does not 
have any zeros in the region enclosed by the modified s-plane contour. All roots of the 
characteristic equation lie to the left of the line s = —o, + jw. Anexample of a G(—o, + 
jw)H(—o, + jw) locus, together with a Gjw) H(jw) locus, is shown in Figure 8—68(b). The 
magnitude 1/a, is indicative of the time constant of the dominant closed-loop poles. If all 


Figure 8-67 
Modified Nyquist path. 
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Figure 8-68 

(a) Modified Nyquist 
path; (b) polar plots 
of G(—a> + jw) 
H(~—do + jw) locus 
and G(jw)H(ja) lo- 
cus in the GH plane. 


S=-Op+ jw 


(a) (b) 


Figure 8-69 
Modified Nyquist path. 


roots lie outside the s-plane contour, all time constants of the closed-loop transfer func- 
tion are less than 1/o,. If the s-plane contour is chosen as shown in Figure 8-69, then the 
test of encirclements of the —1 + j0 point reveals the existence or nonexistence of the 
roots of the characteristic equation of the closed-loop system within this s-plane contour. 
If the test reveals that no roots lie in the s-plane contour, then it is clear that all the closed- 
loop poles have damping ratios greater than C, and time constants less than 1/o,. Thus, by 
taking an appropriate s-plane contour, we can investigate time constants and damping ra- 
tios of closed-loop poles from the open-loop transfer function. 


8-9 RELATIVE STABILITY 
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In designing a control system, we require that the system be stable. Furthermore, it is 
necessary that the system have adequate relative stability. 

In this section, we shall show that the Nyquist plot indicates not only whether a sys- 
tem is stable but also the degree of stability of astable system. The Nyquist plot also gives 
information as to how stability may be improved, if this is necessary. (See Chapter 9.) 

In the following discussion, we shall assume that the systems considered have unity 
feedback. Note that it is always possible to reduce a system with feedback elements to 
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Figure 8-71 
Conformal mapping 
of s-plane grids into 
the G(s) plane. 


Figure 8-70 

Modification of a system with 
feedback elements to a unity- 
feedback system. 


a unity-feedback system, as shown in Figure 8-70. Hence, the extension of relative sta- 
bility analysis for the unity-feedback system to nonunity-feedback systems is possible. 

We shall also assume that, unless otherwise stated, the systems are minimum-phase 
systems; that is, the open-loop transfer function G(s) has neither poles nor zeros in the 
right-half s plane. 

Relative stability analysis by conformal mapping. One of the important 
problems in analyzing a control system is to find all closed-loop poles or at least those 
closest to the jw axis (or the dominant pair of closed- loop poles): If the open-loop 


Cy ee cen wn nh mn ntaeating Af 9 certo gen Leo err he waocakle ta eoti 


frequency- LES PULSE VHGLALLULISLILD UI Ga Syouell ait ALLUWIIL, it may ve pV-ososlule ty veoulnm 
mate the closed-loop poles closest to the jw axis. It is noted that the Nyquist locus 
G(jw) need not be an analytically known function of w. The entire Nyquist locus may 
be experimentally obtained. The technique to be presented here is essentially graphi- 
cal and is based on a conformal mapping of the s plane into the G(s) plane. 
Consider the conformal mapping of cunstant-o lines (lines s — o + jw, where o is 
constant and w varies) and constant-o lines (lines s = o + jw, where is constant and 
o varies) in the s plane. The o = 0 line (the jw axis) in the s plane maps into the Nyquist 
plot in the G(s) plane. The constant-o lines in the s plane map into curves that are sim- 
ilar to the Nyquist plot and are in a sense parallel to the Nyquist plot, as shown in Fig- 
ure 8-71. The constant-q lines in the s plane map into curves, also shown in Figure 8-71. 


Re 


Constant —w 
curves 


Constant —o 
curves 
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Figure 8-72 

Two systems with 
two closed-loop 
poles. 


Figure 8-73 
Conformal mappings 
of s-plane grids for 
the systems shown in 
Figure 8-72 into the 
G(s) plane. 
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5 Plane 


(a) ) 


Although the shapes of constant-o and constant-q loci in the G(s) plane and the 
closeness of approach of the G(jw) locus to the —1 + j0 point depend on a particular 
G(s), the closeness of approach of the G(/jw) locus to the —1 + j0 point is an indication 
of the relative stability of a stable system. In general, we may expect that the closer the 
G(j@) locus is to the —1 + j0 point, the larger the maximum overshoot is in the step 
transient response and the longer it takes to damp out. 

Consider the two systems shown in Figure 8—72(a) and (b). (In Figure 8-72, the x’s 
indicate closed-loop poles.) System (a) is obviously more stable than system (b) because 
the closed-loop poles of system (a) are located farther left than those of system (b). Fig- 
ures 8—73(a) and (b) show the conformal mapping of s-plane grids into the G(s) plane. 
The closer the closed-loop poles are located to the jm axis, the closer the G(ja) locus is 
to the —1 + j0 point. 


Phase and gain margins. Figure 8-74 shows the polar plots of G(jw) for three 
different values of the open-loop gain K. For a large value of the gain K, the system is 
unstable. As the gain is decreased to a certain value, the Gm) locus passes through the 
—1 + j0 point. This means that with this gain value the system is on the verge of insta- 
bility, and the system will exhibit sustained oscillations. For a small value of the gain K, 
the system is stable. 

In general, the closer the G(jw) locus comes to encircling the —1 + j0 point, the 
more oscillatory is the system response. The closeness of the G(jw) locus to the —1 + j0 
point can be used as a measure of the margin of stability. (This does not apply, however, 


G Plane Im 


(a) &) 
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Figure 8-74 
Polar plots of 
K(_+ joT,)( + joT,)--- 


K: Small 
K = open-loop gain (jw)(1 + joT) + jot) --- 


to conditionally stable systems.) It is common practice to represent the closeness in 
terms of phase margin and gain margin. 


Phase margin: The phase margin is that amount of additionai phase iag at the gain 
crossover frequency required to bring the system to the verge of instability. The 
gain crossover frequency is the frequency at which |G(jw)|, the magnitude of the 
open-loop transfer function, is unity. The phase margin y is 180° plus the phase an- 
gle @ of the open-loop transfer function at the gain crossover frequency, or 


y = 180° + @ 


Figures 8-75(a), (b), and (c) illustrate the phase margin of both a stable system and 
an unstable system in Bode diagrams, polar plots, and log-magnitude versus phase plots. 
In the polar plot, a line may be drawn from the origin to the point at which the unit cir- 
cle crosses the G(jw) locus, The angle from the negative real axis to this line is the phase 
margin. The phase margin is positive for y > 0 and negative for y < 0. For a minimum- 
phase system to be stable, the phase margin must be positive. In the logarithmic plots, 
the critical point in the complex plane corresponds to the 0 dB and —180° lines. 


Gain margin: The gain margin is the reciprocal of the magnitude |G(jw)| at the fre- 
quency at which the phase angle is — 180°. Defining the phase crossover frequency 
w to be the frequency at which the phase angle of the open-loop transfer function 
equals —180° gives the gain margin K,: 


1 
k= 
§  |GGo,)| 
In terms of decibels, 
K, dB = 20 log K, = —20 log |G(ja,)| 
The gain margin expressed in decibels is positive if K, is greater than unity and neg- 


ative if Ky is smaller than unity. Thus, a positive gain margin (in decibels) means that the 
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Figure 8-75 

Phase and gain mar- 
gins of stable and 
unstable systems. 


Negative 
phase 
margin 


(a) Bode diagrams; 
(b) polar plots; 270° =180° =90° 270° =180° =90° 
(c) log-magnitude G L4G 


Stable system Unstable system 


versus phase plots. (c) 
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Figure 8-76 

Polar plots showing 
more than two phase 
or gain crossover 
frequencies. 


system is stable, and a negative gain margin (in decibels) means that the system is un- 
stable. The gain margin is shown in Figures 8—-75(a), (b), and (c). 

For a stable minimum-phase system, the gain margin indicates how much the 
gain can be increased before the system becomes unstable. For an unstable system, 
the gain margin is indicative of how much the gain must be decreased to make the 
system stable. 

The gain margin of a first- or second-order system is infinite since the polar plots 
for such systems do not cross the negative real axis. Thus, theoretically, first- or second- 
order systems cannot be unstable. (Note, however, that so-called first- or second-order 
systems are only approximations in the sense that small time lags are neglected in de- 
riving the system equations and are thus not truly first- or second-order systems. If 
these small lags are accounted for, the so-called first- or second-order systems may be- 
come unstable.) 

It is noted that for a nonminimum-phase system with unstable open loop the sta- 
bility condition will not be satisfied unless the G(jw) plot encircles the —1 + j0 
point. Hence, such a stable nonminimum-phase system will have negative phase and 
gain margins. 

It is also important to point out that conditionally stable systems will have two or 
more phase crossover frequencies, and some higher-order systems with complicated nu- 
merator dynamics may also have two or more gain crossover frequencies, as shown in 
Figure 8-76. For stable systems having two or more gain crossover frequencies, the 
phase margin is measured at the highest gain crossover frequency. 


A few comments on phase and gain margins. The phase and gain margins of 


a control system are a measure of the closeness of the polar plot to the —1 + j0 point. 
Therefore, these margins may be used as design criteria. 

It should be noted that either the gain margin alone or the phase margin alone does 
not give a sufficient indication of the relative stability. Both should be given in the de- 


termination of relative stability. 


Im Im 


Phase crossover 
frequencies 
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Gain crossover 
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For a minimum-phase system, both the phase and gain margins must be positive for 
the system to be stable. Negative margins indicate instability. 

Proper phase and gain margins ensure us against variations in the system compo- 
nents and are specified for definite values of frequency. The two values bound the be- 
havior of the closed-loop system near the resonant frequency. For satisfactory 
performance, the phase margin should be between 30° and 60°, and the gain margin 
should be greater than 6 dB. With these values, a minimum-phase system has guaran- 
teed stability, even if the open-loop gain and time constants of the components vary to 
a certain extent. Although the phase and gain margins give only rough estimates of the 
effective damping ratio of the closed-loop system, they do offer a convenient means for 
designing control systems or adjusting the gain constants of systems. 

For minimum-phase systems, the magnitude and phase characteristics of the open- 
loop transfer function are definitely related. The requirement that the phase margin be 
between 30° and 60° means that in a Bode diagram the slope of the log-magnitude curve 
at the gain crossover frequcncy should be more gradual than —40 dB/ decade. In most 
practical cases, a slope of —20 dB/decade is desirable at the gain crossover frequency 
for stability. If it is -40 dB/decade, the system could be either stable or unstable. (Even 
if the system is stable, however, the phase margin is small.) If the slope at the gain 
crossover frequency is —60 dB/decade or steeper, the system is most likely unstable. 


Obtain the phase and gain margins of the system shown in Figure 8-77 for the two cases where 
K = 10 and K = 100. 

The phase and gain margins can easily be obtained from the Bode diagram. A Bode diagram 
of the given open-loop transfer function with K = 10 is shown in Figure 8-78(a). The phase and 
gain margins for K = 10 are 


Phase margin = 21°, Gain margin = 8 dB 


Therefore, the system gain may be increased by 8 dB before the instability occurs, 
Increasing the gain from K = 10 to K = 100 shifts the 0-dB axis down by 20 dB, as shown in 
Figure 8-78(b). The phase and gain margins are 


Phase margin = —30°, Gain margin = —12dB 


Thus, the system is stable for K = 10 but unstable for K = 100. 

Notice that one of the very convenient aspects of the Bode diagram approach is the ease with 
which the effects of gain changes can be evaluated. 

Note that to obtain satisfactory performance we must increase the phase margin to 30° ~ 60°. 
This can be done by decreasing the gain K. Decreasing K is not desirable, however, since a small 
value of K will yield a large error for the ramp input. This suggests that reshaping of the open- 
loop frequency-response curve by adding compensation may be necessary. Compensation tech- 
niques are discussed in detail in Chapter 9. 
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Figure 8-77 
Control system. 
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Figure 8-78 
Bode diagrams of the system shown in Figure 8-77 (a) with K = 10 and (b) with K = 100. 


Resonant peak magnitude M, and resonant peak frequency w;. Consider the 
system shown in Figure 8-79, The closed-loop transfer function is 
2 
w 
Ci) _ 2 ; 2 (8-9) 
R(s) 8° + 2fa,5 + wr; 


where € and w, are the damping ratio and the undamped natural frequency, respec- 
tively. The closed-loop frequency response is 


C(jw) _ 1 


=< = Me! 
RG 
On Oy, 
(S<) rs 
<> 5(s + 26) 
Figure 8-79 
Control system. 
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where 


1 @ 
Me, a = —tan™! a 


w’ \2 w \2 eee 
( =| (2) “n 


As given by Equation (8-6), for 0 = ¢€ = 0.707 the maximum value of M occurs at the 
frequency w,, where 


o, = 0,V1 — 22 = w,Vcos 20 (8-10) 


The angle 6 is defined in Figure 8—80. The frequency w, is the resonant frequency. At the 
resonant frequency, the value of M is maximum and is given by Equation (8-7), rewritten 


1 1 
a 2eV1- 2 sin 20 GoM) 


where M, is defined as the resonant peak magnitude. The resonant peak magnitude is 
related to the damping of the system. 

The magnitude of the resonant peak gives an indication of the relative stability of 
the system. A large resonant peak magnitude indicates the presence of a pair of domi- 
nant closed-loop poles with small damping ratio, which will yield an undesirable tran- 
sient response. A smaller resonant peak magnitude, on the other hand, indicates the 
absence of a pair of dominant closed-loop poles with small damping ratio, meaning that 
the system is well damped. 

Remember that a, is real only if ¢ < 0.707. Thus, there is no closed-loop resonance 
if € > 0.707. [The value of M, is unity only if € > 0.707. See Equation (8-8).] Since the 
values of M, and w, can be easily measured in a physical system, they are quite useful 
for checking agreement between theoretical and experimental analyses. 

It is noted, however, that in practical design problems the phase margin and gain 
margin are more frequently specified than the resonant peak magnitude to indicate the 
degree of damping in a system. 


Correlation between step transient response and frequency response in the 
standard second-order system. The maximum overshoot in the unit-step response 
of the standard second-order system, as shown in Figure 8-79, can be exactly correlated 


Figure 8-80 
Definition of the angle 0. 
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to the resonant peak magnitude in the frequency response. Hence, essentially the same 
information of the system dynamics is contained in the frequency response as is in the 
transient response. 

For a unit-step input, the output of the system shown in Figure 8-79 is given by 
Equation (4-21), or 


: eA c . . 
ct) = 1~ econ o4t + gain oat, fort =0 


where 

0, =0,V1 — 2 =a, cos 0 (8-12) 
On the other hand, the maximum overshoot M, for the unit-step response is given by 
Equation (4-30), or 

M, = eM 1-0)n (8-13) 

This maximum overshoot occurs in the transient response that has the damped natural 
frequency wa = wnV 1 — €2.The maximum overshoot becomes excessive for values of 
6¢<0.4. 


Since the second-order system shown in Figure 8-79 has the open-loop transfer 
function 


Pa ee ae 
Ole s(s + 2€u,) 


for sinusoidal operation, the magnitude of Gjw) becomes unity when 
wo=o,¥ V1 + 464 — 20? 


which can be obtained by equating |G( jw)| to unity and solving for w. At this frequency, 
the phase angle of G(jw) is 


VV1 4+ 464 — 20? 


/G(jw) = ~ [jw ~ [jw + 260, = 90° — tan 2¢ 
Thus, the phase margin y is 


y = 180° + /G(Gjw) 


Vi/ = 
= 90° obs maria Vit ae = 28 
26 
26 


ae tan?! 


Taal (8-14) 
VV + 4c — 22 
Equation (8-14) gives the relationship between the damping ratio € and the phase mar- 
gin y. (Notice that the phase margin y is a function only of the damping ratio ¢.) 

In the following, we shall summarize the correlation between the step transient re- 
sponse and frequency response of the second-order system given by Equation (8-9): 
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90° 


60° 


30°} 


° Straight -line “ 
‘<i — approximation 


: i i : i : : : i Figure 8-81 
Oo RT. ~=—Ss« Curve y (phase margin) versus & for 
r the system shown in Figure 8-79. 


1. The phase margin and the damping ratio are directly reiated. Figure 8~—8i 
shows a plot of the phase margin y as a function of the damping ratio €. It is noted 
that for the standard second-order system shown in Figure 8-79 the phase margin 
y and the damping ratio € are related approximately by a straight line for 0 = ¢ = 0.6, 
as follows: 


ee oe 
5 = T00 


Thus a phase margin of 60° corresponds to a damping ratio of 0.6. For higher-order sys- 
tems having a dominant pair of closed-loop poles, this relationship may be used as a rule 
of thumb in estimating the relative stability in transient response (that ; is, the damping 
ratio) from the frequency response. 

2. Referring to Equations (8-10) and (8-12), we see that the values of w, and wa are 
almost the same for small values of &. Thus, for small values of &, the value of @, is in- 
dicative of the speed of the transient response of the system. 

3. From Equations (8-11) and (8-13), we note that the smaller the value of ¢ is, the 
larger the values of M, and M, are. The correlation between M, and M, as a function 
of € is shown in Figure 8-82. A close relationship between M, and M, can be seen for 
¢ > 0.4. For very small values of ¢, M, becomes very large (M, > 1), while the value of 
Mp does not exceed 1. 


Correlation between step transient response and frequency response in gen- 
eral systems. The design of control systems is very often carried out on the basis of 
frequency response. The main reason for this is the relative simplicity of this approach 
as compared to others. Since in many applications it is the transient response of the 
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ip elt) -l . 
[Equation (4-30)] 


Figure 8-82 
Curves M, versus € and M, versus & 
for the system shown in Figure 8-79. 


system to aperiodic inputs rather than the steady-state respouse to siuusvidal inputs 
that is of primary concern, the question of correlation between transient response and 
frequency response arises. 

For the second-order system shown in Figure 8-79, mathematical] relationships cor- 
relating the step transient response and frequency response can be obtained easily. The 
time response of a second-order system can be exacily predicted from a knowiedge of 
the M, and , of its closed-loop frequency response. 

For higher-order systems, the correlation is more complex, and transient re- 
sponse may not be predicted easily from frequency response because additional 
poles may change the correlation between the step transient response and frequency 
response existing for a second-order system. Mathematical techniques for obtaining 
the exact correlation are available, but they are very laborious and of little practi- 
cal value. 

The applicability of the transient-response—frequency-response correlation exist- 
ing for the second-order system shown in Figure 8-79 to higher-order systems depends 
on the presence of a dominant pair of complex-conjugate closed-loop poles in the lat- 
ter systems. Clearly, if the frequency response of a higher-order system is dominated 
by a pair of complex-conjugate closed-loop poles, the transient-response—frequency- 
response correlation existing for the second-order system can be extended to the 
higher-order system. 

For linear, time-invariant, higher-order systems having a dominant pair of complex- 
conjugate closed-loop poles, the following relationships generally exist between the 
step transient response and frequency response: 


1. The value of M, is indicative of the relative stability. Satisfactory transient per- 
formance is usually obtained if the value of M, is in the range 1.0< M,<14(0dB< 
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M, <3 dB), which corresponds to an effective damping ratio of 0.4 << ¢€ < 0.7. For 
values of M, greater than 1.5, the step transient response may exhibit several over- 
shoots. (Note that in general a large value of M, corresponds to a large overshoot in 
the step transient response. If the system is subjected to noise signals whose frequencies 
are near the resonant frequency w,, the noise will be amplified in the output and will 
present serious problems.) 

2. The magnitude of the resonant frequency , is indicative of the speed of the tran- 
sient response. The larger the value of w,, the faster the time response is. In other words, 
the rise time varies inversely with w,. In terms of the open-loop frequency response, the 
damped natural frequency in the transient response is somewhere between the gain 
crossover frequency and phase crossover frequency. 

3. The resonant peak frequency w, and the damped natural frequency wz for step 
transient response are very close to each other for lightly damped systems. 


The three relationships just listed are useful for correlating the step transient re- 
sponse with the frequency response of higher-order systems, provided they can be ap- 
proximated by a second-order system or a pair of complex-conjugate closed-loop poles. 
If a higher-order system satisfies this condition, a set of time-domain specifications may 
be translated into frequency-domain specifications. This simplifies greatly the design 
work or compensation work of higher-order systems. 

In addition to the phase margin, gain margin, resonant peak M,, and resonant peak 
frequency w,, there are other frequency-domain quantities commonly used in perfor- 
mance specifications. They are the cutoff frequency, bandwidth, and the cutoff rate. 
These will be defined in what follows. 


Cutoff frequency and bandwidth. Referring to Figure 8-83, the frequency a, 
at which the magnitude of the closed-loop frequency response is 3 dB below its zero- 
frequency value is called the cutoff frequency. Thus 


forw > w, 


C(jw)| _ [CG] _ 
Bee <| ae 


R(j0) 


Bandwidth ————> 


Figure 8-83 

Plot of a closed-loop frequency 
wy, response curve showing cutoff 

a in log scale frequency w, and bandwidth. 
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For systems in which |C(j0)/R(j0)| = 0 dB, 


C(jw) 
R(jo) 


The closed-loop system filters out the signal components whose frequencies are greater 
than the cutoff frequency and transmits those signal components with frequencies lower 
than the cutoff frequency. 

The frequency range 0 = w = w» in which the magnitude of the closed loop does not 
drop —3 dB is called the bandwidth of the system. The bandwidth indicates the fre- 
quency where the gain starts to fall off from its low-frequency value. Thus, the band- 
width indicates how well the system will track an input sinusoid. Note that for a given 
wn the rise time increases with increasing damping ratio €. On the other hand, the band- 
width decreases with the increase of ¢. Therefore, the rise time and the bandwidth are 
inversely proportional to each other. 

The specification of the bandwidth may be determined by the following factors: 


< —3 dB, fora > o, 


1. The ability to reproduce the input signal. A large bandwidth corresponds to a small 
rise time, or fast response. Roughly speaking, we can say that the bandwidth is pro- 
portional to the speed of response. 

2. The necessary filtering characteristics for high-frequency noise. 


For the system to follow arbitrary inputs accurately, it is necessary that the system 
have a large bandwidth. From the viewpoint of noise, however, the bandwidth should 
not be too large. Thus, there are conflicting requirements on the bandwidth, and a com- 
promise is usually necessary for good design. Noie that a system with large bandwidth 
requires high-performance components. So the cost of components usually increases 


with the bandwidth. 


Cutoff rate. The cutoff rate is the slope of the log- magnitude curve near the cut- 
off frequency. The cutoff rate indicate ity o 
from noise. 

It is noted that a closed-loop frequency response curve with a steep cutoff charac- 
teristic may have a large resonant peak magnitude, which implies that the system has 


relatively small stability margin. 


o 
is 


tés tne ability a system to distinguish the sigual 


Consider the following two systems: 


cy) _ 1 Cs) _ _ 
Re ae ee Re ae 


Compare the bandwidths of these two systems. Show that the system with the larger band- 
width has a faster speed of response and can follow the input much better than the one with 
a smaller bandwidth. 

Figure 8—84(a) shows the closed-loop frequency-response curves for the two systems. (As- 
ymptotic curves are shown by dashed lines.) We find that the bandwidth of system lis 0 = w <1 
rad/sec and that of system IIT is 0 = wm < 0.33 rad/sec. Figures 8-84(b) and (c) show, respectively, 
the unit-step response and unit-ramp response curves for the two systems. Clearly,system I, whose 
bandwidth is three times wider than that of system II, has a faster speed of response and can fol- 
low the input much better. 


System I: 
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Figure 8-84 
Comparison of 
dynamic character- 
istics of the two 
systems considered 
in Example 8-21. 
(a) Closed-loop 
frequency-response 
curves; (b) unit-step 
response Curves; 

(c) unit-ramp re- 
sponse curves. 


ml hel) 7 
1 


« (in log scale) 0 t 


nt) 


8-10 CLOSED-LOOP FREQUENCY RESPONSE 


Figure 8-85 

(a) Unity-feedback 
system; (b) determi- 
nation of closed-loop 
frequency response 
from open-loop fre- 
quency response. 
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Closed-loop frequency response of unity-feedback systems. For a stable 
closed-loop system, the frequency response can be obtained easily from that of the open 
loop. Consider the unity-feedback system shown in Figure 8-85(a). The closed-loop 
transfer function is 


Cs) _ _ Gs) 
R(s) 1+ G(s) 


In the Nyquist or polar plot shown in Figure 8-85(b), the vector OA represents G(ja1), 
where a, is the frequency at point A. The length of the vector OA is |G(j@;)| and the 
angle of the vector OA is /G(ja1). The vector PA the vector from the —1 + j0 point 
to the Nyquist locus, represents 1 + G(jw1). Therefore, the ratio of OAto PA represents 


the closed-loop frequency response, or 


(a) (b) 
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OA G(ja,) Cla) 


PA 1+ G(jo,) R(jo,) 

The magnitude of the closed-loop transfer function at w = @, is the ratio of the magni- 
tudes of OAto PA. The phase angle of the closed-loop transfer function at w = 1 is the 
angle formed by the vectors OAto PA that is ¢ — 0, shown in Figure 8-85(b). By mea- 
suring the magnitude and phase angle at different frequency points, the closed-loop 
frequency-response curve can be obtained. 

Let us define the magnitude of the closed-loop frequency response as M and the 
phase angle as a, or 


CG) 
R(jo) 
In the following, we shall find the constant magnitude loci and constant phase-angle 


loci. Such loci are convenient in determining the closed-loop frequency response from 
the polar plot or Nyquist plot. 


= Me! 


Constant-magnitude loci (Mcircles). To obtain the constant-magnitude loci, let 
us first note that G(ja) isa complex quantity and can be written as follows: 


G(jw) = X + jY 
where X and Y are real quantities. Then M is given by 


pig IM 


av 


—(il+x+4+jY| 
and M? is 
eee SE Ge 
(1+ Xy+y¥? 
Hence 


X°(1 — M?) — 2M?X — M? + (1 — M*)Y? =0 (8-15) 
If M = 1, then from Equation (8~15) we obtain X = —. This is the equation of a 
straight line parallel to the Y axis and passing through the point (—4, 0). 
If M # 1, Equation (8-15) can be written 
2M? M? 
mi. * wi 
If the term M?/(M2 — 1)? is added to both sides of this last equation, we obtain 
M2 2 M? 
X+—a TT) + Y= = 
( M2 at | Y (mM _ 1)’ (8 16) 
Equation (8-16) is the equation ofa circle with center at ¥ = —M2/(M? — 1), Y = Oand 
with radius |M/(M2 — 1)]. 
The constant M loci on the G(s) plane are thus a family of circles. The center and ra- 
dius of the circle for a given value of M can be easily calculated. For example,for M = 1.3, 


X+ +Y=0 
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Figure 8-86 
A family of constant 
M circles. 
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the center is at (—2.45, 0) and the radius is 1.88. A family of constant M circles is shown 
in Figure 8-86. It is seen that as M becomes larger compared with 1, the M circles be- 
come smaller and converge to the —1 + 0 point. For M > 1, the centers of the M circles 
lie to the left of the —1 + 0 point. Similarly, as Mf becomes smaller compared with 1, the 
M circle becomes smaller and converges to the origin. For 0 < M < 1, the centers of the 
M circles lie to the right of the origin. M = 1 corresponds to the locus of points equidis- 
tant from the origin and from the —1 + j0 point. As stated earlier, it is a straight line 
passing through the point (—4,0) and parallel to the imaginary axis. (The constant M cir- 
cles corresponding to M > 1 lie to the left of the M = 1 line and those corresponding to 
0< M < 1 lie tothe right of the M = 1 line.) The M circles are symmetrical with respect 
to the straight line corresponding to M = 1 and with respect to the real axis. 


Constant phase-angle loci (N circles). We shall obtain the phase angle a in 


terms of X and Y. Since 
; _X+jY _ 
[e® = 1+X+/iY 


the phase angle a is 


z {y\ 33 {fy \ 
a = tan lx — tan li x] 
If we define 
tana=N 


then 
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Since 


tan A — tan B 


A- = 
fant B) 1+ tan A tan B 
we obtain 

Y _=Y 

N xX 14+X Y 
sian Y X?4+X+ Y? 
X\1+ X 

or 


1 
24 Y*-—Y=0 
XxX X+ N 


The addition of (%4) + 1/(2N)? to both sides of this last equation yields 


1\? 1. 1 \? 
[x ) + (y a ics axl (8-17) 
This is an equation of a circle with center at X = —3 Y = 1/(2N) and with radius 
V (A) + 1/(N)?. For example, if a = 30°, then N = tan a = 0.577, and the center and 
the radius of the circle corresponding to a = 30° are found to be (- 0.5,0.866) and unity, 
respectively. Since Equation (8-17) is satisfied when X = Y = 0 and XY = —1, Y = Ore- 
gardless of the value of N, each circle passes through the origin and the —1 + 0 point. 
The constant a loci can be drawn easily once the value of N is given. A family of con- 
stant N circles is shown in Figure 8-87 with a as a parameter. 

It should be noted that the constant N locus for a given value of a is actually not the 
entire circle but only an arc. In other words, the a = 30° and a = —150° arcs are parts 
of the same circle. This is so because the tangent of an angle remains the same if +180° 
(or multiplies thereof) is added to the angle. 

The use of the M and N circles enables us to find the entire closed-loop frequency 
response from the open-loop frequency response G(jw) without calculating the magni- 
tude and phase of the closed-loop transfer function at each frequency. The intersections 
of the G(jw) locus and the M circles and N circles gives the values of M and N at fre- 
quency points on the G(jw) locus. 

The N circles are multivalued in the sense that the circle for a = a1 and that for 
a =a, + 180° (n = 1,2,...) are the same. In using the N circles for the determination 
of the phase angle of closed-loop systems, we must interpret the proper value of a.To 
avoid any error, start at zero frequency, which corresponds to a = 0°, and proceed to 
higher frequencies. The phase-angle curve must be continuous. 

Graphically, the intersections of the G(jw) locus and M circles give the values of 
M at the frequencies denoted on the G(jw) locus. Thus, the constant M circle with 
the smallest radius that is tangent to the G(jw) locus gives the value of the resonant 
peak magnitude M,. If it is desired to keep the resonant peak value less than a cer- 
tain value, then the system should not enclose the critical point (— 1 + j0 point) and, at 
the same time, there should be no intersections with the particular M circle and the 
GU) locus. 
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Figure 8-87 
A family of con- 
stant N circles. 
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Figure 8-88(a) shows the G(jw) locus superimposed on a family of M circles. Figure 
8-88(b) shows the G(jw) locus superimposed on a family of N circles. From these plots, 
it is possible to obtain the closed-loop frequency response by inspection. It is seen that 
the M = 1.1 circle intersects the G(jw) locus at frequency point w = w1. This means that 
at this frequency the magnitude of the closed-loop transfer function is 1.1. In Figure 
8-88(a), the M = 2 circle is just tangent to the G(jw) locus. Thus, there is only one point 
onthe G(jw) locus for which |C(jw)/R(jw)| is equal to 2. Figure 8-88(c) shows the closed- 
loop frequency-response curve for the system. The upper curve is the M versus frequency 
w curve, and the lower curve is the phase angle a versus frequency w curve. 

The resonant peak value is the value of M corresponding to the M circle of smallest 
radius that is tangent to the G(jw) locus. Thus, in the Nyquist diagram, the resonant peak 
value M, and the resonant frequency w, can be found from the M-circle tangency to the 
G(jw) locus. (In the present example, M, = 2 and w, = w4.) 


Nichols chart. In dealing with design problems, we find it convenient to construct 
the M and N loci in the log-magnitude versus phase plane. The chart consisting of the 
Mand N loci in the log-magnitude versus phase diagram is called the Nichols chart. This 
chart is shown in Figure 8-89, for phase angles between 0° and — 240°. 

Note that the critical point (—1 + jO point) is mapped to the Nichols chart as the 
point (0 dB, — 180°). The Nichols chart contains curves of constant closed-loop magni- 
tude and phase angle. The designer can graphically determine the phase margin, gain 
margin, resonant peak magnitude, resonant peak frequency, and bandwidth of the 
closed-loop system from the plot of the open-loop locus, G(jw). 
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Figure 8-88 

(a) GG) locus 
superimposed on a 
family of M circles; 
(b) G(iw) locus 
superimposed on a 
family of N circles; 
(c) closed-loop 
frequency-response 
curves. 


The Nichols chart is symmetric about the —180° axis. The M and N loci repeat for 
every 360°, and there is symmetry at every 180° interval. The M loci are centered about 
the critical point (0 dB, — 180°). The Nichols chart is useful for determining the frequency 
response of the closed loop from that of the open loop. If the open-loop frequency- 
response curve is superimposed on the Nichols chart, the intersections of the open-loop 
frequency-response curve G(jw) and the M and N loci give the values of the magnitude 
M and phase angle a of the closed-loop frequency response at each frequency point. If 
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Figure 8-89 
Nichols chart. 
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the G(jw) locus does not intersect the M = M, locus but is tangent to it, then the reso- 
nant peak value of M of the closed-loop frequency response is given by M,. The reso- 
nant peak frequency is given by the frequency at the point of tangency. 

As an example, consider the unity-feedback system with the following open-loop 
transfer function: 


K 


CO) Eases 


To find the closed-loop frequency response by use of the Nichols chart, the G(jw) locus 
is constructed in the log-magnitude versus phase plane from the Bode diagram. The use 
of the Bode diagram eliminates the lengthy numerical calculation of G(jw). Figure 
8-90(a) shows the G(jw) locus together with the M and N loci. The closed-loop frequency- 
response curves may be constructed by reading the magnitudes and phase angles at 
various frequency points on the G(jw) locus from the M and N loci, as shown in Fig- 
ure 8-90(b), Since the largest magnitude contour touched by the G(jw) locus is 5 dB, 
the resonant peak magnitude M, is 5 dB. The corresponding resonant peak frequency 
is 0.8 rad/sec. 

Notice that the phase crossover point is the point where the G(jw) locus intersects 
the —180° axis (for the present system, w = 1.4 rad/sec), and the gain crossover point is 
the point where the locus intersects the 0-dB axis (for the present system, w = 0.76 
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(a) (b) 
Figure 8-90 
(a) Plot of G(jw) superimposed on Nichols chart; (b) closed-loop frequency-response curves. 


rad/sec). The phase margin is the horizontal distance (measured in degrees) between 
the gain crossover point and the critical point (0 dB, —180°). The gain margin is the dis- 
tance (in decibels) between the phase crossover point and the critical point. 

The bandwidth of the closed-loop system can easily be found from the G(jw) locus 
in the Nichols diagram. The frequency at the intersection of the G(jw) locus and the 
M = —3 GB locus gives the bandwidth. 

If the open-loop gain K is varied, the shape of the G(jw) locus in the log-magnitude 
versus phase diagram remains the same, but it is shifted up (for increasing K) or down 
(for decreasing K) along the vertical axis. Therefore, the G(jw) locus intersects the M 
and N loci differently, resulting in a different closed-loop frequency-response curve. For 
a small value of the gain K, the G(jw) locus will not be tangent to any of the M loci, 
which means that there is no resonance in the closed-loop frequency response. 


Closed-loop frequency response for nonunity-feedback systems. In the 
preceding sections, our discussions were limited to closed-loop systems with unity 
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feedback. The constant M and N loci and the Nichols chart cannot be directly applied 
to control systems with nonunity feedback, but rather require a slight modification. 

If the closed-loop system involves a nonunity-feedback transfer function, then the 
closed-loop transfer function may be written 


Cs) _ __— Gs). 
R(s) 1+ G(s)H(s) 


where G(s) is the feedforward transfer function and H(s) is the feedback transfer func- 
tion. Then C(jw)/RGaw) can be written 


CGw)_ 1 G(jo)HUjo) 
Rw) H(jw) 1+ G(jo)H(jo) 


The magnitude and phase angle of 


GG) 
1+ G,VJa) 


where Gi(jw) = G(jw)H(jw), may be obtained easily by plotting the Gi(jw) locus on the 
Nichols chart and reading the values of M and N at various frequency points. The closed- 
loop frequency response C(jw)/R(jw) may then be obtained by multiplying GiGw)/ 
[1 + Gi(jw)] by 1/HGe@). This multiplication can be made without difficulty if we 
draw Bode diagrams for Gi(jw)/[1 + Gi(jw)] and H(jw) and then graphically subtract 
the magnitude of H(jw) from that of Gi(jw)/[1 + Gi(jw)] and also graphically sub- 
tract the phase angle of H(jw) from that of G;(jw)/[1 + G 1(jw)]. Then the resulting 
log-magnitude curve and phase-angle curve give the closed-loop frequency response 
C(ja@)/R(ja). 

To obtain acceptable values of M,, w, and w» for |C(jw)/R(ja)|, a trial-and-error 
process may be necessary. In each trial, the Gi(jw) locus is varied in shape. Then Bode 
diagrams for Gi(j@)/[1 + Gi(jw)] and Hw) are drawn, and the closed-loop frequency 
response C(jw)R(jw) is obtained. The values of M,, w,, and w» are checked until they 
are acceptable. 


Gain adjustments. The concept of M circles will now be applied to the design 
of control systems. In obtaining suitable performance, the adjustment of gain is usually 
the first consideration. The adjustment may be based on a desirable value for the reso- 
nant peak. 

In the following, we shall demonstrate a method for determining the gain K so 
that the system will have some maximum value M,, not exceeded over the entire fre- 
quency range. 

Referring to Figure 8-91, we see that the tangent line drawn from the origin to the de- 
sired M, circle has an angle of w, as shown, if M, is greater than unity. The value of sin yp is 


M, 
: M2 -1 1 
sin y = ae = M, (8-18) 
M2 -1 


Chapter 8 / Frequency-Response Analysis 


Figure 8-91 
M circle. 


Let us call the tangency point of the tangent line and the M, circle as point P. It can eas- 
ily be proved that the line drawn from point P perpendicular to the negative real axis, 
intersects this axis at the —1 + j0 point. 


Consider the system shown in Figure 8-92. The procedure for determining the gain 


K so that GGw) = KG 1(ja) will have a desired value of M, (where M, > 1) can be sum- 
marized as follows: 


6. 


Draw the polar plot of the normalized open-loop transfer function Gi(jw) = 
G(jayK. 

Draw from the origin the line that makes an angle of y = sin-! (1/M,) with the nega- 
tive real axis. 

Fit a circle with center on the negative real axis tangent to both the Gi(jw) locus and 
the line PO. 

Draw a perpendicular line to the negative real axis from point P, the point of tan- 
gency of this circle with the line PO. The perpendicular line PA intersects the nega- 
tive real axis at point A. 

For the circle just drawn to correspond to the desired M, circle, point A should be 
the —1 + j0 point. 

The desired value of the gain K is that value which changes the scale so that point A 
becomes the —1 + j0 point. Thus, K = 1/OA. 


Note that the resonant frequency w, is the frequency of the point at which the circle is 
tangent to the G,(jw) locus. The present procedure may not yield a satisfactory value 
for w,. If this is the case, the system must be compensated in order to increase the value 


Figure 8-92 
Control system. 
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of w, without changing the value of M,. (For the compensation of control systems by 
frequency-response methods, see Chapter 9.) 

Note also that if the system has nonunity feedback then the method requires some 
cut-and-try steps. 


Consider the unity-feedback control system whose open-loop transfer function is 


K 
G(ja) = ———~ 
as CREE 
Determine the value of the gain K so that M, = 1.4. 
The first step in the determination of the gain K is to sketch the polar plot of 
G(jo) 1 
K ja(1 + jo) 


as shown in Figure 8-93. The value of wy corresponding to M, = 1.4 is obtained from 


= sin”! 4 = 45.6° 


1 


M, 


r 


y = sin” 


The next step is to draw the line OP that makes an angle y = 45.6° with the negative real axis. 
Then draw the circle that is tangent to both the GGw)/K locus and the line OP. Define the point 
where the circle is tangent to the 45.6° line as point P. The perpendicular line drawn from 
point P intersects the negative real axis at (—0.63, 0). Then the gain K of the system is deter- 
mined as follows: 


It should be noted that such determination of the gain can also be done easily on the log- 
magnitude versus phase plot. In what follows, we shall demonstrate how the log-magnitude 
versus phase diagram can be used to determine the gain K so that the system will have a desired 
value of M,. 

Figure 8-94 shows the M, = 1.4 locus and the G(jw)/K locus. Changing the gain has no ef- 
fect on the phase angle but merely moves the curve vertically up for K > 1 and down for K < 1. 


Figure 8-93 
Determination of the gain K using 
an M circle. 
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Figure 8-94 


Determination of the gain K usi 
etermination of ine gain WA Us 


the Nichols chart. 


In Figure 8-94, the G(jw)/K locus must be raised by 4 dB in order that it be tangent to the de- 
sired M, locus and that the entire Gw)/K locus be outside the M, = 1.4 locus. The amount of 
vertical shift of the G(jw)/K locus determines the gain necessary to yield the desired value of M,. 
Thus, by solving 
20 log K = 4 
we obtain 
K = 1.59 


Thus, we have the same result as obtained earlier. 


8-11 EXPERIMENTAL DETERMINATION OF 
TRANSFER FUNCTIONS 


The first step in the analysis and design of a control system is to derive a mathemati- 
cal model of the plant under consideration. Obtaining a model analytically may be 
quite difficult. We may have to obtain it by means of experimental analysis. The impor- 
tance of the frequency-response methods is that the transfer function of the plant, or 
any other component of a system, may be determined by simple frequency-response 
measurements. 

If the amplitude ratio and phase shift have been measured at a sufficient number of 
frequencies within the frequency range of interest, they may be plotted on the Bode di- 
agram. Then the transfer function can be determined by asymptotic approximations. We 
build up asymptotic log-magnitude curves consisting of several segments. With some 
trial-and-error juggling of the corner frequencies, it is usually possible to find a very 
close fit to the curve. (Note that if the frequency is plotted in cycles per second rather 
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than radians per second the corner frequencies must be converted to radians per sec- 
ond before computing the time constants.) 


Sinusoidal-signal generators. In performing a frequency-response test, suitable 
sinusoidal-signal generators must be available. The signal may have to be in mechani- 
cal, electrical, or pneumatic form. The frequency ranges needed for the test are ap- 
proximately 0.001 to 10 Hz for large-time-constant systems and 0.1 to 1000 Hz for 
small-time-constant systems. The sinusoidal signal must be reasonably free from har- 
monics or distortion. 

For very low frequency ranges (below 0.01 Hz) a mechanical signal generator (to- 
gether with a suitable pneumatic or electrical transducer if necessary) may be used. For 
the frequency range from 0.01 to 1000 Hz, a suitable electrical-signal generator (to- 
gether with a suitable transducer if necessary) may be used. 


Determination of minimum-phase transfer functions from Bode diagrams. 
As stated previously, whether a system is minimum phase can be determined from the 
frequency-response curves by examining the high-frequency characteristics. 

To determine the transfer function, we first draw asymptotes to the experimentally 
obtained log-magnitude curve. The asymptotes must have slopes of multiples of +20 
dB/decade. If the slope of the experimentally obtained log-magnitude curve changes 
from —20 to —40 dB/decade at w = w1, it is clear that a factor 1/[1 + j(w/@1)] exists in 
the transfer function. If the slope changes by —40 dB/decade at w = a2, there must be 
a quadratic factor of the form 


41 
i 


a ates Naf ye ND 
vais) 
2 2 


in the transfer function. The undamped natural frequency of this quadratic factor is 


equal to the corner frequency a>. The damnina ratio £ can be determined from the ex- 


ual to the corner frequency w2. The damping ratio ¢ can be determined from the e 
perimentally obtained log-magnitude curve by measuring the amount of resonant peak 
near the corner frequency w2 and comparing this with the curves shown in Figure 8-8. 

Once the factors of the transfer function G(jw) have been determined, the gain can 
be determined from the low-frequency portion of the log-magnitude curve. Since such 
terms as 1 + j(w/w,) and 1 + 2 CGw/w2 + Ywiw2) become unity as w approaches zero, 
at very low frequencies, the sinusoidal transfer function G(jw) can be written 


F ng KS 
i Gla) = (joy 


In many practical systems, 4 equals 0, 1, or 2. 


1, For A = 0, or type 0 systems, 
G(jo) = K, fora <1 


or 


20 log |G(ja)| = 20log K, forw <1 
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The low-frequency asymptote is a horizontal line at 20 log K dB. The value of K can 
thus be found from this horizontal asymptote. 
2. For 4 = 1, or type 1 systems, 


K 
G(Gjo) =—, f < 
(jw) je ora <1 


or 


20 log |G(jw)| = 20 log K — 20 log w, forw <1 


which indicates that the low-frequency asymptote has the slope —20 dB/decade. The 
frequency at which the low-frequency asymptote (or its extension) intersects the 
0-dB line is numerically equal to K. 

3. For A =2, or type 2 systems, 


K 
G(jw) = —> forw <1 


(joy 


or 


20 log |G(jw)| = 20log K — 40logw, forw <1 


The slope of the low-frequency asymptote is —40 dB/decade. The frequency at which 
this asymptote (or its extension) intersects the 0-dB line is numerically equal to VK. 


Examples of log-magnitude curves for type 0, type 1, and type 2 systems are shown 
in Figure 8-95, together with the frequency to which the gain K is related. 

The experimentally-obtained phase-angle curve provides a means of checking the 
transfer function obtained from the log-magnitude curve. For a minimum-phase system, 
the experimental phase-angle curve should agree reasonably well with the theoretical 
phase-angle curve obtained from the transfer function just determined. These two 
phase-angle curves should agree exactly in both the very low and very high frequency 
ranges. If the experimentally obtained phase angle at very high frequencies (compared 
with the corner frequencies) is not equal to —90°(q — p), where p and g are the degrees 
of the numerator and denominator polynomials of the transfer function, respectively, 
then the transfer function must be a nonminimum-phase transfer function. 


Nonminimum-phase transfer functions. _ If, at the high-frequency end, the com- 
puted phase lag is 180° less than the experimentally obtained phase lag, then one of the 
zeros of the transfer function should have been in the right-half s plane instead of the 
left-half s plane. 

If the computed phase lag differed from the experimentally obtained phase lag by a 
constant rate of change of phase, then transport lag, or dead time, is present. If we as- 
sume the transfer function to be of the form 


G(sye™ 
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Figure 8-95 

(a) Log-magnitude 
curve of a type 0 
system; (b) log- 
magnitude curves 
of type 1 systems; 
(c) log-magnitude 
curves of type 2 sys- 
tems. (The slopes 
shown are in 
dB/decade.) 
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@ in log scale 


(a) 


w in log scale w in log scale 


where G(s) is a ratio of two polynomials in s, then 
tin, LOtianem” = tin f; |foca) + /e| 
d 
lim ——| /G(jw) — oT 


0-T=-T 


Thus, from this last equation, we can evaluate the magnitude of the transport lag T. 


A few remarks on the experimental determination of transfer functions 

1. It is usually easier to make accurate amplitude measurements than accurate 
phase-shift measurements. Phase-shift measurements may involve errors that may be 
caused by instrumentation or by misinterpretation of the experimental records. 
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EXAMPLE 8-23 


2. The frequency response of measuring equipment used to measure the system 
output must have a nearly flat magnitude versus frequency curves. In addition, the 
phase angle must be nearly proportional to the frequency. 

3. Physical systems may have several kinds of nonlinearities. Therefore, it is neces- 
sary to consider carefully the amplitude of input sinusoidal signals. If the amplitude of 
the input signal is too large, the system will saturate, and the frequency-response test 
will yield inaccurate results. On the other hand, a small signal will cause errors due to 
dead zone. Hence, a careful choice of the amplitude of the input sinusoidal signal must 
be made. It is necessary to sample the waveform of the system output to make sure that 
the waveform is sinusoidal and that the system is operating in the linear region during 
the test period. (The waveform of the system output is not sinusoidal when the system 
is operating in its nonlinear region.) 

4. If the system under consideration is operating continuously for days and weeks, 
then normal operation need not be stopped for frequency-response tests. The sinusoidal 
test signal may be superimposed on the normal inputs. Then, for linear systems, the out- 
put due to the test signal is superimposed on the normal output. For the determination 
of the transfer function while the system is in normal operation, stochastic signals (white 
noise signals) also are often used. By use of correlation functions, the transfer function 
of the system can be determined without interrupting normal operation. 


Determine the transfer function of the system whose experimental frequency-response curves 
are as shown in Figure 8-96. 

The first step in determining the transfer function is to approximate the log-magnitude curve 
by asymptotes with slopes +20 dB/decade and multiples thereof, as shown in Figure 8-96. We 
then estimate the corner frequencies. For the system shown in Figure 8-96, the following form of 
the transfer function is estimated. 


K(1 + 0.5jo) 


Pe er, weed 
The value of the damping ratio ¢ is estimated by examining the peak resonance near w = 6 rad/ 
sec. Referring to Figure 8-8, ¢ is determined to be 0.5. The gain K is numerically equal to the fre- 
quency at the intersection of the extension of the low-frequency asymptote and the 0-dB line. The 
value of K is thus found to be 10. Therefore, G(jw) is tentatively determined as 


(jw) = 1+ 080) _—_ 
jo(i + ja) f + (3) + 3) | 


7 320(s + 2) 
Ok Te + Be es) 


G(jo) = 


or 


This transfer function is tentative because we have not examined the phase-angle curve yet. 
Once the corner frequencies are noted on the log-magnitude curve, the corresponding 
phase-angle curve for each component factor of the transfer function can easily be drawn. 
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Magnitude 
(asymptotic) 


Magnitude 
(experimental) 


0° 


-| -100° 


| 200° 


Phase angle 
(experimental) 


400° 
Figure 8-96 
Bode diagram of a 


system. (Solid curves -500° 
are experimentally 01 02 0406 1 2 4 6 10 20 40 
obtained curves.) w in rad/sec 


The sum of these component phase-angle curves is that of the assumed transfer function. The 
phase-angle curve for G(jw) is denoted by Le in Figure 8-96. From Figure 8-96 we clearly no- 
tice a discrepancy between the computed phase-angle curve and the experimentally-obtained 
phase-angle curve. The difference between the two curves at very high frequencies appears to be 
a constant rate of change. Thus, the discrepancy in the phase-angle curves must be caused by 
transport lag. 

Hence, we assume the complete transfer function to be G(s)e~™. Since the discrepancy be- 
tween the computed and experimental phase angles is —0.2w rad for very high frequencies, we 
can determine the value of T as follows. 


d 5 
lim — ‘ —joT - _T = —0, 
ue as GUw)e T 0.2 
or 


T = 0.2 sec 


The presence of transport lag can thus be determined, and the complete transfer function deter- 
mined from the experimental curves is 


320(s + 2)e7°5 
s(s + 1)(s? + 8s + 64) 


G(s)e™ = 
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A-8-1. 


A-8-2. 


Figure 8-97 

Bode diagram for 
10(1 + jw)/[(2 + ja) 
(5 + jo)] 


EXAMPLE PROBLEMS AND SOLUTIONS 


Consider a system whose closed-loop transfer function is 

C(s) _ _:10(s + 1) 

R(s) (s + 2)(s + 5) 
(This is the same system considered in Problem A-6-9.) Clearly, the closed-loop poles are located 
ats = —2ands = —5,and the system is not oscillatory. (The unit-step response, however, exhibits 
overshoot due to the presence of a zero at s = —1. See Figure 6-51.) 


Show that the closed-loop frequency response of this system will cxhibit a resonant peak, al- 
though the damping ratio of the closed-loop poles is greater then unity. 


Solution. Figure 8-97 shows the Bode diagram for the system. The resonant peak value is ap- 
proximately 3.5 dB. (Note that, in the absence of a zero, the second-order system with € > 0.7 will 
not exhibit a resonant peak; however, the presence of a closed-loop zero will cause such a peak.) 


Plot a Bode diagram for the following open-loop transfer function G(s): 


Bie 20(s? + s + 0.5) 
() = Ss + (s+ 10) 


Solution. By substituting s = jw into G(s), we have 


ae 20[(jo)" + (jw) + 0.5] 
Be) asia £t\Gar 10) 


Notice that w, and € of the quadratic term in the numerator are 


ve =VO5 and = = 0.707 


This quadratic term can be written as 


w? ( = # at a iH y = (05) ( a) +2x oer rd ss ] 


90° 


-45° 


02 04 06 1 2 4 6 10 20 40 
@ in rad/sec 
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Note that the corner frequency is at w = \/0.5 = 0.707 rad/sec. Now G(jw) can be written as 


Oy cra pS) a 
TVs} Vas 


G(jo) = 
(jo) jo(jo + DO.ljo +1) 
The Bode diagram for G(jw) is shown in Figure 8-98. 


A-8-3. Draw the Bode diagram of the following nonminimum-phase system: 


Ci 

OO a hata 
R(s) 

Obtain the unit-ramp response of the system and plot c(7) versus ¢. 


Solution. The Bode diagram of the system is shown in Figure 8-99. For a unit-ramp input, 
R(s) = 1/s?, we have 


o° 


-90° 
Figure 8-98 
Bode diagram for i i | -180° 
G(jw) of Problem 0.1 1 10 100 
A-8-2, @ = in rad/sec 


dB 
Il -jwTl 
‘ 20 dB/decade 


i w in log scale 
T 


/\-jwT 0° 


ac 1 w in log scale Higuee 3-7) 
T aes Bode diagram of 1 — jwT. 
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A-8-4, 


The inverse Laplace transform of C(s) gives 
c(t) =t-T, 


Figure 8-100 shows the response curve c(t) versus t. (Note the faulty behavior at the start of 
the response.) A characteristic property of such a nonminimum-phase system is that the tran- 
sient response starts out in the opposite direction to the input but eventually comes back in the 
same direction. 


fort =0 


Consider the system defined by 
xy) _ O l}ix, + 1 1iju, 
Xy —25 —4/]x, 0 1|lu, 
yy] _|1 O}fx, 
yy “10 1 Xy 


Obtain the sinusoidal transfer functions Yi(jw)/Ui(jw), Y2G@)/UiGa), YiGw)/U2G@), and Y2(jw)/ 
UAGw). In deriving YiGw)/Ui\(jw) and Y2({jw)/UiGw), we assume that U2(jw) = 0. Similarly, in 


obtaining Yi(jw)/U2jw)and Y2(jw)/U2(jw), we assume that Ui(jw) = 0. Obtain also the Bode 
diagrams of these four transfer functions with MATLAB. 


Solution. The transfer matrix expression for the system defined by 


x = Ax + Bu 
y=Cx+Du 
is given by 
Y(s) = G(s)U(s) 
where G(s) is the transfer matrix and is given by 


G(s) = C(sI — A)'B + D 


For the system considered here, the transfer matrix becomes 


cut - aye +p -[2 os 
[Y | {“ 
1 


s? + 45 + 25 


s+4 


s? + 4s + 25 


225 


s2 + ds + 25 


Figure 8-100 


—25 s 


s+5 
s2 + 45 + 25 

s — 25 
s2?+ 4s + 25 


Unit-ramp response of the system 
considered in Problem A-8-3. 
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A-8-5, 


Hence 


s+4 s+5 
¥i(s)| __ |s?+ 4s +25 s* + 49 + 25]| U,(s) 
Y,(s) —25 s — 25 Us) 


stds +25 sg? + 45 + 25 
Assuming that U2{jw) = 0, we find Yi(jw)/U:(j@) and Y2(jw)/U1(j@) as follows: 


Y,Gja) _ jo+4 
U,(jw) (joy + dja + 25 
Y,(jo) _ —25 


U,G@) (jo)? + 4jo + 25 
Similarly, assuming that U;(jw) = 0, we find Yi(jw)/U2Gjw) and Y2(jw)/U2(jw) as follows: 


Y,(jo) _ jo+5 
U,(ja) (jo)? + 4jw + 25 
Y,(jo) _ jo — 25 


Ujo) (jw + 4jw + 25 
Notice that Y2(jw)/U2(j) is a nonminimum-phase transfer function. 
To plot Bode diagrams for Yi(jw)/U;(jw), Yo(jw)/U1Gw), YiGiw)/U2Gw), and Yo(jw)/U2xja) 
with MATLAB, we may use the command 
bode(A,B,C,D) 
Then MATLAB produces Bode diagrams when um is the input and u2 is zero and when “2 is the 
input and u; is zero. See MATLAB Program 8-14 and the resulting Bode diagrams shown in Fig- 


ure 8-101. [Note that MATLAB produces two sets of figures (called Figure 1 and Figure 2) on 
the screen. Figure 8-101 consists of these two sets of Bode diagrams.] 


MATLAB Program 8-14 


1;-25 ~—4]; 
1;0 11; 


Referring to Problem A-8-4, consider an alternative way to plot Bode diagrams of the system. 
One way to plot the Bode diagrams is to use the command 


bode(A,B,C,D,1) 


to obtain Bode diagrams for Yi(jw)/Ui(jw) and Y2(jw)/Ui(j@). To obtain Bode diagrams for 
YiG@)/U2Ga) and Y2(jw)/U2(jw), use the command 


bode(A,B,C,D,2) 


Write a MATLAB program to obtain Bode diagrams using these bode commands. 
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Figure 8-101 i > 
Bode diagrams of the -90 Reed ee 
system considered in 10° 101 10° 
Problem A-8-4. Frequency (rad/sec) 
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A-8-6. 


MATLAB Program 8-15 


1;-25 —4]; 
1:0 11; 
0;0 1b 


D={[0 0;0 0); 

bode(A,B,C,D,1) 

subplot(2,1,1), title((Bode Diagrams; Input = ul (u2 = 0)’) 
bode(A,B,C,D,2) 

subplot(2,1,1), title (‘Bode Diagrams; Input = u2 (u1 = 0)’) 


Solution. The program for this problem is given as MATLAB Program 8-15. The Bode diagrams 
produced by this program are shown in Figure 8-102. In these diagrams it may not be easy to 
identify which curves are for Y;(jw) or Y2(jw). Ordinarily the text command may be used to iden- 
tify curves. However, the text command does not apply to the present bode commands. To use the 
text command, we may use the following command: 

[mag,phase,w] = bode(A,B,C,D,iu,w) 
See Problem A-8-6 for the details. 


Referring to Problems A-8-4 and A-8-5, consider plotting Bode diagrams of the same system as 
discussed in these problems. Use the text command to distinguish curves in the diagrams. Write a 
possible MATLAB program for piotting Bode diagrams using the following command: 
{mag,phase,w] = bode(A,B,C,D,iu,w) 

Solution. In using the command specified, note that the matrices mag and phase contain the mag- 
nitudes of Y;(jw) and Y2(jw) and phase angles for Yi(jw) and Y2(jw) evaluated at each frequency 
point considered. To get the magnitude of Y;(ja), use the following command: 

Yi = mag*[{1;0] 
To convert the magnitude to decibels, use the statement 

magdB = 20*log10(mag) 
Hence, to convert Y1 to decibels, enter the statement 
Y¥1dB = 20*log10(¥1) 


Similarly, to plot the magnitude of Y2 in decibels, use the following command: 


Y2 = mag*[0;1] 
Y¥2dB = 20*log10(Y2) 


Then enter the command 
semilogx(w, Y1dB,'o!,w, ¥1dB,'-,w,¥2cB,'x',w, ¥2dB, ‘-’) 


The text command can now be used to write text in the figure. See MATLAB Program 8-16. 
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Figure 8-102 
Bode diagrams. 
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MATLAB Program 8-16 


% ***** We shall first obtain the frequency response when 
% u2 = 0; that is, we obtain Y1(jw/U1 (jw) and Y2(jwY/U 1 (jw) *7*** 


0,0 1]; 
D={[0 0;0 0]; 
w = logspace(—1,3,100); 


imag1, phase1, w] = bode(A,B,C,D,1,w); 

Y1 = mag1*[1;0]; Y1dB = 20*log10(Y1); 

Y¥2 = mag1*[0;1]; Y2dB = 20*log10(¥2); 

semilogx(w, ¥1aB,’‘o’,w, ¥1dB,’-’,w,Y2dB,’x’,w, ¥2dB,‘-’) 
grid 

subplot(2,1,1); 

title(Bode Diagrams: Input = u1 (u2 = 0)’) 
xlabel(‘Frequency (rad/sec)’) 

ylabel(‘Gain dB’) 

text(1.2,—10,‘Y1’); text(1.2,6,/Y2’) 


Y1p = phase1*[1;0]; 

Y¥2p = phaset*[0;1]; 

scmilogx(w,Y1p,‘o’,w, Y1p,‘-w,¥2p,'x",w,¥2p,’-’) 
grid 

xlabel(‘Frequency (rad/sec)’) 

ylabel(‘Phase deg’) 
text(1.2,25,¥1’);text(1.2,188,’Y2’) 


% ***** In the following, we shall obtain the frequency response 
% when ul = 0; that is, we obtain Y1(jw)/U2 (jw) and Y2(jwV/U2 (jw) ***** 


[mag2,phase2,w] = bode(A,B,C,D,2,w); 

YY1 = mag2*(1;0]; YY1dB = 20*log10(YY1); 

YY2 = mag2*[0;1]; YY2dB = 20*log!1 OCYY2); 
semilogx(w, YY 1dB,‘o’,w,YY1dB,‘-’,w, YY 2dB,‘x’,w, YY2dB,~’) 
grid 

subplot(2,1,1); 

title(/Bode Diagrams: Input = u2 (u1 = 0)’) 
xlabel(‘Frequency (rad/sec)’) 

ylabel(‘Gain dB’) 

text(1.2, -17,‘¥1"); text(1.2,5,°¥2’) 


YY1p = phase2*[1;0]; 

YY2p = phase2*[0;1]; 

semilogx(w, YY1p,‘0",w, YY1p,-",w, YY2p,’x",w, YY2p,‘-’) 
grid 

xlabel(‘Frequency (rad/sec)’) 

ylabel(‘Phase deg’) 

text(1.2,20,’¥1'); text(1.2,182,‘Y2’) 
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Similarly, to plot the phase angles for Yi(jw) and Y2(jw), use the following commands: 


Y1p = phase*[1;0]; 
Y¥2p = phase*[0;1]; 
semilogx(w,Y1p,'o,w,Y1p,'-,W,¥ 2p, 'X_W,¥2p,-) 


Bode diagrams obtained by use of MATLAB Program 8-16 are shown in Figures 8-103 and 8-104. 


A-8-7,_ Prove that the polar plot of the sinusoidal transfer function 
G(jw) = eer, forO=wsm 


is a semicircle. Find the center and radius of the circle. 


Bode Diagrams: Input = u1 (u2 = 0) 


Figure 8-103 
Bode diagrams. Frequency (rad/sec) 
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Bode Diagrams: Input = u2 (u1 = 0) 
10 TH 
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Figure 8-104 1077 10° 10 10° 10° 
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Solution. The given sinusoidal transfer function G(jw) can be written as follows: 


G(ja) = X + jY 
where 
wT? wT 
=Tter her 
Then 


1M tepgece (Orde Sly wT? 1 
(x ; Bi 4(1 + wT?) * (+7 4 
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Hence, we see that the plot of G(ja) is a circle centered at (0.5,0) with radius equal to 0.5. The 
upper semicircle corresponds to 0 = w = ©, and the lower semicircle corresponds to —» = w = 0. 


A-8-8. Referring to Problem A-8-2, plot the polar locus of G(s) where 


_ 2067 +5 +05) 


GG)= s(s + 1)(s + 10) 


Locate on the polar locus frequency points where w = 0.1, 0.2, 0.4, 0.6, 1.0, 2.0, 4.0, 6.0, 10.0, 20.0, 
and 40.0 rad/sec. 


Solution. Noting that 


2(-w? + jw + 0.5) 


GU) = Ta +101 jo +1) 


we have 


2V (0.5 — w?)? + w? 
oV1 + a2 V1 + 0.01 w 


ifaw) 


‘G(jo) = tan os = a} 


IG(jo)| = 


—90° — tan! w — tan '(0.i@) 


The magnitude and phase angle may be obtained as shown in Table 8-3. (Note that the magni- 
tude in decibels and phase angle in degrees can be easily read from Figure 8-98.) The magnitude 
in decibels can also be easily converted to a number. Figure 8-105 shows the polar plot. Notice 
the existence of a loop in the polar locus. 


Table 8-3 Magnitude and Phase of G( jw) 
Considered in Problem A-8-8 


w IG(ja), [G(jo) 
ee ce ec 
| mae | 
| nate | 
| 505° | 
| naar | 
| 7596 


0 [as | 
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A-8-9. 


A-8-10. 


Figure 8-105 
Polar plot of 
G(jw) given in Problem A-8-8. 


Consider the function 


stl 


Fs) = 4 


The conformal mapping of the lines @ = 0, +1, +2 and the lines o = 0, +1, +2 yield circles in the 
F(s) plane, as shown in Figure 8-106. Show that if the contour in the s plane encloses the pole of 
F(s) there is one encirclement of the origin of the F(s) plane in the counterclockwise direction. If 
the contour in the s plane encloses the zero of F(s), there is one encirclement of the origin of the 
F(s) plane in the clockwise direction. If the contour in the s plane encloses both the zero and pole 
or if the contour encloses neither the zero nor pole, then there is no encirclement of the origin of 
the F(s) plane by the locus of F(s). (Note that in the s plane a representative point s traces outa 
contour in the clockwise direction.) 


Solution. A graphical solution is given in Figure 8-107; this shows closed contours in the s plane 
and their corresponding closed curves in the F(s) plane. 


Prove the following mapping theorem: Let F(s) be a ratio of polynomials in s. Let P be the num- 
ber of poles and Z be the number of zeros of F(s) that lie inside a closed contour in the s plane, 
multiplicity accounted for. Let the closed contour be such that it does not pass through 
any poles or zeros of F(s). The closed contour in the s plane then maps into the F(s) plane as 
a closed curve. The number N of clockwise encirclements of the origin of the F(s) plane, as a 
representative point s traces out the entire contour in the s plane in the clockwise direction, is 
equal to Z-P. 


Solution. To prove this theorem, we use Cauchy’s theorem and the residue theorem. Cauchy’s 
theorem states that the integral of F(s) around a closed contour in the s plane is zero if F(s) is an- 
alytic within and on the closed contour, or 
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Figure 8-106 
Conformal mapping 
of the s-plane grids 
into the F(s) plane, 
where F(s) = (s + 1)/ 
(s — 1). 


jo Gee 3 F(s) Plane 
2 
jl 
2 -1 0 1 2 Os 
——j] 
~j2: 


¢ F(s) ds = 0 
Suppose that Fs) is given by 


_ taht ayer: 


PO rye Pa 


X(s) 


where X(s) is analytic in the closed contour in the s plane and all the poles and zeros are located 
in the contour. Then the ratio F’(s)/F(s) can be written 


BOE A og Na gm NO) - gay 


Fs) \wrz, st zy J} \tPL S+Pe2 } & 3) 


This may be seen from the following consideration: If F(s) is given by 
F(s) = (8 + z,)*X(s) 
then F(s) has a zero of kth order at s = —z,. Differentiating F(s) with respect to s yields. 
F's) = k(s + z,)* 'X(s) + (s + z,)!X() 
Hence, 


HS) 2 2 £2) = 
Fs) s+ 2, 7 X(s) Cy 


We see that by taking the ratio F’(s)/F(s) the kth-order zero of F(s) becomes a simple pole of 
F’(sVF(s). 


Example Problems and Solutions : 585 


Figure 8-107 
Conformal mapping 
of the s-plane con- 
tours into the F(s) 
plane where F(s) = 
(s + 1)/(s — 1). 
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p2 s Plane F(s) Plane 


If the last term on the right-hand side of Equation (8-20) does not contain any poles or 
zeros in the closed contour in the s plane, F’(s)/F(s) is analytic in this contour except at the 
zero s = —z). Then, referring to Equation (8-19) and using the residue theorem, which states 
that the integral of F’(s)/F(s) taken in the clockwise direction around a closed contour in the 
s plane is equal to —2j times the residues at the simple poles of F’(s)/F(s), or 


EGY, ye 


Fs) —22j(Z residues) 
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A-8-11. 


we have 


F’ 
ae = —2nj[(k, + ky +---) — (nm, +m, +---)) = —2nj(Z - P) 
where Z = ki + ky +--+ = total number of zeros of F(s) enclosed in the closed contour in the 
s plane 
P=m,+m+°°':+ = total number of poles of F(s) enclosed in the closed contour in the 
s plane 


[The k multiple zeros (or poles) are considered k zeros (or poles) located at the same point.] 
Since F(s) is a complex quantity, F(s) can be written 


F(s) = Fle”? 
and 
In F(s) = In|F| + j@ 
Noting that F(s)/F(s) can be written 
F(s) _ din F(s) 
F(s) ds 


F(s) _ din|F| | 46 


F(s) ds * ds 
If the closed contour in the s plane is mapped into the closed contour Fin the F(s) plane, then 
F 
pao = ya tal + iGy 40 = i 49 = 2nj(P - Z) 


The integral ¢r d In|F| is zero since the magnitude In|F| is the same at the initial point and the fi- 
nal point of the contour I’. Thus we obtain 


we obtain 


The asgulas diffesccece hetewonen the fieal and ieitial wales of Mier tha taesl phaece 


ali anguiar differ wily octwecn tiie bids GG ilitias Va1UuCcs OF U iS cqual to tie tuLlal cnange in the 
phase angle of F’(s)/F(s) as a representative point in the s plane moves along the closed contour. 
Noting that N is the number of clockwise encirclements of the origin of the F(s) plane and 62 — @ 
is zero or a multiple of 27 rad, we obtain 


Thus, we have the relationship 


This proves the theorem. 

Note that by this mapping theorem the exact numbers of zeros and of poles cannot be found, 
only their difference. Note also that from Figures 8-108 (a) and (b) we see that, if @ does not 
change through 27 rad, then the origin of the F(s) plane cannot be encircled. 


The Nyquist plot (polar plot) of the open-loop frequency response of a unity-feedback control sys- 
temis shown in Figure 8-109. Assuming that the Nyquist path in the s plane encloses the entire right- 
half s plane, draw a complete Nyquist plot in the G plane. Then answer the following questions: 


(a) If the open-loop transfer function has no poles in the right-half s plane, is the closed-loop 
system stable? 
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A-8-12. 


Figure 8-108 
Determination of 
encirclement of the 
origin of F(s) plane. 
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(b) If the open-loop transfer function has one pole and no zeros in right-half s plane, is the closed- 
loop system stable? 

(c) If the open-loop transfer function has one zero and no poles in the right-half s plane, is the 
closed-loop system stable? 


Solution. Figure 8-110 shows a complete Nyquist plot in the G plane. The answers to the three 
questions are as follows: 


(a) The closed-loop system is stable, because the critical point (—1 + j0) is not encircled by the 
Nyquist plot. That is, since P = 0 and N = 0, we have Z= N+ P=0. 

(b) The open-loop transfer function has one pole in the right-half s plane. Hence, P = 1. (The 
open-loop system is unstable.) For the closed-loop system to be stable, the Nyquist plot must 
encircle the critical point (—1 + j0) once counterclockwise. However, the Nyquist plot does 
not encircle the critical point. Hence, N = 0. Therefore, Z = N + P = 1. The closed-loop sys- 
tem is unstable. 

(c) Since the open-loop transfer function has one zero but no poles in the right-half s plane, we 
have Z = N + P = 0. Thus, the closed-loop system is stable, (Note that the zeros of the open- 
loop transfer function do not affect the stability of the closed-loop system.) 


Is a closed-loop system with the following open-loop transfer function and with K = 2 stable? 


2 ee 
s(s + 1)(2s + 1) 
Find the critical value of the gain K for stability. 


G(s)H(s) = 


Im { Im t 
F(s) Plane F(s) Plane 
: LAGS 
ji Pavan 
a Re 0 ‘ Re 
Origin encircled Origin not encircled 
62-0, =27 62-4 =0 


(a) (b) 


Figure 8-109 
Nyquist plot. 
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Im 


G Plane 


Figure 8-110 
Complete Nyquist plot in the G 
plane. 


Solution. The open-loop transfer function is 


G(je)\H jw) — es: 
We” jojo + YQja +1) 
K 


~ —3@? + jo(1 — 2?) 
This open-loop transfer function has no poles in the right-half s plane. Thus, for stability the 


—1 + jO point should not be encircled by the Nyquist plot. Let us find the point where the Nyquist 
plot crosses the negative real axis. Let the imaginary part of G( jw) H(jw) be zero, or 


1-20? =0 


Substituting w = 1/\/2 into G(jw)H(ja), we obtain 


ail Sai BK 
The critical value of the gain K is obtained by equating —2K/3 to —1, or 
2 


-£K=-1 
3 


Hence, 
3 
K=-> 
2 


The system is stable if 0 < K < }. Hence, the system with K = 2 is unstable. 
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A-8-13. 


A-8-14, 


Figure 8-112 

(a) Polar plot of 
K/(jo — 1); (b) polar 
plots of K/(j@ — 1) 
for stable and unsta- 
ble cases. 
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Figure 8-111 
Closed-loop system. 


Consider the closed-loop system shown in Figure 8-111. Determine the critical value of K for 
stability by use of the Nyquist stability criterion. 


Solution. The polar plot of 


K 
G(ja) meat 

is a circle with center at — K/2 on the negative real axis and radius K/2, as shown in Figure 8-112 
(a). As w is increased from —« to ~, the G(jw) locus makes a counterclockwise rotation. In this 
system, P = 1 because there is one pole of G(s) in the right-half s plane. For the closed-loop sys- 
tem to be stable, Z must be equal to zero. Therefore, N = Z — P must be equal to —1, or there 
must be one counterclockwise encirclement of the —1 + j0 point for stability. (If there is no en- 
circlement of the —1 + j0 point, the system is unstable.) Thus, for stability, K must be greater 
than unity, and K = 1 gives the stability limit. Figure 8-112(b) shows both stable and unstable 
cases of G(jw) plots. 


Consider a unity-feedback system whose open-loop transfer function is 


Im 
G Plane 


BS 
2 


Im Im 
G Plane G Plane 


0 (Stable) (Unstable) 


K>I K<!1 
(b) 
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Ke 8s 
st+1 


G(s) = 


Using the Nyquist plot, determine the critical value of K for stability. 
Solution. For this system, 
K Ee 08jo 
G(jw) = 
OO aed 
K(cos 0.8@ — jsin 0.8@)(1 — jw) 
1+ 


K 
=———5 [(cos 0.8@ — w sin 0.8m) — j(sin 0.8@ + @ cos 0.8 
1+ 


The imaginary part of G(jw) is equal to zero if 
sin 0.8@ + w cos 0.80 = 0 
Hence, 
@ = —tan 0.80 
Solving this equation for the smallest positive value of w, we obtain 
@ = 2.4482 
Substituting @ = 2.4482 into G(jw), we obtain 


G(j2.4482) = as (cos 1.9586 — 2.4482 sin 1.9586) = —0.378K 
The critical value of K for stability is obtained by letting G(j2.4482) equal —1. Hence, 
0.378K = 1 
or 
K = 2.65 


Figure 8-113 shows the Nyquist or polar plots of 2.65e~°8/(1 


order system without transport lag i is stable for all values of K, 


0.8 sec becomes unstable fot K> 2, 65. 


ge 


2.65 ¢ 08 
fag — 
l+jw 

Figure 8-113 
Polar plots of 2.65e-°8/(1 + jw) and 
2.65/(1 + jo). 
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A-8-15. Consider a unity-feedback system with the following open-loop transfer function: 
7 20(s? + s + 0.5) 
OS) 5 1G #10) 
Draw a Nyquist plot with MATLAB and examine the stability of the closed-loop system. 
Solution. We first enter MATLAB Program 8-17 into the computer. Because in this system 


MATLAB involves “Divide by zero” in the computation, the resulting Nyquist plot is erroneous, 
as shown in Figure 8-114. 


MATLAB Program 8-17 


num = [0 20 20 10); 
den=[{1 11 10 O}; 
nyquist(num,den} 


This erroneous Nyquist plot can be corrected by entering the axis command, as shown in 
MATLAB Program 8-18, The resulting Nyquist plot is shown in Figure 8-115. 


MATLAB Program 8-18 


num = {0 20 20 101; 
den=f1 11 10 Of}; 
nyquist(num,d.en) 
v=[-2 3 -3 3); axis(v) 

grid 

title(/Nyquist Plot of G(s) = 20(s42 + s + O0.5)/[sis + 1)(s + 10)]) 


Imag Axis 
i=) 


Figure 8-114 
Erroneous Nyquist 0 02 O04 06 O8 1 12 14 16 18 
plot. Real Axis 
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Figure 8-115 
Nyquist plot of G(s) 


_ 20s + 5 + 0.5) 
~ s(s + 1)(s + 10)* 


A-8-16. 


A-8-17. 


Nyquist Plot of G(s) = 20(5*%2+5+0.5)/[s(s+1)(s+10)] 


Imag Axis 


-1 05 0 O05 1 15 2 25 3 
Real Axis 


3 
2 -15 


Since no open-loop poles lie in the right-half s plane, P = 0 in the Nyquist stability criterion. 
From Figure 8-115 we see that the Nyquist plot does not encircle the —1 + j0 point. Hence, the 


closed-loop system is stable. 


Consider the same system as discussed in Problem A-8-15. Draw the Nyquist plot for only the 
positive frequency region. 


Solution. Drawing a Nyquist plot for only the positive frequency region can be done by use of 
the following command: 
[re,im,w] = nyquist(num,den,w) 


The frequency region may be divided into several subregions using different increments. For ex- 
ample, the frequency region of interest may he divided into three subregions as follows: 


wl = 0.1:0.1:10; 
w2 = 10:2:100; 
w3 = 100:10:500; 
w= [wl w2_ w3] 
MATLAB Program 8-19 uses this frequency region. Using this program, we obtain the Nyquist 
plot shown in Figure 8-116. 
Consider a unity-feedback, positive-feedback system with the following open-loop transfer function: 


Draw a Nyquist plot. 


Solution. The Nyquist plot of the positive-feedback system can be obtained by defining num and 
den as 


num =[-1 —-4 -6] 
den=[1 5 4] 
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MATLAB Program 8-19 


num =[0 20 20 101; 
den=[{1 11 10 01; 
wi = 0.1:0.1:10; w2 = 10:2:100; w3 =100:10:500; 

w= [wl w2 w3i; 

[re,im,w] = nyquist(num,den,w); 

plot(re,im) 

v=[-3 3 —5 1}; axis(v) 

grid 

title(/Nyquist Plot of G(s) = 20(s42 + s + O.5yIs(s + 1)(s + 10)]’) 
xlabel(‘Real Axis’) 
ylabel(‘Imag Axis’) 


a 


Nyquist Plot of G(s) = 20(s*2+s+0.5)/[s(s+1)(s+10)] 


Imag Axis 


Figure 8-116 

Nyquist plot for the 5 : : : : : 

positive frequency -3 -2 -1 0 1 2 3 
region. Real Axis 


and using the command nyquist(num,den). MATLAB Program 8-20 produces the Nyquist plot, 
as shown in Figure 8-117. 


MATLAB Program 8-20 


num =[-1 —-4 —6]; 

den=[{1 5 41; 

nyquist(num, den); 

grid 

title(Nyquist Plot of G(s) = —(s42 + 4s + 6)(s42 +58 + 4)’) 


This system is unstable because the —1 + j0 point is encircled once clockwise. Note that this 
is a special case where the Nyquist plot passes through —1 + j0 point and also encircles this point 
once clockwise. This means that the closed-loop system is degenerate; the system behaves as if it 
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6S Nyquist Plot of G(s) = —(s*2+4s+6)/(s*2+5s+4) 
0.4 
OSthee te tee ora bee Bouya os Sie diets 
O20 ES eK oe? aaa e aes 
5 0.1 
a «(COO 
s 
= 01 
=0:2 basXeaks 
-0.3 
Figure 8-117 04 
Nyquist plot for : : 
hositive:teedback ig ude Le 212s do, 09 SOR 207 
system, Real Axis 
is an unstable first-order system. See the following closed-loop transfer function of the positive- 
feedback system: 
Cs) _ s+4s+6 
Ris)? + 5s +4 — (5? + 45 + 6) 
_ sr +4s+6 
s-2 
Note that the Nyquist plot for the positive-feedback case is a mirror image about the imaginary 
axis of the Nyquist plot for the negative-feedback case. This may be seen from Figure 8~118, which 
was obtained by use of MATLAB Program 8-21. 
‘ Nyquist Plots of G(s) and -G(s) 
O8 bees teed euiantadie: ais 
0.6 
Use this Nyquist : : Use this Nyquist 
Figure 8-118 ~0.6 + - - plot for positive Sacatee sea ghads : plot for negative aie 
fe : feedback system 
Nyquist plots for HOB Peso alee etal, bees paar eee ol: 
positive-feedback : . 
system and negative- “2-15 -1 05 0 05 1 15 2 
feedback system. Real Axis 


Example Problems and Solutions 595 


596 


A-8-18. 


MATLAB Program 8-21 


num1={[1 4. 6]; 

dent =[1 5 4]; 

num2 =[-1 —-4 —6]; 

den2=[1 5 41; 

nyquist(num1,den1); 

hold on 

nyquist(num2,den2) 

v=[-2 2 -1 11 

axis(v); 

grid 

title(‘Nyquist Plots of G(s) and — G(s)’) 

text(0.95,0.5,’G(s)’) 

text(0.57,—0.48,'Use this Nyquist’) 

text(0.57,—0.62,‘plot for negative’) 

text(0.57,—0.73, ‘feedback system’) 

text(-1.3,0.5,/-G(s)’) 

text(— 1.7, -0.48,'Use this Nyquist’) 

text(— 1.7, -0.62,‘plot for positive’) 
{—1 


tox 7, 


—0.73,'feedback system’) 


, 


Suppose that a system possesses at least one pair of complex-conjugate closed-loop poles. If the 
—1 + j0 point is found at the intersection of a constant-o curve and a constant-w curve in the G(s) 
plane, then those particular values of o and w, which we define as — 0, and wc, respectively, char- 
acterize the closed-loop pole closest to the jw axis in the upper-half s plane. (Note that —o- 
represents the exponential decay and w, represents the damped natural frequency of the step 
transient-response term due to the pair of the closed-loop poles closest to the jw axis.) Probable 
values of —g- and w, may be estimated from the plot, as shown in Figure 8-119. Thus, the pair of 
complex-conjugate closed-loop poles that lies closest to the jw axis can be determined graphically. 
It should be noted that all closed-loop poles are mapped into the —1 + 0 point in the G(s) plane. 
Although the complex-conjugate closed-loop poles closest to the jw axis can be found easily by 
this technique, finding other closed-loop poles, if any, by this technique is practically impossible. 

If the data on G(jw) are experimental, then a curvilinear square near the —1 + j0 point can 
be constructed by extrapolation. Referring to Figure 8-120, we can find the location of the dom- 
inant closed-loop poles in the s plane, or the damping ratio ¢ and the damped natural frequency 
wa, by drawing the line AB that connects the —1 + j0 point (point A) and point B, the nearest 
approach to the —1 + 0 point, and then constructing a curvilinear square CDEF, as shown in 


Im 


Figure 8-119 
Estimation of —o, and w-. 
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Figure 8-120 
Conformal mapping 
of a curvilinear 
square near the 

—1 + jO point in the 
G(s) plane into the 
s plane. 


G Plane s Plane 


Figure 8-120, This curvilinear square CDEF may be constructed by drawing the most likely 
curve PQ (where PQ is the conformal mapping of a line parallel to the jw axis in the s plane) 
passing through the —1 + jO point and “parallel” to the G(jw) locus, and adjusting the points 
CD,E, and F such that FB = BE, CA = AD, and FE + CD= FC + ED. The corresponding s- 
plane contour C’D’E’F’, together with point A’, the closed-loop pole closest to the jw axis, is 
shown in Figure 8-120. The value of the frequency interval Aa, between points E and F is ap- 
proximately equal to the value of o; shown in Figure 8-120. The frequency at point B is approxi- 
mately equal to the damped natural frequency w z. The closed-loop poles closest to the jw axis 
are then estimated as 
S= —-0,+ ja, 
Then the damping ratio ¢ of these closed-loop poles can be obtained from 


4 a1 _ Aw 


VI-@ wy, oo, 

It should be noted that the damped natural frequency wa, of the step transient response actu- 
ally is on the frequency contour that passes through the —1 + jO point and is not necessarily the 
point of nearest approach to the G(ja) locus. Therefore, the value wg obtained by the technique 
above is somewhat in error. 

From our analysis, we may conclude that it is possible to estimate the closed-loop poles clos- 
est to the jw axis from the closeness of approach of the G(ja)) locus to the —1 + j0 point, the fre- 
quency at the point of nearest approach, and the frequency graduation near this point. 

Referring to the frequency-response plot of G(jw) of a unity-feedback system, as shown in 
Figure 8-121, find the closed-loop poles closest to the jw axis. 


Solution. The line connecting the —1 + j0 point and the point of nearest approach of the G/jw) 
locus to the —1 + jO point is drawn first. Then the curvilinear square A BCD is constructed. Since 
the frequency at the point of nearest approach is w = 2.9, the damped natural frequency is ap- 
proximately 2.9, or wq = 2.9, From the curvilinear square ABCD, it is found that 


Aw =o, — wo, = 34-24=1.0 


The closed-loop poles closest to the jw axis are then estimated as 
s=-1+j29 


The G(jw) locus shown in Figure 8-121 is actually a plot of the following open-loop trans- 
fer function: 
5(s + 20 
G(s) = a 
S(s + 4.59)(s* + 3.415 + 16.35) 
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A-8-19. 


Figure 8-122 
Space vehicle control 
system. 
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Figure 8-121 
Polar plot and a curvilinear square. 


The exact closed-loop poles of this system are s = —1 + j3 ands = —3 +j1.The closed loop poles 
closest to the jw axis are s = —1~+ j3. In this particular example, we see that the error involved is 
fairly small. In general, this error depends on a particular G(jw) curve. The nearer the G(jw) lo- 
cus is to the —1 + jO point, the smaller the error. 


Figure 8-122 shows a block diagram of a space vehicle control system. Determine the gain K such 
that the phase margin is 50°. What is the gain margin in this case? 


Solution. Since 


we have 


gs Ui 7 fer 1 0 6 
/G(jw) = /jo + 2—2 /jw = tan 5 180 


The requirement that the phase margin be 50° means that / G(jw-) must be equal to —130°, where 
@- is the gain crossover frequency, or 


/G( jo.) = -130° 


Hence, we set 
w 
tan’? —£ = 50° 
2: 


from which we obtain 


w,, = 2.3835 rad/sec 
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Since the phase curve never crosses the —180° line, the gain margin is +: dB. Noting that the 
magnitude of G(jw) must be equal to 0 dB at w = 2.3835, we have 


K(jw + 2) 


(jay? = 


@= 2.3835 


from which we get 


2 
Kk - —23835__ _ 1.959 
VE + 2.38352 


This K value will give the phase margin of 50°. 


A-8-20. Draw a Bode diagram of the open-loop transfer function G(s) of the closed-loop system shown 
in Figure 8-123. Determine the phase margin and gain margin. 


Solution. Note that 


20(jw + 1) 
jo(jw + 5)[Gjwy* + jw + 10] 


= 0.44jH +1 
= — 
; : jw Ze 
. + 
jw(0.2jw + 1) () + 10 + | 


The quadratic term in the denominator has the corner frequency of 1/10 rad/sec and the damp- 
ing ratio € of 0.3162, or 


GGjw) = 


wo, = V10, € = 0.3162 


The Bode diagram of G(jw) is shown in Figure 8-124. From this diagram we find the phase mar- 
gin to be 100° and the gain margin to be +13.3 dB. 


A-8-21. For the standard second-order system 
C(s) _ we 
R(s)  s* + 2bw,5 + wo 


show that the bandwidth @, is given by 


Wy = w,(1L — 20? + Vat — 402 +2)” 
Note that w;/w, is a function only of €. Plot a curve wp/w, versus €. 


Solution. The bandwidth w, is determined from |C(jw»)/RGws)| = —3 dB. Quite often, instead of 
—3 dB, we use —3.01 dB, which is equal to 0.707. Thus, 
2 


CGo,) = Ow, = 
ae (jo,)? + 2w,(ja,) + 07, ned 


20(s + 1) 
s(5 + 5)(s2 + 25 + 10) 


Figure 8-123 
Closed-loop system. 
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Figure 8-124 
Bode diagram 
of G(ja) of sys- 
tem shown in 
Figure 8-123. 


A-8-22. 


600 


0° 


—90° 


—180° 


_100 H po EG H ee oma : ji i} 270° 


01 02 0406 1 2 4 6 10 20 
w in rad/sec 


Then 


“ye 
n 


Va — a3)? F (28 0,0, Sees 


from which we get 


Solving this last equation for (ws/w,)* yields 


w,\" 2 
(2 = -2 +12 Var 442 
Since (w:/wn)? > 0, we take the plus sign in this last equation. Then 
w= oi ~ 20° + Val aE FD) 
or 
Wy = w,(L — 20? + VARS 462 + 2)!” 


Figure 8-125 shows a curve relating wp/wn versus C. 


40 60 100 


A unity-feedback control system has the following open-loop transfer function: 


K 
CO) a NED) 
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Figure 8-125 


Curve @»/w, versus 
€, where wp is the 


bandwidth. 


A-8-23. 


Consider the frequency response of this system. Plot a polar locus of G({jw)/K.'Ihen determine 
the value of gain K such that the resonant peak magnitude M,, of the closed-loop frequency re- 
sponse is 2. 


Solution. A plot of G(jw)/K is shown in Figure 8-126. The value of angle w corresponding to 
M, = 2 obtained from Equation (8-18) is 


1 
y = sin! ig 30° 


Hence, we draw the line OP that passes through the origin and makes an angle of 30° with the 
negative real axis as shown in Figure 8-126. We then draw the circle that is tangent to both the 
GGjw)/K locus and line O OP. Define the point where the circle and line OP are tangent as point 


P.The perpendicular line drawn from point P intersects the negative real axis at (—0.445,0). Then 
the gain K is determined as 


1 
K => = 2.247 
0.445 
From Figure 8-126 we notice that the resonant frequency is approximately w = 0.83 rad/sec. 
Figure 8-127 shows a block diagram of a chemical reactor system. Draw a Bode diagram of G(jw). 
Also, draw the G(jw) locus on the Nichols chart. From the Nichols diagram, read magnitudes and 


phase angles of the closed loop frequency response and then plot the Bode diagram of the closed- 
loop system, G(jw)/[1 + G(jw)]. 


Solution. Noting that 


Gt a 80¢70-1s = Qe~ ols 
y= s(s + 4)(s +10) s(0.25s + 1)(O.1s + 1) 


we have 


2, e701. jo 


Ge) =F 025jo + 1)(O.1jo + 1) 
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A-8-24. 


M=2 circle 


Figure 8-126 

Plot of G(jw)/K 

of the system 

considered in Problem A-8-22. 


R(s) K > | 80e~%-!5 Cs) 


s(s + 4) (6 +10) 


Figure 8-127 
Block diagram of a chemical 
reactor system. 


The phase angle of the transport lag e-°-1 is 


fens = /cos(0.1w) —jsin(0.lw) = -—O1lw (rad) 


= —5.73 (degrees) 


The Bode diagram of G(jw) is shown in Figure 8-128. 

Next, by reading magnitudes and phase angles of G(jw) for various values of a, it is possible 
to plot the gain versus phase plot on a Nichols chart. Figure 8-129 shows such a G(jw) locus su- 
perimposed on the Nichols chart. From this diagram, magnitudes and phase angles of the closed- 
loop system at various frequency points can be read. Figure 8-130 depicts the Bode diagram of 
the closed-loop frequency response G(jw)/[1 + GGja)]. 


A Bode diagram of the open-loop transfer function G(s) of a unity-feedback control system is 
shown in Figure 8-131. It is known that the open-loop transfer function is minimum phase. From 
the diagram it can be seen that there is a pair of complex-conjugate poles at w = 2 rad/sec. De- 
termine the damping ratio of the quadratic term involving these complex-conjugate poles. Also, 
determine the transfer function G(s). 


Solution. Referring to Figure 8-8 and examining the Bode diagram of Figure 8-131, we find the 
damping ratio ¢ and undamped natural frequency w, of the quadratic term to be 


¢=0.1, o,, = 2 rad/sec 
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-90° 
-180° 
-270° 
° -360° 
Figure 8-128 
Bode diagram of 
G(jw) of the system -450° 
shown in Figure 01 02 0406 1 2 4 6 10 20 40 60 100 
8-127. @ in rad/sec 
=| 
ao] 
= 
5 
Figure 8-129 
G(jw) locus super- 
imposed on 
Nichols chart (Prob- -240° -210° -180° -150° -120° -90° -60° -30° o° 
lem A-8-23). LGH 
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Figure 8-130 

Bode diagram of the 
closed-loop fre- 
quency response 
(Problem A-8-23). 


Figure 8-131 

Bode diagram of 
the open-loop trans- 
fer function of a 
unity-feedback con- 
trol system. 
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A-8-25. 


Figure 8-132 
Control system. 


Noting that there is another corner frequency at w = 0.5 rad/sec and the slope of the magni- 
tude curve in the low-frequency region is —40 dB/decade, G(jw) can be tentatively determined 
as follows: 


G(ja) = - 
wy (2) + 0.1(jo) + | 


Since from Figure 8-131 we find |G(j0.1)| = 40 dB, the gain value K can be determined as unity. 
Also, the calculated phase curve, /G(jw) versus w, agrees with the given phase curve. Hence, the 
transfer function G(s) can be determined as 


2 A(2s + 1) 
Os) = 2 + 04s +4) 


A closed-loop contral system may include an unstable element within the lonn. When the Nyquist 
stability criterion is to be applied to such a system, the frequency-response curves for the unsta- 
ble element must be obtained. 

How can we obtain experimentally the frequency-response curves for such an unstable ele- 
ment? Suggest a possible approach to the experimental determination of the frequency response 
of an unstable linear element. 


Solution. One possible approach is to measure the frequency-response characteristics of the un- 
stable element by using it as a part of a stable system. 

Consider the system shown in Figure 8-132. Suppose that the element Gi(s) is unstable. The 
complete system may be made stable by choosing a suitable linear element G(s). We apply a si- 
nusoidal signal at the input. At steady state, all signals in the loop will be sinusoidal. We measure 
the signals e(f), the input to the unstable element, and x(s), the output of the unstable element. 
By changing the frequency [and possibly the amplitude for the convenience of measuring e(t) and 
x(t)] of the input sinusoid and repeating this process, it is possible to obtain the frequency re- 
sponse of the unstable linear element. 


PROBLEMS 


B-8-1, Consider the unity-feedback system with the open- 
loop transfer functions. 

10 
st+1 
Obtain the steady-state output of the system when it is sub- 
jected to each of the following inputs: 


(a) _r(t) = sin (t + 30°) 


(b)  r(t) = 2 cos (2t — 45°) 
(c) r(t) = sin(t + 30°) — 2 cos (24 — 45°) 


G(s) = 


Problems 


B-8-2. Consider the system whose closed-loop transfer 
function is 


C(s) _ K(T,s + 1) 
Ris) Ts #1 


Obtain the steady-state output of the system when it is sub- 
jected to the input r(‘) = R sin wt. 


B-8-3. Sketch the Bode diagrams of the following three 
transfer functions: 
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Tys+1 


(a) G(s) = reed (T; > T) > 0) 
£ T\s -1 
(b) GG)= Ts #1 (Ti > Tr > 0) 
-T,is +1 
() Gls) = ree (T > T: > 0) 


B-8-4. Plot the Bode diagram of 


10(s? + 0.49 +1 

or) = 10 ods +) 
() s(s’ + 0.85 + 9) 

B-8-5. Given 


2 
n 


s’ + 2,5 + we 


G(s) = ia 


show that 
sap 
IG(ja,)| _ 26 


B-8-6. Consider a unity-feedback control system with the 
following open-loop transfer function: 


s+0.5 
s+s?41 


G(s) = 


This is a nonminimum-phase system. Two of the three open- 
loop poles are located in the right-half s plane as follows: 


Open-loop poles at s = —1.4656 
5 = 0.2328 + j0.7926 
s = 0.2328 — 70.7926 


Plot the Bode diagram of G(s) with MATLAB. Explain why 
the phase-angle curve starts from 0° and approaches + 180°. 


B-8-7. Sketch the polar plots of the open-loop transfer 
function 


K(T,s + 1)(T,s + 1) 


G(s)H(s) = 
(26) s*(Ts + 1) 
for the following two cases: 
(a) Ta>T>0, Ty >T>0 
(b) T>T,>9, T>T,>0 


B-8-8. The pole—zero configurations of complex functions 
F,(s) and F.(s) are shown in Figures 8-133 (a) and (b), re- 
spectively. Assume that the closed contours in the s plane 
are those shown in Figures 8-133 (a) and (b). Sketch quali- 
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(a) (b) 


Figure 8-133 (a) s-Plane representation of complex 
function F,(s) and a closed contour; (b) s-Plane represen- 
tation of complex function F:(s) and a closed contour. 


tatively the corresponding closed contours in the Fj(s) 
plane and F,(s) plane. 


B-8-9. Draw a Nyquist locus for the unity feedback control 
system with the open loop transfer function 


K(1 - s) 


G)'= s+1 


Using the Nyquist stability criterion, determine the stability 
of the closed loop system. 


B-8-10. A system with the open-loop transfer function 


K 
G(s)H(s) = == 
s(T\s + 1) 
is inherently unstable.This system can be stabilized by adding 
derivative control. Sketch the polar plots for the open-loop 
transfer function with and without derivative control. 


R-8-11, Consider the closed-lo 


open-loop transfer function: 


_ _10K(s + 0.5) 
COLO) = #°(5 + 2)(s + 10) 


Plot both the direct and inverse polar plots of G(s)H(s) with 
K=1and K = 10. Apply the Nyquist stability criterion to 
the plots and determine the stability of the system with 
these values of K. 


(>) 
ae) 
wn 


B-8-12. Consider the closed-loop system whose open-loop 
transfer function is 
—2s 


GOHe Ss 


Find the maximum value of K for which the system is stable. 
B-8-13. Draw a Nyquist plot of the following G(s): 


1 


CO) 0s 1 
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B-8-14. Consider a unity-feedback control system with the 
following open-loop transfer function: 


1 
s+ 0.28? +541 


Draw a Nyquist plot of G(s) and examine the stability of the 
system. 


G(s) = 


B-8-15. Consider a unity-feedback control system with the 
following open-loop transfer function: 


+2541 
+0287 +541 


Draw a Nyquist plot of G(s) and examine the stability of the 
closed-loop system. 


G(s) = 


B-8-16. Consider the system defined by 
¥{_}-1 -1]}y ¢ 1 1]iy, 
X 65 Off x, 1 Oflu, 
¥1 = 1 O}]x 1) 4 0 0 uy, 
y2 0 1)\x, 0 Oj;u, 


There are four individual Nyquist plots involved in this system. 
Draw two Nyquist plots for the input u; in one diagram and 
two Nyquist plots for the input u2 in another diagram. Write 
a MATLAB program to obtain these two diagrams. 
B-8-17. Referring to Problem B-8-16, it is desired to plot 
only YiGiw)/UiGw) for w > 0. Write a MATLAB program 
to produce such a plot. 

If it is desired to plot Yijw)/Ui(jw) for -~ << w < », 
what changes must be made in the MATLAB program? 
B-8-18. Consider the unity-feedback control system whose 
open-loop transfer function is 
ast+1 

% 


Determine the value of aso that the phase margin is 45°. 


G(s) = 


B-8-19. Consider the system shown in Figure 8-134. Draw 
a Bode diagram of the open-loop transfer function G(s). 
Determine the phase margin and gain margin. 


B-8-20. Consider the system shown in Figure 8-135. Draw 
a Bode diagram of the open-loop transfer function G(s). 
Determine the phase margin and gain margin. 


25 
S(s + 1) (s + 10) 


Figure 8-134 Control system. 


Problems 


20(s + 1) 
s(s? + 25 + 10) (5 +5) 


Figure 8-135 


Control system. 


B-8-21. Consider a unity-feedback control system with the 
open-loop transfer function 

ee ata 

s(x? +5 +4) 

Determine the value of the gain K such that the phase mar- 
gin is 50°. What is the gain margin with this gain K? 


G(s) = 


B-8-22. Consider the system shown in Figure 8-136. Drawa 
Bode diagram of the open-loop transfer function and deter- 
mine the value of the gain K such that the phase margin is 
50°. What is the gain margin of this system with this gain K? 


B-8-23, Consider a unity-feedback control system whose 
open-loop transfcr function is 

es 

s(s? +s + 0.5) 


Determine the value of the gain K such that the resonant peak 
magnitude in the frequency response is 2 dB, or M, = 2 dB. 


G(s) = 


B-8-24. Figure 8-137 shows a block diagram of a process 
control system. Determine the range of gain K for stability. 


B-8-25. Consider a closed-loop system whose open-loop 
transfer function is 

—-Ts 
s(s +1) 


Determine the maximum value of the gain K for stability as 
a function of dead time T. 


G(s)H(s) = 


Figure 8-137 


Process control system. 
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B-8-26. Sketch the polar plot of B-8-27. Figure 8-138 shows a Bode diagram of a transfer 


Gaps (Ts? — 6(Ts) + 12 function G(s). Determine this transfer function. 
(Tsy + 6(Ts) + 12 B-8-28. The experimentally determined Bode diagram of a 


Show that, for the frequency range 0< wT <2¥%3, this system G(jw) is shown in Figure 8-139. Determine the 
equation gives a good approximation to the transfer func- _ transfer function G(s). 
tion of transport lag, e~7. 


0° 


-90° 


—180° 
Figure 8-138 Bode ~270° 
diagram of a transfer 0.1 02 0406 1 2 4 6810 20 40 60 100 
function G(s). @ in rad/sec 


Figure 8-139 Ex- 
perimentally deter- 


mined Bode diagram 01 02 0406 1 2 4 6 10 2 40 
of a system. 


@ in rad/sec 
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Control Systems Design 
by Frequency Response 


9-1 INTRODUCTION 


The primary objective of this chapter is to present procedures for the design and com- 
pensation of single-input-single-output, linear, time-invariant control systems by the 
frequency-response approach. 


Frequency-response approach to control system design. [It is important to 
note that in a control system design, transient-response performance is usually most im- 
portant. In the frequency-response approach, we specify the transient-response perfor- 
mance in an indirect manner. That is, the transient-response performance is specified in 
terms of the phase margin, gain margin, resonant peak magnitude (they give a rough es- 
timate of the system damping); the gain crossover frequency, resonant frequency, band- 
width (they give a rough estimate of the speed of transient response); and static error 
constants (they give the steady-state accuracy). Although the correlation between the 
transient response and frequency response is indirect, the frequency domain specifica- 
tions can be conveniently met in the Bode diagram approach. 

After the open loop has been designed by the frequency-response method, the 
closed-loop poles and zeros can be determined. The transicnt-responsc characteristics 
must be checked to see whether the designed system satisfies the requirements in the 
time domain. If it does not, then the compensator must be modified and the analysis re- 
peated until a satisfactory result is obtained. 

Design in the frequency domain is simple and straightforward. The frequency- 
response plot indicates clearly the manner in which the system should be modified, 
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although the exact quantitative prediction of the transient-response characteristics can- 
not be made. The frequency-response approach can be applied to systems or compo- 
nents whose dynamic characteristics are given in the form of frequency-response data. 
Note that because of difficulty in deriving the equations governing certain components, 
such as pneumatic and hydraulic components, the dynamic characteristics of such com- 
ponents are usually determined experimentally through frequency-response tests. The 
experimentally obtained frequency-response plots can be combined easily with other 
such plots when the Bode diagram approach is used. Note also that in dealing with high- 
frequency noises we find that the frequency-response approach is more convenient than 
other approaches. 

There are basically two approaches in the frequency-domain design. One is the po- 
lar plot approach and the other is the Bode diagram approach. When a compensator is 
added, the polar plot does not retain the original shape, and, therefore, we need to draw 
a new polar plot, which will take time and is thus inconvenient. On the other hand, a 
Bode diagram of the compensator can be simply added to the original Bode diagram, 
and thus plotting the complete Bode diagram is a simple matter. Also, if the open-loop 
gain is varied, the magnitude curve is shifted up or down without changing the slope of 
the curve, and the phase curve remains the same. For design purposes, therefore, it is 
best to work with the Bode diagram. 

A common approach to the Bode diagram is that we first adjust the open-loop gain 
so that the requirement on the steady-state accuracy is met. Then the magnitude and 
phase curves of the uncompensated open loop (with the open-loop gain just adjusted) 
is plotted. If the specifications on the phase margin and gain margin are not satisfied, 
then a suitable compensator that will reshape the open-loop transfer function is deter- 
mined. Finally, if there are any other requirements to be met, we try to satisfy them, un- 
less some of them are contradictory to each other. 


Information obtainable from open-loop frequency response. The low-frequency 
region (the region far below the gain crossover frequency) of the locus indicates the 
steady-state behavior of the closed-loop system.The medium-frequency region (the region 
near the —1 + j0 point) of the locus indicates relative stability. The high-frequency region 
(the region far above the gain crossover frequency) indicates the complexity of the system. 


Requirements on open-loop frequency response. We might say that, in many 
practical cases, compensation is essentially a compromise between steady-state accu- 
racy and relative stability. 

To have a high value of the velocity error constant and yet satisfactory relative sta- 
bility, we find it necessary to reshape the open-loop frequency-response curve. 

The gain in the low-frequency region should be large enough, and also, near the gain 
crossover frequency, the slope of the log-magnitude curve in the Bode diagram should 
be —20 dB/decade. This slope should extend over a sufficiently wide frequency band to 
assure a proper phase margin. For the high-frequency region, the gain should be atten- 
uated as rapidly as possible to minimize the effects of noise. 

Examples of generally desirable and undesirable open-loop and closed-loop 
frequency-response curves are shown in Figure 9-1. 
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Figure 9-1 

(a) Examples of 
desirable and unde- 
sirable open-loop 
frequency-response 
curves; (b) examples 
of desirable and 
undesirable closed- 
loop frequency- 
response curves, 


Im dB Desirable 


Undesirable 


S. | Undesirable 


Desirable 
Desirable 


wz 


(a) (b) 


M Circle 


net nf thn nenn ant 


| Reshaping UL ULL open-loo iv 


i 
t 
H Figure 9-2 
i 
t 


frequency-response curve. 


Referring to Figure 9-2, we see that the reshaping of the open-loop frequency- 


Pay -Teveey-Vemrastt ad? may he 
response curve may be done if the high-frequency portion of the locus follows the 


Gi(jw) locus, while the low-frequency portion of the locus follows the G2(jw) locus. The 
reshaped locus G.(jw)G(jw) should have reasonable phase and gain margins or should 
be tangent to a proper M circle, as shown. 


Basic characteristics of lead, lag, and lag-lead compensation. Lead com- 
pensation essentially yields an appreciable improvement in transient response and a 
small change in steady-state accuracy. It may accentuate high-frequency noise effects. 
Lag compensation, on the other hand, yields an appreciable improvement in steady- 
state accuracy at the expense of increasing the transient-response time. Lag compensa- 
tion will suppress the effects of high-frequency noise signals. Lag-lead compensation 
combines the characteristics of both lead compensation and lag compensation. The use 
of a lead or lag compensator raises the order of the system by 1 (unless cancellation oc- 
curs between the zero of the compensator and a pole of the uncompensated open-loop 
transfer function). The use of a lag-lead compensator raises the order of the system by 
2 [unless cancellation occurs between zero(s) of the lag-lead compensator and pole(s) 
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of the uncompensated open-loop transfer function], which means that the system be- 
comes more complex and it is more difficult to control the transient response behavior. 
The particular situation determines the type of compensation to be used. 


Outline of the chapter. Section 9-1 has presented introductory material. Section 
9-2 discusses lead compensation by the Bode diagram approach and, Section 9-3 treats 
lag compensation by the Bode diagram approach. Section 9—4 discusses lag—lead com- 
pensation techniques based on the Bode diagram approach. Section 9-5 gives conclud- 
ing comments on the frequency-response approach to the control systems design. 


9~2 LEAD COMPENSATION 


612 


We shall first examine the frequency characteristics of the lead compensator. Then we 
present a design technique for the lead compensator by use of the Bode diagram. 


Characteristics of lead compensators. Consider a lead compensator having 
the following transfer function: 


Ts +1 s+a 
S 
= < < 
Cee oe 4. Ue 
s+— 
aT 


It has a zero at s = —1/T and a pole at s = —1/(aT). Since 0 < a < 1, we see that the 
zero is always located to the right of the pole in the complex plane. Note that for a small 
value of a the pole is located far to the left. The minimum value of a is limited by the 
physical construction of the lead compensator. The minimum value of a is usually taken 
to be about 0.05. (This means that the maximum phase lead that may be produced by a 
lead compensator is about 65°.) 

Figure 9-3 shows the polar plot of 


joT+1 


wal +1 Sea) 


with K, = 1. For a given value of a, the angle between the positive real axis and the tan- 
gent line drawn from the origin to the semicircle gives the maximum phase lead angle, 


Figure 9-3 

Polar plot of a lead compensator 
a(UioT + 1)/GwaT + 1), where 
0<a<1. 
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Figure 9-4 

Bode diagram of a 
lead compensator 
a(jwT + 1)/ 
(jwaT + 1), 

where a = 0.1. 


dm. We shall call the frequency at the tangent point wm. From Figure 9-3 the phase 
angle at w = @m is @m where 


l-a 

; a 2 Te 

On Tee Lad on 
2 


Equation (9-1) relates the maximum phase lead angle and the value of a. 

Figure 9-4 shows the Bode diagram of a lead compensator when K, = 1 anda = 0.1. 
The corner frequencies for the lead compensator are w = 1/T and w = 1/(aT) = 10/T. 
By examining Figure 9-4, we see that w,, is the geometric mean of the two corner fre- 
quencies, or 


\ 1 \ 1 ee 1 
: g, wu m 2 C g T g T 
Hence, 


ran) = 1 
“i aT 


(9-2) 


As seen from Figure 9—4, the lead compensator is basically a high-pass filter. (The 
high frequencies are passed, but low frequencies are attenuated.) 


Lead compensation techniques based on the frequency-response approach. 
The primary function of the lead compensator is to reshape the frequency-response 
curve to provide sufficient phase-lead angle to offset the excessive phase lag associated 
with the components of the fixed system. 

Consider the system shown in Figure 9-5. Assume that the performance specifica- 
tions are given in terms of phase margin, gain margin, static velocity error constants, and 
so on. The procedure for designing a lead compensator by the frequency-response ap- 
proach may be stated as follows: 


0.1 1 HG 100 
T E T TE T 
win rad/sec 
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Figure 9-5 
Control system. 


1. Assume the following lead compensator: 


1 
Se 
GAs) = Kaan = ae (O<a<l1) 
aT 
Define 
K.a = K 
Then 
Ty +1 
CA woe +1 


The open-loop transfer function of the compensated system is 


6666) = K++ ew - BY cee - Bey 
aTs +1 ats +1 ats +1 
where 
G(s) = KG(s) 
Determine gain K to satisfy the requirement on the given static error constant. 


2. Using the gain K thus determined, draw a Bode diagram of Gi(ja), the gain- 
adjusted but uncompensated system. Evaluate the phase margin. 

3. Determine the necessary phase lead angle @ to be added to the system. 

4. Determine the attenuation factor a by use of Equation (9-1). Determine the 
frequency where the magnitude of the uncompensated system Gi(jw) is equal to 
—20 log (1/Va). Select this frequency as the new gain crossover frequency. This fre- 
quency corresponds to @m = 1VaT), and the maximum phase shift ¢,, occurs at this 
frequency. 

5. Determine the corner frequencies of the lead compensator as follows: 


1 

Zero of lead compensator: OS: 
Pole of lead compensator: = 
R , ar 


6. Using the value of K determined in step 1 and that of a determined in step 4, cal- 
culate constant K, from 
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EXAMPLE 9-1 


7. Check the gain margin to be sure it is satisfactory. If not, repeat the design 
process by modifying the pole~zero location of the compensator until a satisfactory re- 
sult is obtained. 


Consider the system shown in Figure 9-6. The open-loop transfer function is 


4 


aera 3 


It is desired to design a compensator for the system so that the static velocity error constant Ky 
is 20 sec~!, the phase margin is at least 50°, and the gain margin is at least 10 dB. 
We shall use a lead compensator of the form 


ie 1 
eps 
Ts +1 T 
G(s) = K. = K, 
Ts +1 1 
Sie 
aT 
The compensated system will have the open-loop transfer function G-(s)G(s) 
Define 
4K 
G(s) = KG(s) = ~~ 
s(s + 2) 


where K = K.a. 
The first step in the design is to adjust the gain K to meet the steady-state performance spec- 
ification or to provide the required static velocity error constant. Since this constant is given as 


20 sec—!, we obtain 


Sea EG) =e & Oh — oe S50 
s30 


soo aTs +118” ~ S40 s(s + 2) 
or 
K = 10 


With K = 10, the compensated system will satisfy the steady-state requirement. 
We shall next plot the Bode diagram of 


40 20 


0) ~ ja +2) ~ jatO5a +1) 


Figure 9-7 shows the magnitude and phase angle curves of Gi(jw). From this plot, the phase and 
gain margins of the system are found to be 17° and += dB, respectively. (A phase margin of 17° 
implies that the system is quite oscillatory. Thus, satisfying the specification on the steady state 


Figure 9-6 
Control system. 
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Figure 9-7 
1 2 4 7810 20 40 60 100 Bode diagram for 
w in rad/sec Gi(jw) = 10GGw) = 40/fjwUa + 2)] 


yields a poor transient-response performance.) The specification calls for a phase margin of at 
least 50°. We thus find the additional phase lead necessary to satisfy the relative stability re- 
quirement is 33°. To achieve a phase margin of 50° without decreasing the value of K, the lead 
compensator must contribute the required phase angle. 

Noting that the addition of a lead compensator modifies the magnitude curve in the Bode di- 
agram, we realize that the gain crossover frequency will be shifted to the right. We must offset the 
increased phase lag of Gi(jw) due to this increase in the gain crossover frequency. Considering 
the shift of the gain crossover frequency, we may assume that ¢,,, the maximum phase lead re- 
quired, is approximately 38°. (This means that 5° has been added to compensate for the shift in 
the gain crossover frequency.) 


Qn 
wnce 


l-a 
it+a 


sin ¢,, = 


gm = 38° corresponds to a = 0.24. Once the attenuation factor a has been determined on the ba- 
sis of the required phase lead angle, the next step is to determine the corner frequencies w = 1/T 
and w = 1/(aT) of the lead compensator. To do so, we first note that the maximum phase lead an- 
gle @m occurs at the geometric mean of the two comer frequencies, or w = 1/(VaT). [See Equa- 
tion (9-2).] The amount of the modification in the magnitude curve at w = 1/(Va@T) due to the 
inclusion of the term (Ts + 1)/(aTs + 1) is 


1 

1+ jwT 1 nL ie 1 

1+ joaTly=wyan = i) Wa 

1+ ja-—= 
Va 
Note that 
1 1 1 
Va W024 049 — eee 
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and |G,(jw)| = —6.2 dB corresponds to w = 9 rad/sec. We shall select this frequency to be the new 
gain crossover frequency ,. Noting that this frequency corresponds to 1(VaT), or 
Ww. = 1/(VaT), we obtain 


; = Vaw, = 4.41 
and 
1 @, 
a Va = 184 
The lead compensator thus determined is 
s+441 0.2278 + 1 


GO) Ke dag poses A 


where the value of K;, is determined as 


Thus, the transfer function of the compensator becomes 


st+441 | 0227s + 1 


= 41. = 10 
OLS) S307 1g 0.0545 + 1 
Note that 
GAs) Gs) 
K G,(s) = “Far 10G(s) = G.(s)G(s) 


The magnitude curve and phase-angle curve for G.(jw)/10 are shown in Figure 9-8. The com- 
pensated system has the following open-loop transfer function: 
y+ 441 4 


Ss + 18.4 s(s + 2) 


G,(s)G(s) = 41.7 


The solid curves in Figure 9-8 show the magnitude curve and phase-angle curve for the compen- 
sated system. The lead compensator causes the gain crossover frequency to increase from 6.3 
to 9 rad/sec. The increase in this frequency means an increase in bandwidth. This implies an in- 
crease in the speed of response. The phase and gain margins are seen to be approximately 50° 
and + dB, respectively. The compensated system shown in Figure 9-9 therefore meets both 
the steady-state and the relative-stability requirements. 

Note that for type 1 systems, such as the system just considered, the value of the static 
velocity error constant K, is merely the value of the frequency corresponding to the intersec- 
tion of the extension of the initial —20-dB/decade slope line and the 0-dB line, as shown in 
Figure 9-8. 

Figure 9-10 shows the polar plots of the uncompensated system Gi(jw) = 10G(jw) and the 
compensated system G,(jw)G(jw). From Figure 9-10, we see that the resonant frequency of the 
uncompensated system is about 6 rad/sec and that of the compensated system is about 7 rad/sec. 
(This also indicates that the bandwidth has been increased.) 

From Figure 9-10, we find that the value of the resonant peak M, for the uncompensated 
system with K = 10 is 3. The value of M, for the compensated system is found to be 1.29. 
This clearly shows that the compensated system has improved relative stability. (Note that 
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Figure 9-8 
Bode diagram for the 
compensated system. 


Figure 9-9 
Compensated system. 
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the value of M, may be obtained easily by transferring the data from the Bode diagram to the 
Nichol’s chart.) 

Note that, if the phase angle of Gi(jw) decreases rapidly near the gain crossover frequency, 
lead compensation becomes ineffective because the shift in the gain crossover frequency to the 
right makes it difficult to provide enough phase lead at the new gain crossover frequency. This 
means that, to provide the desired phase margin, we must use a very small value for a. The value 
of a, however, should not be too small (smaller than 0.05) nor should the maximum phase lead 
om be too large (larger than 65°), because such values will require an additional gain of excessive 
value. [If more than 65° is needed, two (or more) lead networks may be used in series with an iso- 
lating amplifier. ] 

Finally, we shall examine the transient-response characteristics of the designed system. We 
shall obtain the unit-step response and unit-ramp response curves of the compensated and un- 
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Figure 9-10 

Polar plots of the 
uncompensated 

and compensated 
open-loop transfer 
function. (Gi: uncom- 
pensated system; 
G-G: compensated 
system.) 


compensated systems with MATLAB. Note that the closed-loop transfer functions of the un- 
compensated and compensated systems are given, respectively, by 

Cis) 4A 

Ris) ss? +2544 


C(s) _ 166.85 + 735.588 
R(s) 3 + 20.4s? + 203.6s + 735.588 


MATLAB programs for obtaining the unit-step response and unit-ramp response curves are 
given in MATLAB Program 9-1. Figure 9-11 shows the unit-step response curves and Figure 
9-12 depicts the unit-ramp response curves. These response curves indicate that the designed sys- 
tem is satisfactory. 


MATLAB Program 9-1 


%*****Unit-step responses***** 


num = [0 0 4); 
den=[1 2 4]; 
numc = [0 0 166.8 735.588]; 
denc = [1 20.4 203.6 735.588]; 
t = 0:0.02:6; 
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Figure 9-11 
Unit-step response 
curves of the com- 
pensated and uncom- 
pensated systems. 
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[c1,x1,t] = step(num,den,0); 

[c2,x2,t] = step(numc,denc,t); 

plot [t,c1/,t.¢2,"~’) 

grid 

title(‘Unit-Step Responses of Compensated and Uncompensated Systems’) 
xlabel(‘t Sec’) 

ylabel(‘Outputs’) 

text(0.35,1.3,/Compensated system’) 

text(1.55,0.88,/Uncompensated system’) 


%***** Unit-ramp responses***** 


num1=[0 0 O 4]; 

dent ={1 2 4 OF 

numic=[0 0 O 166.8 735.588]; 
denic=[1 20.4 203.6 735.588 OL 
t = 0:0.02:5; 

ly1,z1,t] = step(num1,dent ,t); 

ly2,z2,t] = step(num1c,denic,t); 
plot(t,y1,".,ty2,'-,tt/~’) 

grid 

title(‘Unit-Ramp Responses of Compensated and Uncompensated Systems’) 
xlabel(‘t Sec’) 

ylabel(‘Outputs’) 
text(0.89,3.7,/Compensated system’) 
text(2.25,1.1,/Uncompensated system’) 


: . ae 
Uncpmpensated system | 
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Figure 9-12 
Unit-ramp response 
curves of the com- 
pensated and uncom- 
pensated systems. 


Unit-Ramp Responses of Compensated and Uncompensated Systems 


Compensated system 


0 05 1 15 2 25 3 35 4 45 «5 
t Sec 


It is noted that the closed-loop poles for the compensated system are located as follows: 


—6.9541 + 78.0592 


It 


AY 


—6.4918 


s 


Because the dominant closed-loop poles are located far from the jw axis, the response damps 
out quickly. 


9-3 LAG COMPENSATION 


In this séction we firct discuss the Nuguist plétand Bode digeram of the 


Then we present lag compensation techniques based on the frequency-response a suede 


Characteristics of lag compensators. Consider a lag compensator having the 
following transfer function: 


1 
sto 
Ts +1 T 
= > 
[Oona a OD 
BT 
In the complex plane, a lag compensator has a zero at s = — 1/T and a pole at 


s = —1/(6T). The pole is located to the right of the zero. 

Figure 9-13 shows a polar plot of the lag compensator. Figure 9-14 shows a Bode di- 
agram of the compensator, where K, = 1 and 6 = 10. The corner frequencies of the lag 
compensator are at w = 1/T and w = 1/(6T). As seen from Figure 9-14, where the val- 
ues of K, and £ are set equal to 1 and 10, respectively, the magnitude of the lag com- 
pensator becomes 10 (or 20 dB) at low frequencies and unity (or 0 dB) at high 
frequencies. Thus, the lag compensator is essentially a low-pass filter. 
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Figure 9-13 
Polar plot of a 
lag compensator 
K.BGwT + 1)/ 
(wT + 1). 


Figure 9-14 

Bode diagram of a 
lag compensator 
BUT + 1)/GwBT + 1), 
with 8 = 10. 
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Lag compensation techniques based on the frequency-response approach. 
The primary function of a lag compensator is to provide attenuation in the high- 
frequency range to give a system sufficient phase margin. The phase lag characteristic 
is of no consequence in lag compensation. 

The procedure for designing lag compensators for the system shown in Figure 9-5 
by the frequency-response approach may be stated as follows: 


1, Assume the following lag compensator: 


G.6) = K Bar = K— B>1) 
stop 
Define 
K,B=K 
Then 
G(s) = Ket 


The open-loop transfer function of the compensated system is 


dB 


-90° 
0.01 ou 1 
T T T 
w in rad/sec 


US 
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EXAMPLE 9-2 


Ts+1 Ts +1 Ts +1 


G(s)G(s) = K BTs +1 G(s) = BTs +1 KG(s) = BIs+1 i(s) 


where 
G,(s) = KG(s) 


Determine gain K to satisfy the requirement on the given static error constant. 

2. If the uncompensated system Gi(jw) = KG(jw) does not satisfy the specifica- 
tions on the phase and gain margins, then find the frequency point where the phase an- 
gle of the open-loop transfer function is equal to — 180° plus the required phase margin. 
The required phase margin is the specified phase margin plus 5° to 12°. (The addition 
of 5° to 12° compensates for the phase lag of the lag compensator.) Choose this fre- 
quency as the new gain crossover frequency. 

3. To prevent detrimental effects of phase lag due to the lag compensator, the pole 
and zero of the lag compensator must be located substantially lower than the new gain 
crossover frequency. Therefore, choose the corner frequency w = 1/T (corresponding to 
the zero of the lag compensator) 1 octave to 1 decade below the new gain crossover fre- 
quency, (If the time constants of the lag compensator do not become too large, the cor- 
ner frequency w = 1/T may be chosen 1 decade below the new gain crossover 
frequency.) 

4. Determine the attenuation necessary to bring the magnitude curve down to 0 dB 
at the new gain crossover frequency. Noting that this attenuation is —20 log f, deter- 
mine the value of #. Then the other corner frequency (corresponding to the pole of the 
lag compensator) is determined from w = 1/(BT). 


5. Using the value of K determined in step 1 and that of 


culate constant K, from 


Consider the system shown in Figure 9-15. The open-loop transfer function is given by 


1 


OS) = Se DOSs +1) 


It is desired to compensate the system so that the static velocity error constant K, is 5 sec~, the 
phase margin is at least 40°, and the gain margin is at least 10 dB. 
We shall use a lag compensator of the form 


1 
sta 
Ts +1 T 
CPR gr Ke Ua) 
s BT 
Figure 9-15 


Control system. 
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Define 
K.B=K 
Define also 


K 


MG) = EO) ee Ose #1) 


The first step in the design is to adjust the gain K to meet the required static velocity error con- 
stant. Thus, 


T 
Bxvinee OC cine ; Gils) = lim sG,(s) 
s30 s30 BTs + 30 
: sK 
oto s(s + 1)(0.58 + 1) ° 
or 
K=5 


With K = 5, the compensated system satisfies the steady-state performance requirement. 
We shaii next piot the Bode diagram of 


5 


GG) = ojo + DOSjo +1) 


The magnitude curve and phase-angle curve of Gi(jw) are shown in Figure 9-16. From this plot, 
the phase margin is found to be —20°, which means that the system is unstabie. 

Noting that the addition of a lag compensator modifies the phase curve of the Bode diagram, 
we must allow 5° to 12° to the specified phase margin to compensate for the modification of the 
phase curve. Since the frequency corresponding to a phase margin of 40° is 0.7 rad/sec, the new 
gain crossover frequency (of the compensated system) must be chosen near this value. To avoid 
overly large time constants for the lag compensator, we shall choose the corner frequency w = 1/T 
(which corresponds to the zero of the lag compensator) to be 0.1 rad/sec. Since this corner fre- 
quency is not too far below the new gain crossover frequency, the modification in the phase curve 
may not be small. Hence, we add about 12° to the given phase margin as an allowance to account 
for the lag angle introduced by the lag compensator. The required phase margin is now 52°. The 
phase angle of the uncompensated open-loop transfer function is — 128° at about w = 0.5 rad/sec. 
So we choose the new gain crossover frequency to be 0.5 rad/sec. To bring the magnitude curve 
down to 0 dB at this new gain crossover frequency, the lag compensator must give the necessary 
attenuation, which in this case is —20 dB. Hence, 


20 log 5 = -20 


or, 


B = 10 


The other corner frequency w = 1(8T), which corresponds to the pole of the lag compensator, 
is then determined as 
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Figure 9-16 

Bode diagrams for 
the uncompensated 
system, the compen- 
sator, and the com- 
pensated system. 
(G1: uncompensated 
system, G-: compen- 
sator, G-G: compen- 
sated system.) 


-270° p> 4 i i i i ee i 
0.004 0.01 0.02 0.04 01 #02 0406 1 2 4 
w in rad/sec 
ae 0.01 rad/sec 
ye 


Thus, the transfer function of the lag compensator is 


10s + 1 10 
G(s) = K (10) 100s + 1 = K, 


The open-loop transfer function of the compensated system is 


= 5(10s + 1) 
Gel) GUS) = S005 + 1)(8 + 10.55 + 1) 
The magnitude and phase-angle curves of G.(jw)G(jw) are also shown in Figure 9-16. 

The phase margin of the compensated system is about 40°, which is the required value. The 
gain margin is about 11 dB, which is quite acceptable. The static velocity error constant is 5 sec~!, 
as required. The compensated system, therefore, satisfies the requirements on both the steady 
state and the relative stability. 
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Note that the new gain crossover frequency is decreased from approximately 1 to 0.5 rad/sec. 
This means that the bandwidth of the system is reduced. 

To further show the effects of lag compensation, the log-magnitude versus phase plots of 
the gain-adjusted but uncompensated system Gi(jw) and of the compensated system G-(jw)G(jw) 
are shown in Figure 9-17. The plot of Gi(jw) clearly shows that the gain-adjusted but uncom- 
pensated system is unstable. The addition of the lag compensator stabilizes the system. The plot 
of G.(jw)G(jw) is tangent to the M = 3 dB locus. Thus, the resonant peak value is 3 dB, or 1.4, 
and this peak occurs at w = 0.5 rad/sec. 

Compensators designed by different methods or by different designers (even using the same 
approach) may look sufficiently different. Any of the well-designed systems, however, will give 
similar transient and steady-state performance. The best among many alternatives may be cho- 
sen from the economic consideration that the time constants of the lag compensator should not 
be too large. 

Finally, we shall examine the unit-step response and unit-ramp response of the compensated 
system and the original uncompensated system. The closed-loop transfer functions of the com- 
pensated and uncompensated systems are 


C(s) | 50s + 5 
R(s)  50s* + 150.55? + 101.58? + Sis + 5 


and 


COs) _ 1 
RG 


(s) 0583 +159? +541 


respectively. MATLAB Program 9-2 will produce the unit-step and unit-ramp responses of the 
compensated and uncompensated systems. The resulting unit-step response curves and unit-ramp 
response curves are shown in Figures 9-18 and 9-19, respectively. From the response curves we 
find that the designed system satisfies the given specifications and is satisfactory. 


|G,|in dB 


Figure 9-17 
Log-magnitude versus phase plots of 
the uncompensated system and the 
“DAP OI clay 2150" c120° 290? compensated system. (Gi: uncom- 
pensated system, G-G: compensated 
La system.) 
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MATLAB Program 9-2 


%****Unit-step response***** 


num =[0 0 0 
den = [0.5 1.5 1 1]; 

numc = [0 0 0 50 5); 

denc = (50 150.5 101.5 51 5); 

t = 0:0.1:40; 

[c1,x1,t] = step(num,den,b); 

[c2,x2,t] = step(numc,denc,t); 

plotit,c1,’”,t,¢2,’-) 

grid 

title(‘Unit-Step Responses of Compensated and Uncompensated Systems’) 
xlabel(‘t Sec’) 

ylabel (‘Outputs’) 
text(12.2,1.27,’Compensated system’) 
text(12.2,0.7,/Uncompensated system’) 


%*****Unit-ramp response***** 


numt =[0 0 0 0 TL 

dent = [0.5 1.5 1 1 O); 
numic=[0 0 0 Q 50 = 5); 
dentc = [50 150.5 101.5 51 5 O] 

t = 0:0.1:20; 

[y1,21,t] = step(num1,dent1,b; 

[y2,z2,t] = step(numtc,dentc,t); 

plot(t.y1,/.,,y2,’-",tt/--"); 

grid 

title(‘Unit-Ramp Responses of Compensated and Uncompensated Systems’) 
xlabei(‘t Sec’) 

ylabel(’Outputs’) 
text(8.4,3,’Compensated system’) 
text(8.4,5,/Uncompensated system’) 


Note that the zero and poles of the designed closed-loop systems are as follows: 
Zero ats = —0.1 
Poles at s = —0.2859 + j0.5196, = —0.1228, s = —2.3155 
The dominant closed-loop poles are very close to the jw axis with the result that the response 
is slow. Also, a pair of the closed-loop pole at s = —0.1228 and the zero at s = —0.1 produces a 
slowly decreasing tail of small amplitude. 


A few comments on lag compensation 


1. Lag compensators are essentially low-pass filters. Therefore, lag compensation 
permits a high gain at low frequencies (which improves the steady-state performance) 


Section 9-3 / Lag Compensation 627 


Figure 9-18 
Unit-step response 
curves for the com- 
pensated and uncom- 
pensated systems 
(Example 9-2). 


Figure 9-19 
Unit-ramp response 
curves for the com- 
pensated and uncom- 
pensated systems 
(Example 9-2). 
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Unit-Step Responses of Compensated and Uncompensated Systems 
1.4 r r + 


Compensated system 


1.2}- 


Rh 


t Sec 
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Outputs 


8 
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+ Compensated system 
0 1 1 ar 
10 12 14 #16 #18 = 20 


t Sec 


and reduces gain in the higher critical range of frequencies so as to improve the phase 
margin. Note that in lag compensation we utilize the attenuation characteristic of the 
lag compensator at high frequencies rather than the phase-lag characteristic. (The 
phase-lag characteristic is of no use for compensation purposes.) 

2. Suppose that the zero and pole of a lag compensator are located at s = —z and 
s = —p, respectively. Then the exact location of the zero and pole is not critical provided 
that they are close to the origin and the ratio z/p is equal to the required multiplication 
factor of the static velocity error constant. 
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It should be noted, however, that the zero and pole of the lag compensator should 
not be located unnecessarily close to the origin, because the lag compensator will create 
an additional closed-loop pole in the same region as the zero and pole of the lag 
compensator. 

The closed-loop pole located near the origin gives a very slowly decaying transient 
response, although its magnitude will become very small because the zero of the lag 
compensator will almost cancel the effect of this pole. However, the transient response 
(decay) due to this pole is so slow that the settling time will be adversely affected. 

It is also noted that in the system compensated by a lag compensator the transfer 
function between the plant disturbance and the system error may not involve a zero 
that is near this pole. Therefore, the transient response to the disturbance input may 
last very long. 

3. The attenuation due to the lag compensator will shift the gain crossover fre- 
quency to a lower frequency point where the phase margin is acceptable, Thus, the lag 
compensator will reduce the bandwidth of the system and will result in slower transient 
response. [The phase angle curve of G,(jw)G(jw) is relatively unchanged near and 
above the new gain crossover frequency.] 

4. Since the lag compensator tends to integrate the input signal, it acts approxi- 
mately as a proportional-plus-integral controller, Because of this, a lag-compensated 
system tends to become Icss stable. To avoid this undesirable feature, the time constant 
T should be made sufficiently larger than the largest time constant of the system. 

5. Conditional stability may occur when a system having saturation or limiting is 
compensated by use of a lag compensator. When the saturation or limiting takes place 
in the system, it reduces the effective loop gain. Then the system becomes less stable and 
unstable operation may even result, as shown in Figure 9-20. To avoid this, the system 
must be designed so that the effect of lag compensation becomes significant only when 


1 ae 


Figure 9-20 
071 2 4 6 810 20 Bode diagram of a conditionally 
w in rad/sec stable system. 
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the amplitude of the input to the saturating element is small. (This can be done by means 
of minor feedback-loop compensation.) 


9-4 LAG-LEAD COMPENSATION 
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We shall first examine the frequency-response characteristics of the lag-lead compen- 
sator. Then we present the lag—lead compensation technique based on the frequency- 
response approach. 


Characteristic of lag-lead compensator. Consider the lag-lead compen- 
sator given by 


sy i 
s+ T, s+ T, 
G(s) = K, ; (9-3) 
st es Sk 
qT) BT, 
where y > 1 and # > 1.The term 
1 
s+ 
T, 1{Ts+1 
a — oT, (y > 1) 
ae arg s+1 
ee y 
produces the effect of the lead network, and the term 


1 
st> 
T, Ts +1 
= ( (6 > 1) 
1 Tos +1 
ee BT, 
Pin 


produces the effect of the lag network. 

In designing a lag-lead compensator, we frequently chose y = f. (This is not neces- 
sary. We can, of course, choose y # f.) In what follows, we shall consider the case where 
y = B.The polar plot of the lag-lead compensator with K, = 1 and y = 8 becomes as 
shown in Figure 9-21. It can be seen that, for 0 < w < a1, the compensator acts as a lag 


Figure 9-21 

Polar plot of a lag—lead compensator 
given by Equation (9-3), with K. = 1 
and y = £. 
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Figure 9-22 

Bode diagram of a 
lag-lead compen- 
sator given by Equa- 
tion (9-3) with 
K.=1,y = 6 = 10, 
and 7) = 107;. 


compensator, while for #1 < w < ~, it acts as a lead compensator. The frequency a1 is 
the frequency at which the phase angle is zero. It is given by 


(To derive this equation, see Problem A-9-2.) 

Figure 9-22 shows the Bode diagram of a lag—lead compensator when K;, = 1, 
y = B = 10, and T2 = 107). Notice that the magnitude curve has the value 0 dB at the 
low- and high-frequency regions. 


Lag-lead compensation based on the frequency-response approach. The 
design of a lag—lead compensator by the frequency-response approach is based on 
the combination of the design techniques discussed under lead compensation and lag 
compensation. 


Let us assume that the lag—lead compensator is of the following form: 
= (Ts + 1I)(Tys + 1) 
G(s) = K. 77 \/ =K, 


Geabedl 


+s +1)( BT. | (42) i 
s s sto |s+ o> 
ae | Giese WZ) 
where f > 1. The phase lead portion of the lag—lead compensator (the portion involving 
T,) alters the frequency-response curve by adding phase lead angle and increasing the 
phase margin at the gain crossover frequency. The phase lag portion (the portion involving 
T2) provides attenuation near and above the gain crossover frequency and thereby allows 
an increase of gain at the low-frequency range to improve the steady-state performance. 

We shall illustrate the details of the procedures for designing a lag—lead compen- 
sator by an example. 


(9-4) 


w in rad/sec 
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EXAMPLE 9-3 
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Consider the unity-feedback system whose open-loop transfer function is 


K 


CO= G+ 62D) 


It is desired that the static velocity error constant be 10 sec-1, the phase margin be 50°, and the 
gain margin be 10 dB or more. 

Assume that we use the lag—lead compensator given by Equation (9-4). The open-loop trans- 
fer function of the compensated system is G.(s)G(s). Since the gain K of the plant is adjustable. 
let us assume that K, = 1.Then, limsso G-(s) = 1. 

From the requirement on the static velocity error constant, we obtain 


__K _K 
s(st+1)(s+2) 2 


> 


K, = lim sG.{s)G(s) = lim sG,(s) = 10 
s30 s30 


Hence, 
K =20 


We shall next draw the Bode diagram of the uncompensated system with K = 20, as shown in Fig- 
ure 9-23. The phase margin of the uncompensated system is found to be —32°, which indicates 
that the uncompensated system is unstable. 

The next step in the design ofa lag-lead compensator s to choose anew gain crossover frequency. 
From the phase angie curve for Gijw), we notice that [G Gijw) = a 180° aiw =1.5 rad/sec., It is con- 
venient to choose the new gain crossover frequency to be 1.5 rad/secso that the phase-lead angle re- 
quired at w = 1.5 rad/sec is about 50°, which is quite possible by use of a single lag—-lead network. 

Once we choose the gain crossover frequency to be 1.5 rad/sec, we can determine the corner 
frequency of the phase lag portion of the lag—lead compensator. Let us choose the corner fre- 
quency w = 1/T> (which corresponds to the zero of the phase-lag portion of the compensator) to 
be 1 decade below the new gain crossover frequency, or at w = 0.15 rad/sec. 

Recall that for the lead compensator the maximum phase lead angle ¢m is given by Equation 
(9-1), where a in Equation (9-1) is 1/8 in the present case. By substituting a = 1/6 in Equation 
(9-1), we have 


neal 
-1 
i Gad 
1+- 
B 


Notice that 8 = 10 corresponds to @», = 54.9°. Since we need a 50° phase margin, we may choose 
£ = 10. (Note that we will be using several degrees less than the maximum angle, 54.9°.) Thus, 


B= 10 


Then the corner frequency w = 1/8T2 (which corresponds to the pole of the phase lag portion of 
the compensator) becomes w = 0.015 rad/sec. The transfer function of the phase lag portion of 
the lag—lead compensator then becomes 


s+0.15 = 6.675 + 1 
s+0015 ~~ \66.75 +1 


The phase lead portion can be determined as follows: Since the new gain crossover frequency 
is w = 1.5 rad/sec, from Figure 9-23, G(j1.5) is found to be 13 dB. Hence, if the lag-lead compen- 


Chapter9 / Control Systems Design by Frequency Response 


Figure 9-23 

Bode diagrams for 
the uncompensated 
system, the compen- 
sator, and the com- 
pensated system. 
(G: uncompensated 
system, G,; compen- 
sator, G-G: compen- 
sated system.) 
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sator contributes —13 dB at w = 1.5 rad/sec, then the new gain crossover frequency is as desired. 
From this requirement, it is possible to draw a straight line of slope 20 dB/decade, passing through 
the point (—13 dB, 1.5 rad/sec). Lhe intersections of this line and the 0-dB line and —20-dB line 
determine the corner frequencies. Thus, the corner frequencies for the lead portion are w = 0.7 
rad/sec and w = 7 rad/sec. Thus, the transfer function of the lead portion of the lag—lead com- 
pensator becomes 


st+07 1 /143s+1 
st+7 10 \0.143s + 1 


Combining the transfer functions of the lag and lead portions of the compensator, we obtain the 
transfer function of the lag—lead compensator. Since we chose K. = 1, we have 


Gigs (ee ee a oot 
WO S47 ils + 0.015)  \0.143s + 1)\66.75 + 1 


The magnitude and phase-angle curves of the lag—lead compensator just designed are shown in 
Figure 9-23. The open-loop transfer function of the compensated system is 


Section 9-4 / Lag-Lead Compensation 633 


Figure 9-24 

Polar plots of the un- 
compensated system 
and the compensated 
system. (G: uncom- 
pensated system, 
G.G: compensated 
system.) 
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_—_@ + 0.75 + 0.15)20__ 
G(s)G(s) = (s + 7)(s + 0.015)s(s + 1)(s + 2) 


- 10(1.43s + 1)(6.67s + 1) (9-5) 
~ s(0.143s + 1)(66.7s + 1)(s + 1)(0.5s + 1) 


The magnitude and phase-angle curves of the system of Equation (9-5) are also shown in Figure 
9-23. The phase margin of the compensated system is 50°, the gain margin is 16 dB, and the sta- 
tic velocity error constant is 10 sec~!. All the requirements are therefore met, and the design has 
been completed. 

Figure 9-24 shows the polar plots of the uncompensated system and compensated system. The 
G-(jw)G(jo) locus is tangent to the M = 1.2 circle at about w = 2 rad/sec. Clearly, this indicates 
that the compensated system has satisfactory relative stability. The bandwidth of the compensated 
system is slightly larger than 2 rad/sec. 

In the following we shall examine the transient-response characteristics of the compensated 
system. (The uncompensated system is unstable.) The closed-loop transfer function of the com- 
pensated system is 


C(s _ 95.3815? + 81s + 10 
R(s) 4.76915 + 47.7287s* + 110.3026s? + 163.724s? + 82s + 10 


The unit-step and unit-ramp response curves obtained with MATLAB are shown in Figures 9-25 
and 9-26, respectively. 

Note that the designed closed-loop control system has the following closed-loop zeros 
and poles: 
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Figure 9-25 
Unit-step response of 
the compensated sys- 
tem (Example 9-3). 


Figure 9-26 
Unit-ramp response 
of the compen- 
sated system 
(Example 9-3). 


Zeros ats = —0,1499, s = —0,6993 
Poles at s = —0.8973 + j1.4439 
s = —0.1785, s = —0.5425, Ss = —7,4923 


The pole at s = —0.1785 and zero at s = —0.1499 are located very close to each other. Such a pair 
of pole and zero produces a long tail of small amplitude in the step response, as seen in Figure 
9-25. Also, the pole at s = —0.5425 and zero at s = —0,.6993 are located fairly close to each other. 
This pair adds an amplitude to the long tail. 


Unit-Step Response of Compensated System 


Cutput 


Output 
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9-5 CONCLUDING COMMENTS 
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This chapter has presented detailed procedures for designing lead, lag, and lag—lead 
compensators by the use of simple examples. We have shown that the design of a 
compensator to satisfy the given specifications (in terms of the phase margin and gain 
margin) can be carried out in the Bode diagram in a simple and straightforward man- 
ner. Note that a satisfactory design of a compensator for a complex system may require 
a creative application of these basic design principles. 


Comparison of lead, lag and lag-lead compensation 


1. Lead compensation achieves the desired result through the merits of its phase- 
lead contribution, whereas lag compensation accomplishes the result through the mer- 
its of its attenuation property at high frequencies. (In some design problems both lag 
compensation and lead compensation may satisfy the specifications.) 

2. Lead compensation is commonly used for improving stability margins. Lead 
compensation yields a higher gain crossover frequency than is possible with lag com- 
pensation. The higher gain crossover frequency means larger bandwidth. A large band- 
width means reduction in the settling time. The bandwidth of a system with lead 
compensation is always greater than that with lag compensation. Therefore, if a large 
bandwidth or fast response is desired, lead compensation should be employed. If, 
however, noise signals are present, then a large bandwidth may not be desirable, since 
it makes the system more susceptible to noise signals because of increase in the high- 
frequency gain. 

3. Lead compensation requires an additional increase in gain to offset the attenua- 
tion inherent in the lead network. This means that lead compensation will require a 
larger gain than that required by lag compensation. A larger gain, in most cases, implies 
larger space, greater weight, and higher cost. 

4. Lag compensation reduces the system gain at higher frequencies without reduc- 
ing the system gain at lower frequencies. Since the system bandwidth is reduced, the sys- 
tem has a slower speed to respond. Because of the reduced high-frequency gain, the 
total system gain can be increased, and thereby low-frequency gain can be increased and 
the steady-state accuracy can be improved. Also, any high-frequency noises involved in 
the system can be attenuated. 

5. If both fast responses and good static accuracy are desired, a lag—lead compen- 
sator may be employed. By use of the lag—lead compensator, the low-frequency gain can 
be increased (which means an improvement in steady-state accuracy), while at the same 
time the system bandwidth and stability margins can be increased. 

6. Although a large number of practical compensation tasks can be accomplished 
with lead, lag, or lag—lead compensators, for complicated systems, simple compensation 
by use of these compensators may not yield satisfactory results. Then, different com- 
pensators having different pole-zero configurations must be employed. 


Graphical comparison. Figure 9-27(a) shows a unit-step response curve and 
unit-ramp response curve of an uncompensated system. Typical unit-step response and 
unit-ramp response curves for the compensated system using a lead, lag, and lag—lead 
network, respectively, are shown in Figures 9-27(b), (c), and (d). The system with a lead 
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Figure 9-27 
Unit-step response 
curves and unit-ramp 
response curves. (a) 
Uncompensated sys- 
tem; (b) lead com- 
pensated system; (c) 
lag compensated sys- 
tem; (d) lag—lead 
compensated system. 


c(t) c(t) c(t) c(t) 


c(t) c(t) 4 c(t) c(t) 


5S 


(a) (b) (c) 


compensator exhibits the fastest response, while that with a lag compensator exhibits 
the slowest response, but with marked improvements in the unit-ramp response. The 
system with a lag—lead compensator will give a compromise; reasonable improvements 
in both the transient response and steady-state response can be expected. The response 
curves shown depict the nature of improvements that may be expected from using dif- 
ferent types of compensators. 


Feedback compensation. A tachometer is one of the rate feedback devices. An- 
other common rate feedback device is the rate gyro. Rate gyros are commonly used in 


nieces auetess 


aircraft autopilot systems. 

Velocity feedback using a tachometer is very commonly used in positional servo sys- 
tems. It is noted that, if the system is subjected to noise signals, velocity feedback may 
generate some difficulty if a particular velocity feedback scheme performs differentia- 
tion of the output signal. (The result is the accentuation of the noise effects.) 


Cancellation of undesirable poles. Since the transfer function of elements in 
cascade is the product of their individual transfer functions, it is possible to cancel some 
undesirable poles or zeros by placing a compensating element in cascade, with its poles 
and zeros being adjusted to cancel the undesirable poles or zeros of the original system. 
For example, a large time constant 7; may be canceled by use of the lead network 
(Tis + 1)/(Ths + 1) as follows: 


1 Tis + 1\_ 1 
Ts +1f)\Ts+1}) Ts +1 


If Tz is much smaller than 7;, we can effectively eliminate the large time constant 7}. Fig- 
ure 9-28 shows the effect of canceling a large time constant in step transient response. 
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Figure 9-28 
Step-response curves 
showing the effect of 
canceling a large 
time constant. 
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If an undesirable pole in the original system lies in the right-half s plane, this com- 
pensation scheme should not be used since, although mathematically it is possible to 
cancel the undesirable pole with an added zero, exact cancellation is physically impos- 
sible because of inaccuracies involved in the location of the poles and zeros. A pole in 
the right-half s plane not exactly canceled by the compensator zero will eventually lead 
to unstable operation, because the response will involve an exponential term that in- 
creases with time. 

It is noted that if a left-half plane pole is almost canceled but not exactly canceled, 
as is almost always the case, the uncanceled pole-zero combination will cause the re- 
sponse to have a small amplitude but long-lasting transient-response component. If 
the cancellation is not exact but is reasonably good, then this component will be 
quite small. 

It should be noted that the ideal control system is not the one that has a transfer 
function of unity. Physically, such a control system cannot be built since it cannot in- 
stantaneously transfer energy from the input to the output. In addition, since noise is al- 
most always present in one form or another, a system with a unity transfer function is 
not desirable. A desired control system, in many practical cases, may have one set of 
dominant complex-conjugate closed-loop poles with a reasonable damping ratio and 
undamped natural frequency. The determination of the significant part of the closed- 
loop pole-zero configuration, such as the location of the dominant closed-loop poles, is 
based on the specifications that give the required system performance. 


Cancellation of undesirable complex-conjugate poles. If the transfer func- 
tion of a plant contains one or more pairs of complex-conjugate poles, then a lead, lag, 
or lag—lead compensator may not give satisfactory results. In such a case, a network 
that has two zeros and two poles may prove to be useful. If the zeros are chosen so as 
to cancel the undesirable complex-conjugate poles of the plant, then we can essentially 
replace the undesirable poles by acceptable poles. That is, if the undesirable complex- 
conjugate poles are in the left-half s plane and are in the form 


1 
s° + 20,@,5 + w2 
then the insertion of a compensating network having the transfer function 
s* + 20,5 + wt 
s* + 25,55 + w5 
will result in an effective change of the undesirable complex-conjugate poles to accept- 
able poles. Note that even though the cancellation may not be exact the compensated 


system will exhibit better response characteristics. (As stated earlier, this approach can- 
not be used if the undesirable complex-conjugate poles are in the right-half s plane.) 
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Figure 9-29 
Bridged-T networks. 


A-9-1, 


C Ry 


E,(s) _ RC|RCos? + 2RCos +1 Eofs) _ R\CR3Cs* + 2R\Cs + 1 
Es) RC\RCys* + (RC, + 2RC2)s + 1 Eqs) RyCRyCs? + (RyC + 2R,C)s +1 
(a) (b) 


Familiar networks consisting only of RC components whose transfer functions pos- 
sess two zeros and two poles are the bridged-7 networks. Examples of bridged-T net- 
works and their transfer functions are shown in Figure 9-29. 


Concluding comments. In the design examples presented in this chapter, we 
have been primarily concerned only with the transfer functions of compensators. In ac- 
tual design problems, we must choose the hardware. Thus, we must satisfy additional de- 
sign constraints such as cost, size, weight, and reliability. 

The system designed may meet the specifications under normal operating condi- 
tions but may deviate considerably from the specifications when environmental 
changes are considerable. Since the changes in the environment affect the gain and time 
constants of the system, it is necessary to provide automatic or manual means to adjust 
the gain to compensate for such environmental changes, for nonlinear effects that were 
not taken into account in the design, and also to compensate for manufacturing toler- 
ances from unit to unit in the production of system components. (The effects of manu- 
facturing tolerances are suppressed in a closed-loop system; therefore, the effects may 
not be critical in closed-loop operation but critical in open-loop operation.) In addition 
to this, the designer must remember that any system is subject to small variations due 
mainly to the normal deterioration of the system. 


EXAMPLE PROBLEMS AND SOLUTIONS 


Show that the lead network and lag network inserted in cascade in an open loop acts as propor- 
tional-plus-derivative control (in the region of small w) and proportional-plus-integral control (in 
the region of large w), respectively. 


Solution. In the region of small @, the polar plot of the lead network is approximately the same 
as that of the proportional-plus-derivative controller. This is shown in Figure 9-30(a). 

Similarly, in the region of large w, the polar plot of the lag network approximates the 
proportional-plus-integral controller, as shown in Figure 9-30(b). 
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Im 


PD controller 
Lead network 


Figure 9-30 

(a) Polar plots of a 
lead network and a 
proportional-plus- 
derivative controller; 
(b) polar plots of a 
lag network and a 
proportional-plus-in- 
tegral controller. (a) (b) 


Lag network 


PI controller 


A-9-2, Consider a lag—lead compensator G(s) defined by 


the phase angle of G.(jw) becomes zero. (This compensator acts as a lag compensator for 
0 < w < 1 and acts as a lead compensator for a1 < w < ©.) 


Solution. The angle of G.(jw) is given by 
1 1 B 1 
/ 7 +4 aie += + 
Gj) h lotr j aaa a j jot i jo + or 


= tan! wT, + tan wT, — tan w7,/6 — tan wT,6 


At w = a1 = 1/V TT», we have 


IT; IT. 1 |T; T, 
. =t ~1 1 -1 2 = 4 i -1 2 
[Gor an T, + tan 7, tan 2 7, tan™ B 7, 


Since 
ans T, 
a2 qT, 
t t 14 = 0 
an (tan! z tan T, 
T; 
or 


-1 1 -1 2 to) 
— —_= = 9 
Ts + tan | : = 90 
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Figure 9-31 


Control system. 


A-9-3, 


10 
S(s + 1) 


and also 


41 = j7%) T, 
tan? /—+ tan? B [= = 90° 
BYT, T, 


we have 
[ Gj) = 0° 
Thus, the angle of G.(jw1) becomes 0° at w = an = 1/V T1T. 


Consider the control system shown in Figure 9-31. Determine the value of gain K such that the 
phase margin is 60°. 


Solution. The open-loop transfer function is 


s+01 10 
s+ 0.5 s(s + 1) 


K(10s + 1) 


~S + 15s? + 0.55 


G(s) = K 


Let us plot the Bode diagram of G(s) when K = 1. MATLAB Program 9-3 may be used for this 
purpose. Figure 9-32 shows the Bode diagram produced by this program. From this diagram the 
required phase margin of 60° occurs at the frequency w = 1.15 rad/sec. The magnitude of G(ja) 
at this frequency is found to be 14.5 dB. Then gain K must satisfy the following equation: 


20 log K = -14.5 dB 


MATLAB Program 9-3 


num ={[0 0 10 11); 


den=[1 1.5 0.5 0]; 

bode(num,den) 

subplot(2,1,1); 

title(/Bode Diagram of G(s) = (10s + 1)/[s(s + 0.5)(s + 1)]’) 


or 
K = 0.188 


Thus, we have determined the value of gain K. 
To verify the results, let us draw a Nyquist plot of G for the frequency range 


w = 0.1:0.01:1.15 
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Bode Diagram of G(s) = (10s+1)/[s(s+0.5)(s+1)] 


50 ee ll 


10°72 107! 10° 10! 


Frequency (rad/sec) 


Frequency (rad/sec) 


Figure 9-32 
10s +1 


Bode diagram of G(s) = s(s + 0.5\(s + 1)" 


The end point of the locus (w = 1.15 rad/sec) will be on a unit circle in the Nyquist plane. To check 
the phase margin, it is convenient to draw the Nyquist plot on a polar diagram, using polar grids. 
To draw the Nyquist plot on a polar diagram, first define a complex vector z by 


Z=re + isim = reié 
where r and 6 (theta) are given by 


r = abs(z) 
theta = angle(z) 


The abs means the square root of the sum of the real part squared and imaginary part squared, 
angle means tan-'! (imaginary part/real part). 
If we use the command 


polar(theta,r) 


MATLAB will produce a plot in the polar coordinates. Subsequent use of the grid command 
draws polar grid lines and grid circles. 

MATLAB Program 9-4 produces the Nyquist plot of G(jw), where w is between 0.5 and 1.15 
rad/sec. The resulting plot is shown in Figure 9-33. Notice that point G(/1.15) lies on the unit cir- 
cle, and the phase angle of this point is — 120°. Hence, the phase margin is 60°. The fact that point 
G(71.15) is on the unit circle verifies that at @ = 1.15 rad/sec the magnitude is equal to 1 or 0 dB. 
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MATLAB Program 9-4 


%*****Nyquist plot in polar coordinates***** 


num=[0 0 1.88 0.188]; 
den=[1 1.5 0.5 O]; 

w = 0.5:0.01:1.15; 

[re,im,w] = nyquist(num,den,w); 


%*****Convert rectangular coordinates into polar coordinates 
% by defining z, 1, theta as follows***** 


z=re+ i*im; 
r = abs(z); 


theta = angle(z); 


%*****To draw polar plot, enter command ‘polar(theta,r)’***** 


polar(theta,r) 
title((Check of Phase Margin’) 
text(0.1,—1.5,’Nyquist plot’) 
text(—2.25,-0.3,’Phase margin’) 
text(—2.25,—0.7,'is 60 degrees.’) 


Check of Phase Margin 


120 5 60 


Figure 9-33 
Nyquist plot of G(jw) showing that 
the phase margin is 60°. 
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A-9-4, 


(Thus, # = 1.15 is the gain crossover frequency.) Thus, K = 0.188 gives the desired phase mar- 
gin of 60°. 
Note that in writing ‘text’ in the polar diagram we enter the text command as follows: 


text, y,’ ‘) 
For example, to write ‘Nyquist plot’ starting at point (0.1, —1.5), enter the command 
text(0.1, —1.5,’Nyquist plot’) 


The text is written horizontally on the screen. 


If the open-loop transfer function G(s) involves lightly damped complex-conjugant poles, then 
more than one M locus may be tangent to the G(jw) locus. 
Consider the unity-feedback system whose open-loop transfer function is 


9 


Gls) = <6 + 05)? + 0.bs + 10) 


(9-6) 


Draw the Bode diagram for this open-loop transfer function. Draw also the log-magnitude ver- 
sus phase piot, and show that two M loci are tangent to the G(yw) locus. Finally, plot the Bode di- 
agram for the closed-loop transfer function. 


Solution. Figure 9-34 shows the Bode diagram of G(jw). Figure 9-35 shows the log-magnitude 
versus phase plot of G(ja). It is seen that the G(jw) locus is tangent to the M = 8-dB locus at 
w = 0.97 rad/sec, and it is tangent ta the M = —4-dB locus at @ = 2.8 rad/sec. 


dB 


‘a 
-90° 
—180° 


270° ; 
360° Figure 9-34 


0.1 02 04 1 2 4 10 Bode diagram of G(jw) given by 
o in rad/sec Equation (9-6). 
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Figure 9-35 
Log-magnitude ver- 
sus phase plot of 
G(jw) given by 
Equation (9-6). 


IGlin dB 


~360° —270° ~180° -90° 


Figure 9-36 
Bode diagram of G(jw)/[1 + G(Gjw)], 
0.1 02 0406 1 2 4 6 10 where G(@jw) is given by Equa- 

in rad/sec tion (9-6). 


Figure 9-36 shows the Bode diagram of the closed-loop transfer function. The magnitude 
curve of the closed-loop frequency response shows two resonant peaks. Note that sush a case oc- 
curs when the closed-loop transfer function involves the product of two lightly dampet-second- 
order terms and the two corresponding resonant frequencies are sufficiently separated from each 
other. As a matter of fact, the closcd-loop transfer function of this system can be written 
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Cs) _ _ GG) 
R(s) 1+ G(s) 


9 
© (s* + 0.4875 + 1)(s? + 0.613s + 9) 


Clearly, the closed-loop transfer function is a product of two lightly damped second-order 
terms (the damping ratios are 0.243 and 0.102), and the two resonant frequencies are suffi- 
ciently separated. 

A-9-5, Consider a unity-feedback system whose feedforward transfer function is given by 


G0) = 5 


It is desired to insert a series compensator so that the open-loop frequency-response curve is tan- 
gent to the M = 3-dB circle at w = 3 rad/sec. The system is subjected to high-frequency noises 
and sharp cutoff is desired. Design an appropriate series compensator. 


Solution. To stabilize the system, we may insert a proportional-plus-dcrivative type of compen- 
sator or a lead compensator. Since sharp cutoff is required, we choose a lead compensator. Con- 
sider the following lead compensator: 


The compensated open-loop frequency-response curve must be tangent to the M = 3-dB locus. 
To minimize the additional gain K., we choose the tangent point to the 3-dB locus as shown in 
Figure 9-37. From Figure 9-37 we see that the lead compensator must provide about 45°. Then 
the necessary value of ais determined from 


-—@ 
l+a 


1 
sin 45° = 


Figure 9~37 
Nichols chart showing that the 

i : : G.(jw)G(jw) locus is tangent to the 
-210° —180° -150° -120° M = 3-dB locus at w = 3 rad/sec. 


646 Chapter 9 / Control Systems Design by Frequency Response 


A-9-6, 


Figure 9-38 

Bode diagram of the 
lead compensator 
designed in Problem 
A-9-5, 


Figure 9-39 
Closed-loop system. 


or a = 0.172 =4 Let us choose a =~ Since it is required that the open-loop frequency-response 
curve G-(jw)G(jw) be tangent to the M = 3-dB locus at # = 3 rad/sec, we obtain 


20 log |G.(jw)G(jo)|,,-. = 20 log |G_(j3)| + 20 log |G(j3)} 


= 20 log |G_(j3)| + 20 log 


1 
| = 3 dB 
or 


20 log |G.(j3)| = 22.085 dB 


The two time constants T and aT of the lead compensator can be determined as follows: Not- 
ing that 


we have 


1 3 1 
77 Vg 7 1205, ss = 3V6 = 7.348 


From the Bode diagram as shown in Figure 9-38, we find the gain K; to be 14.3 dB or 5.19. Thus, 
the designed compensator is given by 


G,{s) = 5.19 


Consider the system shown in Figure 9-39. Design a lead compensator such that the closed-loop 
system will have the phase margin of 50° and gain margin of not less than 10 dB. Assume that 


G(s) = xa( +1) (0<a<1) 
\ais + 4} 


It is desired that the bandwidth of the closed-loop system be 1 ~ 2 rad/sec. What are the values 
of M, and w, of the compensated system? 


Compensator 
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Solution. Notice that 


Tjo +1 0.2 
aTjw + 1} (jwy(0.2jw + 1) 


G,Gw)GGa) = Kal 


Since the bandwidth of the closed-loop system is close to the gain crossover frequency, we choose 
the gain crossover frequency to be 1 rad/sec. At w = 1, the phase angle of G(jw) is 191.31°. Hence, 
the lead network needs to supply 50° + 11.31° = 61.31° at w = 1. Hence, a can be determined from 


dng. Saingiaie = — 2 = on 
l+a 


as follows: 
a = 0.06541 


Noting that the maximum phase lead angle ¢,, occurs at the geometric mean of the two corner 
frequencies, we have 


eo ee ee 1 _ 3910 _, 
Om TaT VaT V00654IT T 
Thus, 
i. 2 
FSG Oe 
and 
ihe SOS a 
aT 0.06541. ~ 
Hence, 
3.910jw + 1 0.2 
G,io)G(jw) = 0.06541K, = > — 
0.25587 + 1 (Jwy'(0.2jw + 1) 
or 


G(jw)G(jw) _ 3.910jw + 1 0.2 
0.06541K, — 0.2558ja + 1 (jw)(0.2ja + 1) 


A Bode diagram for G.(jw)G(jw)/(0.06541 K.) is shown in Figure 9-40. By simple calculations 
(or from the Bode diagram), we find that the magnitude curve must be raised by 2.306 dB so that 
the magnitude equals 0 dB at w = 1 rad/sec. Hence, we set 


20 log 0.06541 K, = 2.306 
or 
0.06541 K, = 1.3041 
which yields 
K, = 19.94 


The magnitude and phase curves of the compensated system show that the system has the phase 
margin of 50° and gain margin of 16 dB. Hence, the design specifications arc satisficd. 
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Figure 9-41 
GAjw)G(jaw) locus 
superimposed on 
Nichols chart 
(Problem A-9-6). 


teettgicentia . 


Gain margin = 16dB 


dB 
-40 
-60 
—80 
Figure 9-40 
OL QEEORS AS A eee ae Bode diagram of the system shown 
@ in rad/sec in Figure 9-39. 


Figure 9-41 shows the G,(jw)G(jw) locus superimposed on the Nichols chart. From this dia- 
gram, we find the bandwidth to be approximately 1.9 rad/sec. The values of M, and w, are read 
from this diagram as follows: 


M, = 2.13 dB, o, = 0.58 rad/sec 


IGH1 in dB 


—240° 210° -180° -150° ~-120° -90° -60° -30° 0° 
/GH 
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A-9-7, Referring to Example 9-1, draw Nyquist plots of GJw), Gi(fw), and G.(jw)G(jw@) with MATLAB. 
(Compare the Nyquist plots obtained here with Figure 9-10.) Write a possible MATLAB program 
for drawing the Nyquist plots in one diagram. Note that Gjw), Gi(jw),and G(jw) G(jw) are given by 


. ee 
COO ao 22) 
eee ae 
G,(ja) = jo(jo + 2) 


, : jo +441 4 
GUNG) = 17 
1(JO)GUO) jo + 18.4 jo(jo + 2) 


Solution. A possible MATLAB program for this problem is given in MATLAB Program 9-5. 
The resulting Nyquist plots are shown in Figure 9-42. 


MATLAB Program 9-5 


o 


OLE EN aust plot 
num1l = [0 O 4]; 

dent =[1 2 01 

num2 = [0 O 40]; 

den2={1 2 Ol; 

num3 = [0 O 166.8 735.588]; 

den3 = {1 20.4 368 OJ; 

w = 0.2:0.1:10; 

ww = 1.5:0.1:10; 

[re1,im1,w] = nyquist(num1,den1,w); 

zi =rei + i*imi; 

rl = abs(z1); 

thetal = angle(z1); 

polar(theta1,r1,’0’) 

hold on 

[re2,im2,ww] = nyquist(num2,den2,ww); 

z2 = re2 + i*im2; 

r2 = abs(z2); 

theta2 = angle(z2); 

polar(theta2,r2,’0’) 

[re3,im3,ww] = nyquist(num3,den3,ww); 

z3 = re3 + i*tm3; 

r3 = abs(z3); 

theta3 = angle(73); 

polar(theta3,r3,’x’) 

title’/Nyquist Plots of Gjw), G1(jw), and Gc(jw)G(jwy’) 
text(0.7,—8.8,/G(Gjw)’) 
text(—11.7,-8.7,'G1 jwy’) 
text(—6.6,-12.3,’Ge(jw)Gijw)’) 
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Nyquest Plots of G(jw), G1(jw), and Ge(jw)G(jw) 
90 


Figure 9-42 


Nyquist plots of G(jw), Gi(jw), and 
G-A(jo)GGa). 


GcGw)GG ag 


A-9-8. Consider the system shown in Figure 9-43(a). Design a compensator such that the closed-loop 
system will satisfy the following requirements: 


Static velocity error constant = 20 sect 
Phase margin = 50° 
Gain margin 2 10 dB 


Solution. To satisfy the requirements, we shall try a lead compensator G-(s) of the form 


Ts +1 
GGya Ke aTs +1 


s+ 
aT 


(If the lead compensator does not work, then we shall employ a compensator of different form.) 
The compensated system is shown in Figure 9-43(b). 
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Figure 9-43 

(a) Control system; 
(b) compensated 
system. (a) (b) 


Define 


10K 
s(s + 1) 


G,(s) = KG(s) = 


where K = K.a. 

The first step in the design is to adjust the gain K to meet the steady-state performance spec- 
ification or to provide the required static velocity error constant. Since the static velocity error 
constant K, is given as 20 sec~!, we have 


K, = limsG,(s)G(s) 
50 


: Ts +1 
= Le Ts +1 a) 


a sl0K 
sao S(s + 1) 


= 10K = 20 
or 
K=2 


With K = 2, the compensated system will satisfy the steady-state requirement. 
We shall next plot the Bode diagram of 


20 


> (1) 


MATLAB Program 9-6 produces the Bode diagram shown in Figure 9-44, Froin this plot, the 
phase margin is found to be 14°. The gain margin is + dB. 


MATLAB Program 9-6 


num = [0 0 20]; 
den=[1 1 Ol; 


w = logspace(—1,2,100); 

bode(num,den,w) 

subplot(2,1,1); 

title(‘Bode Diagram of G1(s) = 20/[s(s + 1}]’) 
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Figure 9-44 
Bode diagram of 
Gi(s). 


Bode Diagram of G1(s) = 20/[s(s+1)] 
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Since the specification calls for a phase margin of 50°, the additional phase lead necessary to 
satisfy the phase-margin requirement is 36°. A lead compensator can contribute this amount. 

Noting that the addition of a lead compensator modifies the magnitude curve in the Bode di- 
agram, we realize that the gain crossover frequency will be shifted to the right. We must offsct the 
increased phase lag of G;(jw) due to this increase in the gain crossover frequency. Taking the shift 
of the gain crossover frequency into consideration, we may assume that ¢m, the maximum phase 
iead required, is approximately 41°. (This means that approximately 5° has been added to com- 
pensate for the shift in the gain crossover frequency.) Since 


l-a 
l+a 


sin ¢,, = 


gm = 41° corresponds to a = 0.2077. Note that a = 0.21 corresponds to @m = 40.76°. Whether we 
choose $m = 41° or dm = 40.76° does not make much difference in the final solution. Hence, let 
us choose a = 0.21. 

Once the attenuation factor a has been determined on the basis of the required phase-lead 
angle, the next step is to determine the corner frequencies w = 1/T and w = 1/(aT) of the lead 
compensator. Notice that the maximum phase-lead angle ¢m occurs at the geometric mean of the 
two corner frequencies, or w = (aT). 

The amount of the modification in the magnitude curve at w = 1/(VaT) due to the inclusion 
of the term (Ts + 1)(aTs + 1) is 


1 

1+j— 
1+ joT ac ee 
1 + joaT|o-[z 14 joa a 
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Figure 9-45 
Bode diagram of 
G(s). 
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Note that 


1 1 


= —=— = 6.7778 dB 
Va von 7"? 


We need to find the frequency point where, when the lead compensator is added, the total mag- 


nitude becomes 0 dB. 


From Figure 9—44 we see that the frequency point where the magnitude of Gi(jw) is — 6.7778 
dB occurs between @ = 1 and 10 rad/sec. Hence, we plot a new Bode diagram of Gi(jw) in the 
frequency range between w = 1 and 10 to locate the exact point where Gi(jw) = —6.7778 dB. 
MATLAB Program 9-7 produces the Bode diagram in this frequency range, which is shown in 


MATLAB Program 9-7 


num={[0 0 20]; 

den=[1 1. O}; 

w = logspace(0,1,100); 

bode(num,den,w) 

subplot(2,1,1); 

title(‘Bode Diagram of G1(s) = 20/[s(s + 1)]’) 


Figure 9-45. From this diagram, we find the frequency point where |Gi(jw)| = — 6.7778 dB occurs 
at w = 6.5 rad/sec. Let us select this frequency to be the new gain crossover frequency, or we = 6.5 


rad/sec. Noting that this frequency corresponds to 1VaT), or 


Phase deg 


1 
4 


Oe aT 


Bode Diagram of G1(s) = 20/[s(s+1)] 


Frequency (rad/sec) 


Frequency (rad/sec) 
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we obtain 


; = w,Va = 6.50.21 = 2.9787 


and 


Le pe ae Sed 14.1842 
at Va V0.21 , 


The lead compensator thus determined is 


s+ 2.9787 _ 0.3357s + 1 


Gels) = Ke ya igaa ~ Keo. o70505 +1 


where K- is determined as 


= 9.5238 = 2 
Gels) = 9.5238 7 1849 ~ 70.070508 + 1 


MATLAB Program 9-8 produces the Bode diagram of this lead compensator, which is shown in 
Figure 9-46, 


MATLAB Program 9-8 


numc = [9.5238 28.3685]; 

denc = {i 14.1842]; 

w = logspace(—1,3,100); 

bode(numc,denc,w) 

subplot(2,1,1); 

title(/Bode Diagram of Gc(s) = 9.5238(s + 2.9787\/(s + 14.1842)’) 


The open-loop transfer function of the designed system is 


s + 2.9787 10 
s + 14.1842 s(s + 1) 


_ ___ 95.2385 + 283.6854 
y* + 15.1842s? + 14.1842 


MATLAB Program 9-9 will produce the Bode diagram of G.(s)G(s), which is shown in 
Figure 9-47, 

From Figure 9-47 it is clearly seen that the phase margin is approximately 50° and the gain 
margin is + dB. Since the static velocity error constant K, is 20 sec-1, all the specifications are 
met. Before we conclude this problem, we need to check the transient-response characteristics. 


G,(s)G(s) = 9.5238 
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Figure 9-46 
Bode diagram of 
G.(s). 


656 


Bode Diagram of Gc(s) = 9.5238(s+2. eos, 1842) 
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Unit-step response: We shall compare the unit-step response of the compensated system 


and that of the original uncompensated system. 


MATLAB Program 9-9 


num = [0 0 95.238 283.6854]; 
- -— {1 15.1842 14.184 

= losspace—4 3,100); 
Euan 
subplot(2,1,1); 
title’Bode Diagram of Gc(s)G(s)’) 


A 
A, 


Ls) 
i=) 
Fear’ 


The closed-loop transfer function of the original uncompensated system is 
C(s) _ 10 
Ris) se? +5 +10 
The closed-loop transfer function of the compensated system is 


C(s) 95.2385 + 283.6854 
R(s) 8° + 15.1842s? + 109.4222s + 283.6854 


MATLAB Program 9-10 produces the unit-step responses of the uncompensated and compen- 
sated systems. The resulting response curves are shown in Figure 9-48. Clearly, the compensated 
system exhibits a satisfactory response. Note that the closed-loop zero and poles are located 
as follows: 
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Figure 9-47 
Bode diagram of 
Gs)G(s). 


Bode Diagram of Ge(s)G(s) 
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MATLAB Program 9-10 


%*****nit-step responses***** 


num1 ={0 QO 10]; 
den] ={1 1° 10; 
num2 = [0 Q 95.238 283.6854]: 

den2 =[1 15.1842 109.4222 283.6854]; 

t = 0:0.01:6; 

[cl,x1,t] = step(num1,den1,0; 

[c2,x2,t] = step(num2,den2,t); 

plot(t,c1’.",t,c2,'-) 

grid 

tide(‘Unit-Step Responses of Compensated and Uncompensated Systems’) 
xlabel(‘t Sec’) 

ylabel(‘Outputs’) 
text(1.1,0.5,/Compensated system’) 
text(1.7,1.46,’Uncompensated system’) 
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Unit-Step Responses of Compensated and Uncompensated Systems 


1.8 
1.6 ' 
14 Uncompensated system 
1.2 
31 
& 
6 08 
0.6 oe 
Compensated system 
Figure 9-48 0.4 Fy Se Coe Sex 
Unit-step responses 02 
of the compensated 
and uncompensated f) 
systems. 


Zero at s = —2,9787 
Poles at s = —5.2270 + j5.7141, s = —4.7303 


Unit-ramp response: It is worthwhile to check the unit-ramp response of the compensated 
system. Since K, = 20sec” !,the steady-state error following the unit-ramp input will be i/K, = 0.05. 
The static velocity error constant of the uncompensated system is 10 sec—!. Hence, the original un- 
compensated system will have twice as large a steady-state error in following the unit-ramp input. 

MATLAB Program 9-11 produces the unit-ramp response curves. [Note that the unit-ramp 


response is obtained as the unit-step response of C(s)/sR(s).] The resulting curves are shown in 
Figure 9-49, The compensated system has a steady-state error equal to one-half that of the orig- 


PIBUrS FGF, ane COMPCnsSatedc System Mas 2 steady-state crrore One-Nall Thar 


inal uncompensated system. 


A-9-9. Consider the unity feedback system whose open-loop transfer function is 


K 


9) = Ge G+ 4) 


Design a compensator G,(s) such that the static velocity error constant is 10 sec~1, the phase mar- 
gin is 50°, and the gain margin is 10 dB or more. 


Solution. We shall design a lag—lead compensator of the form 
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MATLAB Program 9-11 


%****Unit-ramp responses***** 


num1 = [0 0 0 10); 
dent =[1 1 10 0}; 
num2=[0 0 O 95.238 283.6854]; 

den2 = [1 15.1842 109.4222 283.6854 O}; 

t = 0:0.01:3; 

[c1,x1,t] = step(num1,den1 ,t); 

[c2,x2,t] = step(num2,den2,t); 

plot(t,c1,’’,t,c2,’-,t,t/- - 

grid 

title(‘Unit-Ramp Responses of Compensated and Uncompensated Systems’) 
xlabel(‘t Sec’) 

ylabel(‘Outputs’) 
text(0.07,1.3,/Compensated system’) 
text(1.2,0.65,’Uncompensated system’) 


e+ pene TD wr nee ne Pa ag, Peres aa Tet OS ae 
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‘compensated and Uncompensated Systems 


Figure 9-49 
Unit-ramp responses 
of the compensated 
and uncompensated 
systems. t Sec 


Then the open-loop transfer function of the compensated system is G.(s)G(s). Since the gain K 
of the plant is adjustable, let us assume that K, = 1. Then lim, G,(s) = 1. From the requirement 
on the static velocity error constant, we obtain 


K 


K, = lim sG,(s)G(s) = lim sG,(s) ——————_ 
» = lim sG.)G(s) ~ lim sG.00) yp 


=~—=10 


K 
4 
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Hence, 
kK=40 


We shall first plot a Bode diagram of the uncompensated system with K = 40. MATLAB Pro- 
gram 9-12 may be used to plot this Bode diagram. The diagram obtained is shown in Figure 9-50. 


MATLAB Program 9-12 


num={0 0 O 40}; 

den=[{1 5 4 O} 

w = logspace(~1,1,100); 

bode(num,den,w} 

subpole(2,1,1); 

title(/Bode Diagram of G(s) = 40/I[s(s + 1)(s + 4)]’) 


From Figure 9-50, the phase margin of the uncompensated system is found to be — 16°, which 
indicates that the uncompensated system is unstable. The next step in the design of a lag-ead 
compensator is to choose a new gain crossover frequency. From the phase-angle curve for G(jw), 
we notice that the phase crossover frequency is w = 2 rad/sec. We may choose the new gain 
crossover frequency to be 2 rad/sec so that the phase-lead angle required at w = 2 rad/sec is about 
50°. A single lag-lead compensator can provide this amount of phase-lead angle quite easily. 


Bode Diagram of G(s) = 40/[s(s+1)(s+4)] 
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40/[s(s + 1)(s + 4)]. 
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Once we choose the gain crossover frequency to be 2 rad/sec, we can determine the corner 
frequencies of the phase-lag portion of the lag—lead compensator. Let us choose the corner fre- 
quency w = 1/T2 (which corresponds to the zero of the phase-lag portion of the compensator) to 
be 1 decade below the new gain crossover frequency, or at w = 0.2 rad/sec. For another corner 
frequency w = 1/(6T2), we need the value of 8. The value of 8 can be determined from the con- 
sideration of the lead portion of the compensator, as shown next. 

For the lead compensator, the maximum phase-lead angle $m is given by 


B-1 
B+i 


Notice that 8 = 10 corresponds to ¢@m = 54.9°. Since we need a 50° phase margin, we may choose 
B = 10. (Note that we will be using several degrees less than the maximum angle, 54.9°.) Thus, 


B= 10 


Then the corner frequency w = 1/(87T>) (which corresponds to the pole of the phase-lag portion 
of the compensator) becomes 


sing, = 


w = 0.02 


The transfer function of the phase-lag portion of the lag—lead compensator becomes 


The phase-lead portion can be determined as follows: Since the new gain crossover frequency 
is w = 2 rad/sec, from Figure 9-50, |G(j2)| is found to be 6 dB. Hence, if the lag-lead compensator 
contributes —6 dB at w = 1 rad/sec, then the new gain crossover frequency is as desired. From this 
requirement, it is possible to draw a straight line of slope 20 dB/decade passing through the point 
(—6 dB, 2 rad/sec). (Such a line has been manually drawn on Figure 9-50.) The intersections of this 
line and the 0-dB line and —20-dB line determine the corner frequencies. From this consideration, 
the corner frequencies for the lead portion can be determined as w = 0.4 rad/sec and w = 
4 rad/sec. Thus, the transfer function of the lead portion of the lag—Iead compensator becomes 


s+04 1/75941) 
s+4  10\0.25s 41 


Combining the transfer functions of the lag and Icad portions of the compensator, we can obtain 
the transfer function G.(s) of the lag—lead compensator. Since we chose K. = 1, we have 


s+04 s+0.2 (2.58 + 1)(Ss + 1) _ 
s+4s+0.02 (0.255 + 1)(50s + 1) 


G(s ) _ 


The Bode diagram of the lag—lead compensator G(s) can be obtained by entering MATLAB 
Program 9-13 into the computer. The resulting plot is shown in Figure 9-51. 


MATLAB Program 9-13 


numc = {1 0.6 0.08]; 
denc=[1 4.02 0.08]; 


bode(numc,denc) 
subplot(2,1,1); 
title(‘Bode Diagram of Lag—Lead Compensator’) 
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Figure 9-51 

Bode diagram of the 
designed lag-lead 
compensator. 
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Bode Diagram of Lag-Lead Compensator 
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The open-loop transfer function of the compensated system is 


egaeget ee 40 


fo 4 AVoo 4 sis +165 4+ 4) 
Cy a ak tS a U.UL) s5 a Ay Tt) 


= 40s? + 24s + 3.2 
s° + 9,02s4 + 24.185° + 16.485? + 0.325 


Using MATLAB Program 9-14 the magnitude and phase-angle curves of the designed open-loop 


transfer function G-. (s)G(s) can be obtained as shown in Figure 9-52. Note that the denominator 


aster Pinction 4s DE ODlained asso aay Phe cdenomt 


polynomial den was obtained using the conv command, as ‘follows: 


a={[1 4.02 0.08]; 
b={1 5 4 QO); 
conv(a,b) 


ans = 


1.0000 9.0200 24.1800 16.4800 0.320000 0 


From Figure 9-52, we see that the actual gain crossover frequency is slightly shifted from 2 
rad/sec to a lower value. The actual gain crossover frequency can be found by plotting the Bode 
diagram in the region 1 = w = 10. It is found to be w = 1.86 rad/sec. [Such a small shift of the gain 
crossover frequency from the assumed gain crossover frequency (2 rad/sec in this case) always 
occurs in the present method of design.] 
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MATLAB Program 9-14 


numt = [0 0 O 40 24 = 3.2}; 

denl ={[1 9.02 24.18 16.48 0.32 0]; 
bode(num1,den1) 

subplot(2,1,1); 

title(‘Bode Diagram of Gc(s)Gi(s)’) 


Since the phase margin of the compensated system is 50°, the gain margin is 12.5 dB, and the 
static velocity error constant is 10 sec-|, all the requirements are met. 

Figure 9-53 shows the Nyquist plots of GGw) (uncompensated case) and G.(jw)G(jw) (com- 
pensated case). MATLAB Program 9-15 was used to obtain Figure 9-53. 

We shall next investigate the transient-response characteristics of the designed system. 


Unit-step response: Noting that 
(s_ + 0.4)(s + 0.2) 
Gs)G(s) 40(s + 0.4)(s + 0.2 


~ (s + 4)(s + 0.02)s(s + 1)(s + 4) 


we have 
Cs) _ _ G.(5) Gs) 
Ris) 1+ G{s)G(s) 
= 40(s + 0.4)(s + 0.2 
(s + 4)(s + 0.02)s(s + 1)(s + 4) + 40(s + 0.4)(s + 0.2) 
in Bode Diagram of Gc(s)G(s) 
3° - 
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Nyquist Plots of G(jw) and Ge(jw)G(jw) 


Figure 9-53 
Nyquist plots of 
G(U@) and 
GAjw)G(ja). Compensated system 


MATLAB Program 9-15 


Yor**** Nyquist plotst**** 


I; 
0 0 0 40 24° 3.2); 

{1 9.02 ' 24.18 16.48 0.32 OJ; 
w = 0.8:0.02:10; 
ww = 0.2:0.02:10; 
{reQ,im0,w] = nyquist(num0,denO,w); 
zO = reO + i*im0; 
rO = abs(z0); 
thetaO = angle(z0); 
polar(theta0,r0} 
hold on 
{re1,im1,ww] = nyquist(num1,den1,ww); 
zl = rel + i*im1; 
rl = abs(z1); 
thetal = angle(z1); 
polar(thetat,r1} 
text(—8, —12.7,/Compensated system’) 
text(—18.8, -—7,/Uncompensated system’) 
title(/Nyquist Plots of GGw) and Ge(jw)GGjw)’) 
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To determine the denominator polynomial with MATLAB, we may proceed as follows: 
Define 


a(s) = (s + 4)(s + 0.02) = s? + 4.025 + 0.08 
b(s) = s(s + 1)(s + 4) = 8? + 5s? + 4s 
c(s) = 40(s + 0.4)(s + 0.2) = 40s? + 24s + 3.2 


Then we have 


a={[1 4.02 0.08} 
b={1 5 4 O 
c=[40 24 3.2] 


Using the following MATLAB program, we obtain the denominator polynomial. 


1 4.02 0.08}: 

1 5 4 QO; 

40 24 3.2): 

conv(a,b)] + + [0 0 0 ¢ 


[ 
[ 
{ 
[ 


1.0000 9.0200 24.1800 56.4800 24.3200 3.2000 


MATLAB Program 9-16 is used to obtain the unit-step response of the compensated system. 
The resulting unit-step response curve is shown in Figure 9-54. (Note that the uncompensated 
system is unstable.) 


MATLAB Program 9-16 


%o***** nit-step response**** 


num=[0 0 0 40 24 3.2}; 


den=[1 9.02 24.18 5648 24.32 3.2]; 

t = 0:0.2:40; 

step(num,den,t) 

grid 

title(‘Unit-Step Response of Compensated System’) 


Unit-ramp response: The unit-ramp response of this system may be obtained by entering 
MATLAB Program 9-17 into the computer. Here we converted the unit-ramp response of 
G-G/(1 + G-G) into the unit-step response of G-G/[s(1 + G-G)]. The unit-ramp response curve 
obtained using this program is shown in Figure 9-55. 
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iB Unit-Step Response of Compensated System 
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| MATLAB Program 9-17 | 
%***** Unit-ramp response***** 
num=[0 0 0 0 40 24 3.2]: 
den=[1 9.02 24.18 5648 24.32 3.2 O}; 
t= 0:0.05:20; 
c = step(num,den,t); 
plott.c’-,46/) 
grid 
title(Unit-Ramp Response of Compensated System’) 
xlabel(/Time (secy’) 
ylabel(‘Amplitude’) 
Unit-Ramp Response of Compensated System 
20 
oY 
ao} 
2 
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Figure 9-55 2 
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PROBLEMS 


B-9-1. Draw Bode diagrams of the lead network and lag 
network shown in Figures 9-56 (a) and (b), respectively. 


Cc R 


I 


(a) (b) 


Figure 9-56 (a) Lead network; (b) lag network. 


B-9-2. Draw Bode diagrams of the PI controller given by 


GAs) = 5 (i r Z| 


and the PD controller given by 
G(s) = 5(1 + 0.5s) 
B-9-3. Consider a PID controller given by 
2 
G(s) = 303215 £4 “= 


Draw a Bode diagram of the controller. 


B-9-4. Figure 9-57 shows a block diagram of a space ve- 
hicle attitude control system. Determine the proportional 
gain constant K, and derivative time Ta such that the band- 
width of the closed-loop system is 0.4 to 0.5 rad/sec. (Note 
that the closed-loop bandwidth is close to the gain 
crossover frequency.) The system must have an adequate 
phase margin. Plot both the open-loop and closed-loop fre- 
quency response curves on Bode diagrams. 


K,() + Tas) 


Figure 9-57 Block diagram of space vehicle attitude 
control system. 


B-9-5. Referring to the closed-loop system shown in Figure 
9-58, design a lead compensator G,(s) such that the phase 
margin is 45°, gain margin is not less than 8 dB, and the sta- 
tic velocity error constant K, is 4.0 sec-1. Plot unit-step and 
unit-ramp response curves of the compensated system with 
MATLAB. 


Problems 


— KO 
s(O.Ls + 1)(s + L) 


Figure 9-58 Closed-loop system 


B-9-6. Consider the system shown in Figure 9-59. Design a 
compensator such that the static velocity error constant Ky 
is 50 sec~1, phase margin is 50°, and gain margin not less than 
8 dB. Plot unit-step and unit-ramp response curves of the 
compensated and uncompensated systems with MATLAB. 


Figure 9-59 Control system. 


B-9-7. Consider the system shown in Figure 9-60. Design a 
compensator such that the static velocity error constant is 
4 sec-!, phase margin is 50°, and gain margin is 10 dB or 


more. Plot unit-step and unit-ramp response curves of the 
compensated system with MATLAR, Alco, draw a Nyquist 


COMpensated SYSLOM WII VEAL A Aas, AAISO, Cra guise 


plot of the compensated system with MATLAB. 


= 1 


Figure 9-60 Control system. 


B-9-8. Consider the system shown in Figure 9-61. It is 
desired to design a compensator such that the static velocity 


25 +01 
s?+ 0.15 +4 


Aircraft 


Rate gyro 
Figure 9-61 


Control system. 
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error constant is 4 sec~!, phase margin is 50°, and gain mar-__ error constant K, is 20 sec™!, phase margin is 60°, and gain 
gin is 8 dB or more. Plot the unit-step and unit-ramp re- margin is not less than 8 dB. Plot the unit-step and unit- 
sponse curves of the compensated system with MATLAB. | ramp response curves of the compensated system with 


B-9-9. Consider the system shown in Figure 9-62, De- MOR: 


sign a lag-lead compensator such that the static velocity 


1 
s(x + D@ +5) 


Figure 9-62 Control system. 
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PID Controls and 
Introduction to 
Robust Control 


10-1 INTRODUCTION 


In previous chapters we occasionally discussed the basic PID control schemes. For ex- 
ample, in Chapter 5 we presented hydraulic, pneumatic, and electronic PID controllers. 
In Chapters 7 and 9 we designed control systems where PID controllers were involved. 

In this chapter we first present tuning rules for the basic PID controllers and then 
discuss modified forms of PID control schemes, including PI-D control, I-PD control, 
and two-degrees-of-freedom PID control. Finally, we introduce the concept of robust 
design. 

It is interesting to note that more than half of the industrial controllers in use today 
utilize PID or modified PID control schemes. Analog PID controllers are mostly hy- 
draulic, pneumatic, electric, and electronic types or their combinations. Currently, many 
of these are transformed into digital forms through the use of microprocessors. 

Because most PID controllers are adjusted on site, many different types of tuning 
rules have been proposed in the literature. Using these tuning rules. delicate and fine 
tuning of PID controllers can be made on site. Also, automatic tuning methods have 
been developed and some of the PID controllers may possess on-line automatic tuning 
capabilities. Modified forms of PID control, such as I-PD control and two-degrees-of- 
freedom PID control, are currently in use in industry. Many practical methods for 
bumpless switching (from manual operation to automatic operation) and gain schcdul- 
ing are commercially available. 

The usefulness of PID controls lies in their general applicability to most control sys- 
tems. In the field of process control systems, it is a well-known fact that the basic and 
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modified PID control schemes have proved their usefulness in providing satisfactory 
control, although they may not provide optimal control in many given situations. 


Outline of the chapter. Section 10-1 has presented introductory material for the 
chapter. Section 10-2 deals with tuning methods for the basic PID control, commonly 
known as Ziegler—Nichols tuning rules. Section 10-3 discusses modified PID control 
schemes, such as PI-D control and I-PD control. Section 10-4 introduces two-degrees- 
of-freedom PID control schemes. Section 10-5 introduces the concept of robust con- 
trol using a two-degrees-of-freedom control system as an example. 


10-2 TUNING RULES FOR PID CONTROLLERS 


Figure 10-1 
PID control of a 
plant. 
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PID control of plants. Figure 10-1 shows a PID control of a plant. If a mathe- 
matical model of the plant can be derived, then it is possible to apply various design 
techniques for determining parameters of the controller that will meet the transient and 
Steady-state specifications of the closed-loop system. However, if the plant is so com- 
plicated that its mathematical model cannot be easily obtained, then analytical ap- 
proach to the design of a PID controller is not possible. Then we must resort to 
experimental approaches to the tuning of PID controllers. 

The process of selecting the controller parameters to meet given performance spec- 
ifications is known as controller tuning. Ziegler and Nichols suggested rules for tuning 
PID controllers (meaning to set values K,, T;, and Tz) based on experimental step re- 
sponses or based on the value of K, that results in marginal stability when only the pro- 
portional control action is used. Ziegler—-Nichols rules, which are presented in the 
following, are very convenient when mathematical models of plants are not known. 
(These rules can, of course, be applied to the design of systems with known mathe- 
matical models.) 


Ziegler-Nichols rules for tuning PID controllers. Ziegler and Nichols proposed 
rules for determining values of the proportional gain K,, integral time 7;, and deriva- 
tive time Tz based on the transient response characteristics of a given plant. Such de- 
termination of the parameters of PID controllers or tuning of PID controllers can be 
made by engineers on site by experiments on the plant. (Numerous tuning rules for PID 
controllers have been proposed since the Ziegler-Nichols proposal. They are available 
in the literature. Here, however, we introduce only the Ziegler—Nichols tuning rules.) 

There are two methods called Ziegler—Nichols tuning rules. In both methods, they 
aimed at obtaining 25% maximum overshoot in step response (see Figure 10-2). 


First method. In the first method, we obtain experimentally the response of the 
plant to a unit-step input, as shown in Figure 10-3. If the plant involves neither inte- 


i 
Kp(l + 7+ Tas) 
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Figure 10-2 
Unit-step response 
curve showing 25% 
maximum overshoot. 


Figure 10-3 


Unit-step response of a plant. 


Figure 10-4 
S-shaped response 
curve. 


c(t) 


= te 
u(t) en c(t) 


grator(s) nor dominant complex-conjugate poles, then such a unit-step response curve 
may look like an S-shaped curve, as shown in Figure 10-4. (If the response does not ex- 
hibit an S-shaped curve, this method does not apply.) Such step-response curves may he 
generated experimentally or from a dynamic simulation of the plant. 

The S-shaped curve may be characterized by two constants, delay time L and time 
constant 7’ The delay time and time constant are determined by drawing a tangent line 
at the inflection point of the S-shaped curve and determining the intersections of the 
tangent line with the time axis and line c(t) = K, as shown in Figure 10-4. The transfer 


function C(s)/U(s) may then be approximated by a first-order system with a transport 
lag as follows: 


C(s) Ke 
U(s) Tst+1 
Ziegler and Nichols suggested to set the values of Kp, T;, and Tg according to the for- 


mula shown in Table 10-1. 
Notice that the PID controller tuned by the first method of Ziegler—Nichols rules gives 


c(t) 
Tangent line at 
inflection point 
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Figure 10-5 
Closed-loop system 
with a proportional 
controller. 


Figure 10-6 
Sustained oscillation 
with period P.,. 
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Table 10-1 Ziegler—Nichols Tuning Rule Based on Step Response of Plant (First 
Method) 


pe of 
one Ser 


i 


= 127 (1 + — + 0.5SLs) 


2Ls 
(s+) 
s+ 
—~oers Eh 
: s 


Thus, the PID controller has a pole at the origin and double zeros at s = —1/L. 


Second method. In the second method, we first set T; = © and Tz = 0. Using the 
proportional control action only (see Figure 10-5), increase K, from 0 to a critical value 
Ke where the output first exhibits sustained oscillations. (If the output does not exhibit 
sustained oscillations for whatever value K, may take, then this method does not ap- 
ply.) Thus, the critical gain K,, and the corresponding period P,, are experimentally de- 
termined (see Figure 10-6). Ziegler and Nichols suggested that we set the values of the 
parameters K,, Ti, and T4 according to the formula shown in Table 10-2. 


ct) 
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Table 10-2 Ziegler—Nichols Tuning Rule Based on Critical Gain Ke and Critical 
Period Pe (Second Method) 


Type of 
Controller 


P 


Notice that the PID controller tuned by the second method of Ziegler—Nichols rules 
gives 


1 
G(s) = x,(1 + Ts + T.s) 


= 0.6K.(1 + + 0.125 Ps) 


0.5P ors 
4\2 
Ss ike 
(+7) 
s 


Thus, the PID controller has a pole at the origin and double zeros at s = —4/Per. 


= 0.075KoPox 


Comments. Ziegler—Nichols tuning rules (and other tuning rules presented in the 
literature) have been widely used to tune PID controllers in process control systems 
where the plant dynamics are not precisely known. Over many years, such tuning rules 
proved to be very useful. Ziegler-Nichols tuning rules can, of course, be applied to 
plants whose dynamics are known. (If plant dynamics are known, many analytical and 
graphical approaches to the design of PID controllers are available, in addition to 
Ziegler—Nichols tuning rules.) 

If the transfer function of the plant is known, a unit-step response may be calculated 
or the critical gain Ko and critical period P.. may be calculated. Then, using those calcu- 
lated values, it is possible to determine the parameters K,, T;, and Ty from Table 10-1 or 
10-2. However, the real usefulness of Ziegler-Nichols tuning rules (and other tuning 
rules) becomes apparent when the plant dynamics are not known so that no analytical 
or graphical approaches to the design of controllers are available. 

Generally, for plants with complicated dynamics but no integrators, Ziegler—Nichols 
tuning rules can be applied. However, if the plant has an integrator, these rules may not 
be applied in some cases. To illustrate such a case where Ziegler—Nichols rules do not 
apply, consider the following case: Suppose that a unity-feedback control system has a 
plant whose transfer function is 
G(s) = (s + 2)(s + 3) 

s(s + 1)(s + 5) 


Because of the presence of an integrator, the first method does not apply. Referring to 
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EXAMPLE 10-1 


Figure 10-7 
PID-controlled 
system. 
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Figure 10-3, the step response of this plant will not have an S-shaped response curve; 
rather, the response increases with time. Also, if the second method is attempted (see 
Figure 10-5), the closed-loop system with a proportional controller will not exhibit sus- 
tained oscillations whatever value the gain K, may take. This can be seen from the fol- 
lowing analysis. Since the characteristic equation is 


s(s + 1)(s + 5) + K,(s + 2)(s + 3) =0 
or 

s>+ (6+ K,)s? + (5 + 5K,)s + 6K, =0 
the Routh array becomes 


s 1 5 + 5K, 
s 6+ K, 6K, 

| 30+ 29K» + 5K} 

6+K, 

s° 6K, 


The coefficients in the first column are positive for all values of positive K,. Thus, in 
the present case the closed-loop system will not exhibit sustained oscillations and, 


apply. 

If the plant is such that Ziegler—Nichols rules can be applied, then the plant with a 
PID controller tuned by Ziegler-Nichols rules will exhibit approximately 10% ~ 60% 
maximum overshoot in step response. On the average (experimented on many differ- 
ent plants), the maximum overshoot is approximately 25%. (This is quite understand- 
able because the values suggested in Tables 10-1 and 10-2 are based on the average.) 
In a given case, if the maximum overshoot is excessive, it is always possible (experi- 
mentally or otherwise) to make fine tuning so that the closed-loop system will exhibit 
satisfactory transient responses. In fact, Ziegler—-Nichols tuning rules give an educated 
guess for the parameter values and provide a starting point for fine tuning. 


Consider the control system shown in Figure 10-7 in which a PID controller is used to control 
the system. The PID controller has the transfer function 
1 
Gs) = K,(1+— + T, 
<(S) Pp ( Ts s) 
Although many analytical methods are available for the design of a PID controller for the pre- 
sent system, let us apply a Ziegler—Nichols tuning rule for the determination of the values of pa- 
rameters Kp, Tj, and Tg. Then obtain a unit-step response curve and check to see if the designed 
system exhibits approximately 25% maximum overshoot. If the maximum overshoot is excessive 
(40% or more), make a fine tuning and reduce the amount of the maximum overshoot to ap- 


proximately 25%. 
—_1 
s(s + 1s +5) 


Controller 
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Since the plant has an integrator, we use the second method of Ziegler—Nichols tuning rules. 

By setting 7; = © and Ty = 0, we obtain the closed-loop transfer function as follows: 

Cs) __ Kp 

R(s)  s(s + 1)(s + 5) + K, 
The value of K, that makes the system marginally stable so that sustained oscillation occurs can 
be obtained by use of Routh’s stability criterion. Since the characteristic equation for the closed- 
loop system is 

sot 6s? +53 + K, = 0 


the Routh array becomes as follows: 


° 1 s 
s? 6 K, 
; 30 - Kp 
7 eireeeiae 
6 
s? K, 


P 


Examining the coefficients of the first column of the Routh table, we find that sustained oscilla- 
tion will occur if Kp = 30. Thus, the critical gain Ke, is 


K., = 30 
With gain K, set equal to Ka ( = 30), the characteristic equation becomes 
s° + 657 + Ss + 30 = 0 


To find the frequency of the sustained oscillation, we substitute s = jw into this characteristic 
equation as follows: 


(joy + 6(ja)? + 5(ja) + 30 = 0 
or 
6(5 — w) + jalS — w”) = 0 


from which we find the frequency of the sustained oscillation to be w? = 5 orw = V5. Hence, the 
period of sustained oscillation is 


Referring to Table 10-2, we determine K,, Tj, and Tq as follows: 
K, = 0.6Kq, = 18 
T; = 0.5Pea = 1.405 
Ta = 0.125P,, = 0.35124 


The transfer function of the PID controller is thus 


1 
G.(s) = K, (1 ae Tas] 


= is(1 + + 0.381248) 


1.40Ss 
_ 6.3223(s + 1.4235)? 


Ss 
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Figure 10-8 

Block diagram of the 
system with PID con- 
troller designed by use 
of Ziegler—-Nichols 
tuning rule (second 
method). 
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6.3223 (s + 1.4235)? 1 
s 5(s + 1)(s + 5) 


PID Controller 


The PID controller has a pole at the origin and double zero ats = — 1.4235.A block diagram of 
the control system with the designed PID controller is shown in Figure 10-8. 
Next, let us examine the unit-step response of the system. The closed-loop transfer function 
C(s)/R(s) is given by 
C(s) 6.322387 + 185 + 12.811 
Ris) s* + 657 + 11.32235? + 185 + 12.811 


The unit-step response of this system can be obtained easily with MATLAB. See MATLAB Pro- 
gram 10-1. The resulting unit-step response curve is shown in Figure 10-9, The maximum over- 
shoot in the unit-step response is approximately 62%. The amount of maximum overshoot is 
excessive. It can be reduced by fine tuning the controller parameters. Such fine tuning can be 
made on the computer. We find that by keeping K, = 18 and by moving the double zero of the 
PID controller tos = — 0.65, that is, using the PID controller 


1 = (s + 0.65)? 10-1 
som 0.76928) = 13.846 <——* (10-1) 


the maximum overshoot in the unit-step response can be reduced to approximately 18% (see 
Figure 10-10). If the proportional gain K, is increased to 39.42, without changing the location of 
the double zero (s = — 0.65), that is, using the PID controller 


GAs) = 18(1 {——— 


1 (s + 0.65)? 
3.077s s oo) 
then the speed of response is increased, but the maximum overshoot is also increased to approximately 


28%, as shown in Figure 10-11. Since the maximum overshoot in this case is fairly close to 25% and 
the response is faster than the system with G.(s) given by Equation (10-1), we may consider G,(s) as 


OSC IS Taster. TRE SP OCOTE WHE) Aas) BIVEM OY SQUATON (AV—a 7, We May Consider Ge {$} as 


given by Equation (10-2) as acceptable. Then the tuned values of Kp T;, and Tz become 
K, = 39.42, T; = 3.077, Tq = 0.7692 
It is interesting to observe that these values respectively are approximately twice the values sug- 
gested by the second method of the Ziegler—-Nichols tuning rule. The important thing to note here 
is that the Ziegler—Nichols tuning rule has provided a starting point for fine tuning. 
It is instructive to note that, for the case where the double zero is located at s = — 1.4235, in- 
creasing the value of K, increases the speed of response, but as far as the percentage maximum 


MATLAB Program 10-1 


num =[0 QO 6.3223 18 12.811]; 


G(s) = 39.42 (1 +—— + 0.76528) = 30.322 


den=[1 6 11.3223 18 12.811]; 
step(num,den) 

grid 

title(‘Unit-Step Response’) 
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Figure 10-9 
Unit-step response 
curve of PID- 
controlled system 
designed by use of 
Ziegler—Nichols 
tuning rule (second 
method). 


Figure 10-10 
Unit-step response 
of the system 
shown in Figure 
10-7 with PID con- 
troller having para- 
meters Kp = 18, 

T; = 3.077, and 

Ta = 0,7692. 
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overshoot is concerned, varying gain K, has very little effect. The reason for this may be seen from 
the root-locus analysis. Figure 10-12 shows the root-locus diagram for the system designed by 
use of the second method of Ziegler—Nichols tuning rules. Since the dominant branches of root 
loci are along the ¢ = 0.3 lines for a considerable range of K, varying the value of K (from 6 to 
30) will not change the damping ratio of the dominant closed-loop poles very much. However, 
varying the location of the double zero has a significant effect on the maximum overshoot, be- 
cause the damping ratio of the dominant closed-loop poles can be changed significantly. This can 
also be seen from the root-locus analysis. Figure 10-13 shows the root-locus diagram for the sys- 
tem where the PID controller has the double zero at s = — 0.65. Notice the change of the root- 
locus configuration. This change in the configuration makes it possible to change the damping 
ratio of the dominant closed-loop poles. 
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